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Abstract: Implicit-Explicit schemes have been widely used, it redute computational work for solving differential equagawmhich
have both stiff and non-stiff parts . In this paper an impleiplicit linear multistep method for solving ordinarydadelay differential
equations is introduced. In both cases we are going to shelgtability of the method using two approaches and thelgyatgigions
will be ploted. Numerical tests are introduced.
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1 Introduction 2 Implicit-Explicit linear multistep method

Implicit-Explicit (IMEX ) Schemes are more efficient
In many applications large systems of ordinary techniques for solving the time dependent equation in the
differential equations (ODEs) have both stiff and nongstif form:
parts. Methods for stiff problems are usually implicit and () —
at each time step a non-linear set of algebraic equations YO =F Ly(t) +GLyM) , 120 (2.1)
need to be solved. This can be very expensive. It is whereF and G represent the non-stiff and the stiff
possible to split the differential equation into a fast part parts of the system respectively.
and a slow part. The fast part contains only linear terms__For the numerical treatment of (2.1) we consider the
and the slow part includes all the other terms. Thereford MEX linear multistep formula
we need to develop methods where only the linear terms  « k1 K
are implicit and all other terms are explicit, [9,14]. ];"i Yo =h J;ﬁi F(tasg:Yn+5) +h;w Gltasj ¥nti) W #0  (22)

Many authors solve these systems by integrating the In this paper we construct an IMEX technique based on

stiff part implicitly and the non-stiff part explicitly, se
the k-step, k-order formulas depends on a free parameter,
[1,15,13]. Some authors develop methods as[3] which takes the form:

implicit-explicit (IMEX) linear multistep methods
intended for such applications, see [2,4,10,11]. k .

The delay differential equations (DDEs) can be found zoaj Yntj =h Bc (frsk— B foi-1) (2.3)
have the same property. The importance of DDEs is =
evidenced by many different areas in which they describe  with respect toy(t) = f (t,y(t))) , y(to) = Yo Where
physical systems, such as electrostatic charge problemshe derivative function is continuous and satisfying
automatic controls, machine tools, biological system, and_ipschitz condition, by the suitable choice of the free
a number of theory problems, see [1]. It has been showiparameter the obtained class has good stability properties
that the linear multistep methods used for ODEs can be Now, the discussion is focused on the IMEX Scheme
used to generate the solution of DDEs when the step siz€2.2) based on the form (2.3) with extrapolatiéf 1 ~
is finite . The aim of this paper is to entroduce 2 fn— fa—1forthe explicit part as follows :

implicit-explicit class for solving ODEs and DDEs and  «
Study its Stablllty Zjaj Vi) =hB{(2=B") fark-1— fayk-2} +N Bc{Gnik— B Onik-1} (2.4)
&
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where foj = f (tar,Yn+j) » Onej = 9(tnsj,Ynsj)and Table 1: The range of\; for various steps
his the time step size. Due to the extrapolation process the k Range ofA;
order of the scheme (2.4) will be reduced to two. 1 —0.462<2A; <0
2 —1538< A1 <0
3 —2.769< A1 <0
3 Stability analysis of the method for . ‘g'gggz ;1 = 8
. . . . —U. 1
ordinary differential equations 6 —0533< A, <0
7 —-0.166< A1 <0

In this section the stability analysis of (2.4) when it is
applied to (2.1) is investigated , consider the scalar test
equation

O =Ay@®)+uy(t) , 3.1

whereA andpu are complex constants representing the  the bounds of\; in the real axis for k-step up to 7 are
eigen values of the explicit and implicit operators given in Table 1:
respectively. - ) .
The characteristic equation takes the form: The stability regions for explicit methods (2.4) of k-
step up to 7 are given in Figures 1&2.

k
.2001. g+ — )y ﬁk{(Z—B*)En+k_l—En+k_2)}

J:

T B { &R prEmt (3.2)

whereA; = A h andp; = p h,this equation takes the i
form . ¢ . . ’
A()—=A1B(&) -1 C() =0 (3.3) ’ ’
where A, B and C are the following polynomials t 2 -
k _ - -
A(§) = aj §", (3.4) : :
,Zo j 2 ,:

=

BE) = Af-pgmitogny)
Fig. 1. The stability regions of method (2.4) when =0, for k
C(E): Bk{EnJrk_B*EnJrkfl} ) Upt04

For stability, & must satisfy the conditioné| < 1,
with strict inequality for multiple roots, see [5,6]. Here,
the stability analysis is explained and the stability regio
are ploted by using two different approaches. These two
approaches provide an understanding of the phenomena
from different points of view, in the following Figures the
shaded parts are the stability regions.

