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Abstract: In this paper, we consider some identities of a special form of the generalized hypergeometric functions1F2(a;b,c;z) of
real argumentz. This special form is important for application in fractional calculus and fractional dynamics. The suggested functions
stand out among other generalized hypergeometric functions by the power-law form of its Fourier transforms. Identities for infinite
series and integrals, which include these generalized hypergeometric functions, are proved.
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1 Introduction

Generalized hypergeometric function is one of the most
important special functions. Moreover the generalized
hypergeometric function includes many other functions as
special cases, such as the Bessel functions, the classical
orthogonal polynomials and elementary functions. This
function has been proposed as a generalization of the
Gauss and Kummer hypergeometric functions [1,2]. The
generalized hypergeometric functions have a lot of
application in physics [3]. Special functions including
generalized hypergeometric functions play an important
role in the fractional calculus [4,5,6,7] that has a long
history [8]. The fractional calculus as a theory of
differentiation and integrations of non-integer orders has
a wide application in mechanics and physics (for
example, see [9] and references therein) since it allows us
to describe processes in nonlocal and hereditary media.
Recently the generalized hypergeometric functions have
been suggested to describe lattice models with power-law
long-range interactions [10,11,12].

In this paper, we consider some properties and
identities of a special form of the function1F2(a;b,c;z)
that are important for application in fractional dynamics
of media with power-law nonlocality and corresponding
discrete models. Mathematically the considered functions
stand out among other the generalized hypergeometric
functions by the power-law form of its Fourier transforms.

2 Definition of generalized hypergeometric
function

In this section we give a definition and some properties of
the generalized hypergeometric function to fix notation
for further consideration.

Definition. The generalized hypergeometric function
is define by the equation

pFq(a1, . . . ,ap;b1, . . . ,bq;z) :=
∞

∑
k=0

(a1)k . . .(ap)k

(b1)k . . . (bq)k

zk

k!
, (1)

where al ∈ C (l = 1, . . . , p), bj ∈ C and bj 6= 0,−1,−2...
( j = 1, . . . ,q), and(a)k is the Pochhammer symbol (rising
factorial) that is defined by

(a)0 = 1, (a)k =
Γ (a+ k)

Γ (a)
=

a(a+1)(a+2)...(a+k−1) (k∈ N). (2)

The series (1) is absolutely convergent for all values of
z∈C if p≤ q.
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The function (1) has an integral representation in terms
of the Mellin-Barnes contour integral

pFq(a1, . . . ,ap;b1, . . . ,bq;z) =
1

2π i

∏q
j=1Γ (b j)

∏p
l=1Γ (al )

∫ γ+i ∞

γ−i ∞

∏p
l=1Γ (al − s)

∏q
j=1Γ (b j − s)

(−z)−sΓ (s)ds, (3)

where|arg(−z)| < π and the path of integration separates
all the poless= −k (k ∈ N0) to the left and all the poles
s= a j +n (n∈N0, j = 1, . . . , p) to the right.

In this paper, we are interested in a special form of the
1F2 function

1F2(a;b,c;z) :=
∞

∑
k=0

(a)k

(b)k (c)k

zk

k!
. (4)

Note the symmetry of this function

1F2(a;b,c;z) = 1F2(a;c,b;z). (5)

For generalized hypergeometric function (4) the following
differentiation relation holds

(

dn

dxn

)

1F2(a;b,c;x) =

(a)n

(b)n (x)n
1F2(a+n;b+n,c+n;x) (n∈ N). (6)

It is possible to write the product formula for this function

1F2(a1;b1,c1;z) 1F2(a2;b2,c2;z) =
∞

∑
k=0

k

∑
m=0

(a1)m(a2)k−m

(b1)m(b2)k−m(c1)m(c2)k−m

zk

m! (k−m)!
. (7)

In this paper, we consider some identities of the
following generalized hypergeometric functions

T±[α,n] := 1F2

(

α +1
2

;
α +3

2
,1∓

1
2

;−
π2n2

4

)

, (n∈Z).

(8)
We denote this function byT±[α,n] for simplification.
These functions stand out among other the generalized
hypergeometric functions by the power-law form of its
Fourier transform.

3 Fourier series transform of generalized
hypergeometric function

Let us consider the Fourier series transformF∆ that is
defined by the equation

F∆{ f [n]} :=
+∞

∑
n=−∞

e−i kn f [n], (9)

and the inverse Fourier series transformF
−1
∆ in the form

F
−1
∆ { f̂ (k)} :=

1
2π

∫ +π

−π
dkei kn f̂ (k). (10)

Note that we use the minus sign in the exponent of (9)
instead of plus that is usually used.

The Fourier series transforms of these generalized
hypergeometric functions withn ∈ N are given by the
following proposition.

Proposition 1. The Fourier series transforms of the
generalized hypergeometric functions (8) have the forms

F∆{T+[α,n]}=
+∞

∑
n=−∞

e−i kn

1F2

(

α +1
2

;
α +3

2
,
1
2

;−
π2n2

4

)

=
α +1

πα |k|α , (11)

F∆{n T−[α,n]}=
+∞

∑
n=−∞

e−i kn

n 1F2

(α +1
2

;
α +3

2
,
3
2

;−
π2n2

4

)

=

− i
α +1

πα sgn(k) |k|α−1, (12)

whereα >−1.

Proof. To prove (11) and (12), we use the equations

F
−1
∆

(

|k|α
)

=
1
π

∫ π

0
kα cos(nk)dk=

=
πα

α +1 1F2

(

α +1
2

;
α +3

2
,
1
2

;−
π2n2

4

)

, (13)

whereα >−1 and

F
−1
∆

(

i sgn(k) |k|α
)

=−
1
π

∫ π

0
kα sin(nk)dk=

=−
πα+1n
α +2 1F2

(

α +2
2

;
α +4

2
,
3
2

;−
π2n2

4

)

, (14)

where α > −2. Applying the Fourier series transform
F∆ , which is defined by (9), to equations (13) and (14),
we get expression (11) and (12). �

Remark 1. The Fourier series transforms of the
functionsT±[α,n] have been represented in the form

F∆

(

T+[α,n]
)

=
+∞

∑
n=−∞

e− i knT+[α,n] =

2
∞

∑
n=1

T+[α,n] cos(kn)+T+[α,0], (15)
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F∆

(

nT−[α,n]
)

=
+∞

∑
n=−∞

e− i knnT−[α,n] =

− 2i
∞

∑
n=1

nT−[α,n] sin(kn). (16)

Note that
T±[α,0] = 1. (17)

Proposition 1 of the Fourier transforms of the
generalized hypergeometric functions (8) will be used to
prove identities for these functions.

4 Identities with generalized hypergeometric
functions

One of the main results of this paper are the following
propositions for the generalized hypergeometric functions
(8).

Proposition 2. The following identities with the
generalized hypergeometric functions hold

+∞

∑
k=−∞

1F2

(

α +1
2

;
α +3

2
,
1
2

;−
π2k2

4

)

1F2

(

β +1
2

;
β +3

2
,
1
2

;−
π2(k−n)2

4

)

=
(α +1)(β +1)

α +β +1

1F2

(

α +β +1
2

;
α +β +3

2
,
1
2

;−
π2n2

4

)

, (18)

whereα >−1, β >−1, α +β >−1.

Proof. Using relation (11), the Fourier series
transforms of the left side and the right side of equation
(18) gives

α +1
πα |k|α

β +1

πβ |k|β =

(α +1)(β +1)
α +β +1

α +β +1

πα+β |k|α+β . (19)

As a result we obtain the identity.�

Remark 2. Using notations (8), the suggested identity
(18) can be written in the form

+∞

∑
k=−∞

T+[α,k]T+[β ,k−n] =

(α +1)(β +1)
α +β +1

T+[α +β ,n], (20)

whereα >−1, β >−1, α +β >−1.
There are other identities that involving the

generalized hypergeometric functions (8). Using
notationsT±[α,n], these identities are represented by the

following proposition.

Proposition 3. The generalized hypergeometric
functions (8) satisfy the following identities

+∞

∑
k=−∞

k(k−n)T−[α,k]T−[β ,k−n] =

−
(α +1)(β +1)
π2(α +β −1)

T+[α +β −2,n], (21)

whereα >−1, β >−1, α +β −2>−1.

+∞

∑
k=−∞

kT−[α,k]T+[β ,k−n] =

(α +1)(β +1)
(α +β +1)

T−[α +β ,n], (22)

whereα >−1, β >−1, α +β >−1.