3.1 First approach

3.1.1 Stability of explicit methods

To study the stability of explicit methods, put = 0 in
(3.3), so,

A(§) —A1B(§) =0. SR
The boundary of the stability regions of the explicit Fig 2: The stability regions of method (2.4) when =0 , for

method is given by : k=5,6,7
_ A€
A= B(e?) , Bel[-mm (3.5)
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Table 2: The anglex of the A(a)-stable method (2.4) for k=4, 5
&6

a
81°
61°
32

O O | x|

3.1.2 Stability of Implicit-Explicit methods

To study the stability of implicit-explicit methods with
respect to the implicit eigenvalues we define

Im (u1)

Stable

Re (1)

10

-1s

Fig. 4: The stability regions of IMEX method (2.4) when =0,

k=7

A§) =M BE)

AL
explicit method for each k as a common value. This

0.1 is choosenfrom the stability region of the 3-2 Second approach

choice gives a large stability region. For step k= 4 as anHere the stability of the method (2.4) is studiedAin g

example,

plane to obtain the values af , y; that make the roots of

(3.3) less than one.

_ Oo+ 018 + 0282+ 03 &3+ s &4 — Ay (Ba(2— B¥) E3— &2)

e Bi (8B
%7 Ba= ﬁ and the boundary of the stability

region for the implicit-explicit method is given by

oro+ale‘9+aze2i9+a3éi9+a4e4i9—/\1* (ﬁ4(27ﬁ*)esi9792i9)
Ba (e o)

$a+ (%) =

For B* = 0.4 the stability regions for IMEX methods
with steps up to 7 are given in Figures 3 & 4.

In ()

=/

\—//

Stable

Re ()

W

Fig. 3: The stability regions of method (2.4) when = 0, for k
upto 6

The method (2.4) of steps 1,2,3 afe- stable and
that of steps 4,5,6 ams(a) — stable and the angles are
tabulated in Table 2:

In this approach, the stability of (2.4) is determined
by the location of the roots of the characteristic equation
(3.3), for a rooté, stability region requires thaté |< 1
with strict inequality for multiple roots .

A

For k = 3, in this case the characteristic equation of

(2.4) takes the form:

o+ &(a1+ Bay) + &2
(02— 2BsA1+B*BsAr+ B Bapr) + E3(a3— Bapa) =0

To study the stability region im 1 — yy plane, the

following Theorem is needed.

Theorem 1.[8] The condition for which all the roots of the
equation

f(x) =aX"+a,_ x4 +aiX+ag
lie inside the unit circle, are that the principal minor
determinants of the Hermitian matris) are positive

definite , where

min(r,s)

s= Z) {anti—rani—s—ar—1as}  ,r,s=0(1)n-1
|=

anda; is the conjugate element &f .
For direct applications, the Hermitian matrix ghfor
n = 3 represented explicitly by :

383 — A 33 — & 33 — apdx
(Aga) = | asd — &g 383 + &8 — 41 — Aod AT — oA | ,
a3d; — ad pd, —ad a3 — apdo

is positive definite,where

a = do

a = (a1 +BsA1)

a2 = (a2 —2B3A1+ B*BaAr+ B Batia)

a3 = (a3 — Bap1).

If the coefficients are real in the characteristic equation
theng = &, so

D1 =a3— &
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-85 asd— A1 4 Stability analysis of the method for delay

2 2 2 2
agay — @180 a5+ a3 — al — - : i
382 — @8 a3 +a; —a] — & differential equation

2 2
aZ— azap —ajag azay — a _ . .
D:— |a a3 B Zoao az+:;22— azlfo 2 a3a1 B azgg Now, an IMEX linear multistep methods for the numerical
3 3a2 B al e % 3a2 3 solution of delay differential equation which are composed
agd1 — 2280 332 — 18 3~ 9 of stiff and non-stiff parts is introduced.