+∞

∑
k=−∞

(k−n)T+[α,k]T−[β ,k−n] =

(α +1)(β +1)
(α +β +1)

T−[α +β ,n], (23)

whereα >−1, β >−1, α +β >−1.

Proof. The proof is similar to the proof of Proposition
2. To prove the identities (21)-(23), we used relations (11)
and (12) of the Fourier series transform of the functions
(8). As a result, we get the identities.�

5 Simple examples of identities

For α = 2, the generalized hypergeometric functions
T±[α,n] have the simple forms

T−[2,n] = 1F2

(

3
2

;
5
2
,
3
2

;−
π2n2

4

)

=−
3

π2n
(−1)n

n
(24)

and

T+[2,n] = 1F2

(

3
2

;
5
2
,
1
2

;−
π2n2

4

)

=−
3

π2

2(−1)n

n2 (25)

wheren 6= 0. Forn= 0, we have (17). Then, equality (21)
can be represented by equations of the following
proposition.

Proposition 4. For α = β = 2, identity (21) with the
functions (24) and (24) has the form

+∞

∑
k=−∞

k(k−n)T−[2,k]T−[2,k−n] =−
3

π2 T+[2,n] (26)
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that can be written as
∞

∑
k=−∞

k6=0,k6=n

1
k(k−n)

=
2
n2 (n 6= 0). (27)

For n= 0, we have
∞

∑
k=−∞
k6=0

1
k2 =

π2

3
. (28)

Proof. Equality (27) can be proved directly by splitting
sum on three sums

∞

∑
k=−∞

k6=0,k6=n

1
k(k−n)

=
∞

∑
k=n+1

1
k(k−n)

+

n−1

∑
k=1

1
k(k−n)

+
−∞

∑
k=−1

1
k(k−n)

. (29)

Using the fractions decomposition into prime factors, we
get

∞

∑
k=−∞

k6=0,k6=n

1
k(k−n)

=
1
n

n

∑
k=1

1
k
−

1
n

n−1

∑
k=1

2
k
+

1
n

n

∑
k=1

1
k
. (30)

As a result, we get
∞

∑
k=−∞

k6=0,k6=n

1
k(k−n)

=
1
n

2
n
. (31)

Forn= 0, we have
∞

∑
k=−∞
k6=0

1
k2 = 2

∞

∑
k=1

1
k2 = 2

π2

6
=

π2

3
. (32)

�

Remark 3.The identities (20), (22), (23) with α = β =
2 have the forms

+∞

∑
k=−∞

T+[2,k]T+[2,k−n] =
9
5

T+[4,n], (33)

+∞

∑
k=−∞

kT−[2,k]T+[2,k−n] =
9
5

T−[4,n], (34)

+∞

∑
k=−∞

(k−n)T+[2,k]T−[2,k−n] =
9
5

T−[4,n], (35)

where T±[2,n] are presented in (24), (25), and the
functionsT±[4,n] are defined by the equations

T−[4,n] = 1F2

(

5
2

;
7
2
,
3
2

;−
π2n2

4

)

=

−
5

π4n

(

6(−1)n

n3 −
(−1)nπ2

n

)

(n 6= 0), (36)

and

T+[4,n] = 1F2

(

5
2

;
7
2
,
1
2

;−
π2n2

4

)

=

5
π4

(

4π2(−1)n

n2 −
24(−1)n

n4

)

(n 6= 0), (37)

andT±[4,0] = 1.
Remark 4. Using equation 2.5.3.5 of [14] we can give

the representation of the functions (8) with α = m∈ N in
the form

T+[m,n] =

m+1
πm+1

(−1)n+2

nm+1

[(m−1)/2]

∑
k=0

(−1)k m!
(m−2k−1)!

(π n)m−2k−1+

+
(−1)[(m+1)/2]m!

nm+1

(

2[(m+1)/2]−m
)

, (38)

and

T−[m,n] =

m+1
πm+1n

(−1)n+1

nm

[(m−1)/2]

∑
k=0

(−1)k (m−1)!
(m−2k−1)!

(π n)m−2k−1+

+
(−1)[(m−1)/2] (m−1)!

nm

(

2[(m−1)/2]−m+2
)

, (39)

wheren∈ N and[z] is the integer part of the valuez.

6 Integral identities with 1F2 functions

Let us consider the generalized hypergeometric function
in the form

1F2

(

α;β ,1±
1
2

;−
x2

4

)

, (40)

whereα > 0, β > 0 andx∈R.

Proposition 5. The following identities with the
generalized hypergeometric functions (40) hold

∫ +∞

−∞
dy 1F2

(

α1;β1,
1
2

;−
y2

4

)

1F2

(

α2;β2,
1
2

;−
(x− y)2

4

)

= g1(α1,α2,β1,β2)

1F2

(

α1+α2−
1
2

;β1+β2−
3
2
,
1
2

;−
x2

4

)

, (41)

where

g1(α1,α2,β1,β2) :=
2π Γ (β1)Γ (β1)

Γ (α1)Γ (α2)Γ (β1−α1)

Γ (β1+β2−α1−α2−1)Γ (α1+α2−1/2)
Γ (β2−α2)Γ (β1+β2−3/2)

, (42)
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and β1 > α1 > 0, β2 > α2 > 0,
β1+β2−3/2> α1+α2−1/2> 0.

Proof. To prove identity (41), the Fourier transform is
applied to equation (41). Using equation (5) of Section
1.14 of [13], which has the form

∫ ∞

0
dxcos(kx) 1F2

(

α;β ,
1
2

;−
x2

4

)

=

π Γ (β )
Γ (α)Γ (β −α)

k2α−1(1− k2)β−α−1 (43)

for 0< k< 1,
∫ ∞

0
dxcos(kx) 1F2

(

α;β ,
1
2

;−
x2

4

)

= 0 (44)

for 1 < k < ∞, whereβ > α > 0, we obtain the identity.
�

Proposition 6. The following identities with the
generalized hypergeometric functions (40) hold

∫ +∞

−∞
dy x(x− y) 1F2

(

α1;β1,
3
2

;−
y2

4

)

1F2

(

α2;β2,
3
2

;−
(x− y)2

4

)

= g2(α1,α2,β1,β2)

1F2

(

α1+α2−
3
2

;β1+β2−
5
2
,
1
2

;−
x2

4

)

, (45)

where

g2(α1,α2,β1,β2) :=−
2π Γ (β1)Γ (β1)

Γ (α1)Γ (α2)Γ (β1−α1)

Γ (β1+β2−α1−α2−1)Γ (α1+α2−3/2)
Γ (β2−α2)Γ (β1+β2−5/2)

, (46)

and β1 > α1 > 1/2, β2 > α2 > 1/2,
β1+β2−5/2> α1+α2−3/2> 1/2.

Proof. To prove identity (45), the Fourier transform is
applied to equation (45). Using equation (7) of Section
2.14 of [13], which has the form

∫ ∞

0
dxsin(kx) x 1F2

(

α;β ,
3
2

;−
x2

4

)

=

π Γ (β )
Γ (α)Γ (β −α)

k2α−2(1− k2)β−α−1 (47)

for 0< k< 1, and
∫ ∞

0
dxsin(kx) x 1F2

(

α;β ,
3
2

;−
x2

4

)

= 0 (48)

for 1 < k < ∞, where β > α > 1/2, we obtain the
identity.�

Proposition 7. The following identities with the
functions (40) hold

∫ +∞

−∞
dy x1F2

(

α1;β1,
3
2

;−
y2

4

)

1F2

(

α2;β2,
1
2

;−
(x− y)2

4

)

= g1(α1,α2,β1,β2)

1F2

(

α1+α2−
1
2

;β1+β2−
3
2
,
3
2

;−
x2

4

)

, (49)

where g1(α1,α2,β1,β2) is defined by (42), and
β1 > α1 > 1/2, β2 > α2 > 0,
β1+β2−3/2> α1+α2−1/2> 1/2.

Proof. To prove identity (49), the Fourier transform is
applied to equation (49). Using equations (43) and (47),
we obtain the identity.�

Remark 5. The suggested identities for special type
of the generalized hypergeometric functions1F2(a;b,c;z)
can be used in fractional calculus and fractional dynamics
of media and systems with power-law nonlocality. An
importance of these functions for fractional dynamics is
based on the power-law form of the Fourier transform of
considered hypergeometric functions.
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