Thus, to find the region of stability we choose the common ~ 1he similar form of (2.1) is given by:

domain inA1 — u; plane satisfied by the three conditions : i 1 )
D;>0,D,>0,D3>0. y(t) =t y) + fotyt—1) 1.t >0, (4.1
The stability regions of (2.4) for steps k up to 7 are

plotted in Figures 5 & 6. where f and £ represent the stiff and non-stiff parts,

respectively .
For the numerical solution of (4.1), we consider the
IMEX linear multistep methods

S 00 Y+ =h3¥_o Bj fL{tnj,Ynri) +N3'5 W fz(tn+17)/(rzi%,)
IMEX scheme (4.2) is constructed by applying a given
known implicit linear multistep methods to the whole
problem (4.1) and then replace the implicit term which
occurs in the casé€fby a suitable extrapolation formula
to preserve the implicitness of the whole formula.

k

_Zoaj Yoij =
l:

hB{(2—B*) fhk1— ek 2} +hBc{ fok— B fai 1}

Consider the scalar test problem
Fig. 5: The numerical stability regions of formula (2.4) applied
on the equation (3.1) for k up to 4 y(t)=pyt) +Ayt—1),T>0, (4.4)

wherepandA represent the complex eigen values of
the stiff and non-stiff parts respectively ands the delay
constantt =vh ,wherev €|t

The characteristic equation is represented by

A(&) —A1B(§) - C(§) =0 (4.5)

where

k

P AE)=Y aj EM (4.6)
Zo j

. B(&) :Bk{(z ) EntkeLy En+k—2—v)}

C(E) :Bk{En+k_B*En+k—1} ,
ey ulzuhv)\lz)\hvr>oa

the stability analysis of (4.3) is discussed by the
location of the roots of the characteristic equation for
Fig. 6: The numerical stability regions of formula (2.4) applied different values ofv we can choosey = 2 andv =5 as
on the equation (3.1) for k=5,6,7 examples.

We study the stability method when it is applied to
DDEs by the former two approaches .
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Table 3: The range ofA; for various steps

k Range of A1, v=2 | Rangeof A1 , v=5
1 —0.462<A1 <0 —0.293< A1 <0
2 —0.433<A1 <0 —0.218< A1 <0
3 —0.485< A1 <0 —0.267< A1 <0
4 —0.445< A1 <0 —0.266< A1 <0
5 —0.444< 21 <0 —0.268< A1 <0
6 —0.454< A1 <0 —0.267< A1 <0
7 —0.458< A1 <0 —0.263< A1 <0

4.1 First approach
4.1.1 Stability of explicit methods

To study the stability of explicit methods pui = 0 in
(4.5) so, obtain

A(¢)—A1B(&) =0,
The intersection of; with real axis given by

A&)

B(S)

In the case oV = 2&5 the bounds ofA; in the real
axis for steps k up to 7 are given in Table 3

The boundary of the stability regions of the explicit
method is given by

_AEY)
1= B(eg) s
The stability regions for explicit methods for steps k up to
7 (with v = 2&5) are given in Figures 7 - 10.
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Fig. 7. The stability regions of method (4.3) when = 0 for k
up to 4 withy =2

4.1.2 Stability of Implicit-Explicit methods

To study the stability of implicit-explicit methods , let

A(§) —A1B(&)

e

Re (1)

= o o =
v 2
G m o e

L o o
=R

)
)
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Fig. 8 The stability regions of method (4.3) when = 0 for
k=5,6,7 withv =2
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Fig. 9: The stability regions of method (4.3) when = 0 for up
to 4 withv =5
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Fig. 10: The stability regions of method (4.3) when = 0 for
k=5,6,7 withv =5

Also we choosé; = —0.1 from the stability region of
the explicit method as a common value. For step k=4

_ Ot mE+ 08+ asdd+aadt A (Ba(2-B1) EFY - E2Y)

7 (&) B (& pE)

The boundary of the stability region of IMEX method
is given by

a0+0169+ap€2 9 +a3€% 0 +ayef O A7 (By(2—f*) e V)I0_el2-V)i0)
Bas (EAiB,‘B*e'iie)

$r-(9) =
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For B* = 0.4 the stability regions of Implicit-Explicit
methods (4.3) for steps k up to 7 (with= 2 &5) are given
in Figures 11-14.

In (i)

A
ket
k3
2
21

0
. \\\////

-7.5 -5 —2.5 0 2.5 5 7.5 10

Stable

N

Fig. 11: The stability regions of IMEX method (4.3) when =0
for k up to 6 withv = 2
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Fig. 12: The stability regions of IMEX method (4.3) for k=7 with
v=2

k=8,
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Fig. 13: The stability regions of IMEX method (4.3) for k up to
6 withv =5

In the case of = 2 the method of steps 1 and 2 of (4.3)

is A— stable and for steps from 3 to 6 i&(a ) — stabl e, for

15

1o

w

Stable

-10

-10 -3 a 5 10 15

Fig. 14: The stability regions of IMEX method (4.3) for k=7 with
v=5

Table4: The angle of thé\(a)-stable method(4.3) for k=3, 4,5
& 6 for different values ob.

k a forv=2| a forv=5
2 90 81°
3 81° 74
4 71° 74
5 62° 57°
6 34° 30°

v = 5 the method of step 1 of (3.3) &5— stable and for
steps from 2 to 6 i®\(a) — stable, a is tabulated in Table
4.

4.2 Second approach

To study the stability region of (4.3), consider the
characteristic equation of (4.3) which takes the form:

Qo+ 018 + 0282+ ..+ a1 EX L+ o &X *ﬁk’h((zfﬁ*)fkflfv - Ekfz*v)
~HaB(E - BTET) =0

_ The method with k=3 & = 2 is discussed in details,
its characteristic equation is:

BaM+E&(Qo—2Bs A+ B* Bah) + a1 82+ E3(ap+ B Baptn) +E4(as— Ba i) =0.

Applying theorem 1 to study the stability region in
A1 — Wy plane.

ap = B3,

ay = (00— 2B3A1+ B* B3A1),
az = a1y,

ag= (02 +B*Bap),

a4 = (a3 — Bap1),

if the coefficients are real in the characteristic equation
theng = g, so

Dy =aj -8
a3—a3  asa3—ado

Dy =
aya3 —a18p a3+ a3 — a2 — a3

(@© 2016 NSP
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a2 —a3 ajag — a1 do aya —
Ds=|ayaz—a1a0  agtaj—ai—a)  auag+agd —axa—ad
ayay — axay A4d3 + A8 — apdy — &1 aj+a3—a—ad
a;—aj a3 — a2
ayag — a1y a3 +ag —a? —a}
uyap —apay  asaz+agay —aa; —ad
asay —agdg s —aag
Dy =
uaz — adg aua; —agdg
yagtazgay —ay —aad A —axa
aZ+a3—a?—a3 asas — a0
83 — &8 a— a5

Thus, to find the stability region choose the common
domain inA; — y; plane satisfied by the four conditions
D1 >0,D2>0,D3>0,D4>0.

The numerical stability regions are plotted in Figures
15-18.

}4

o
k=3

Fig. 15: The numerical stability regions of formula (4.3) for k up
to 4 withv =2

5 Numerical tests

Test 1[12]
Consider the differential equations

Yi(t) = fi+ 01 = (y2(t) + 2 sint) + (=2ya(t))

Ya(t) = f2 + o =
(998y1 (1)) + (—999,(t) — 999(sint — cost))

with initial conditions y1(0) = 2, y»(0) = 3, its exact
solutions are

yilt) = exp(—t)(2 + exp(~t)sint), ys(t) =
exp(—t)(24exp—t) cost).

Test 2
Consider the differential equation
X(t)=f+g=—sint+A(x(t)—cog)

-1 -5 0 5 10 -0 -5 [ 5 10

Fig. 16: The numerical stability regions of formula (4.3) for
k=5,6,7 withv =2

-10 -10

™
!| M
-10 -5 0 5 10
=2
Ly
-10 -5 0 5 10
[

Fig. 17: The numerical stability regions of formula (4.3) for k up
to 4 withv =5

A = —10* with the initial conditiorx(0) = 1, the exact
solution is

X(t) = exp(A t) (x(0) — 1) + cos.

Test 3 [7]
Consider the stiff delay differential equation
y(t) = f1+ f2=py(t) +(—exp(p—1) y(t—1))
y(t) =exp((p—1t) <0,
with exact solutiony(t) = exp((p — 1)t), the results
are givenfort € [0,2], p=—100, p= —24.

We solve these tests by formula ( 2.4) of step four,

B* = 0.4 with different values oh at different values of
t, the percentage of error gft) (% Er(y(t))) of tests 1, 2
and 3 are given in Tables 5 -7 respectively .
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“ “ reduced with the increasing af for the DDEs. The

‘ influence of explicitness and implicitness in the stability
. . of the global method were analyzed and stability regions
, N N were plotted for ODEs and DDEs.
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