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Abstract: In this paper, we considds, m)-convex functions in second sense which were introducedsaudied by N. Eftekhari .
We prove several Féjer-Hermite-Hadamard type integeduralities for(s, m)-convex functions in second sense. Our results include
several new and known results as special cases. We expettidhdeas and techniques used in this paper may inspirestésl readers

to explore some new applications of these newly introducedtfons in various fields of pure and applied sciences.
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1 Introduction

b
. (k) 1 / f (x) dx (1)

In recent years, theory of convex functions has received 2 (b—a) Ja

special attention by many researchers because of its f(a)+ f (b)

importance in different fields of science like biology, < — (2)

economy and optimization, in particular, in recent years L.
various generalizations and extensions of the classical N the year 1905 Leopold Feéjer8] gave a
convexity have been introduced and so the theory ofdeneralization of the inequaliti(as the following:

inequalities has made significant contributions in variousTheorem 2If f : [a,b] € R — R is a convex function, and
areas of mathematics. g: [a,b] — R is nonnegative, integrable and symmetric
This research is dedicated to generalize some resultsb a+b h
related to convex functions, attributed to Charles Hermite? OUtT’ then
[210], Jaques Hadamar@][and Lipot Fejér §]. atb\ b
The Hermite-Hadamard and Fejér inequalities have f(T)/ g(x)dx
been under intense investigation. Many applications and \ a
generalizations; its proofs can be found in the literature, / f(x)g(x)dx
for example, 1,3,13,15,17,18,23], and their references. ~ Ja
f(

Afunctionf :| Cc R — R is said to be convex function, f b
] < MO0 Momax @)
ftx+ (1—t)y) <tf(x)+(1—1t)f(y), For some results which generalize, improve, and
extend the inequalitied}, see f,5].
forallx,y € I andt € [0,1]. In the year 1984, G. Toader,2(], defined
The following double inequality, which is well known m-—convexity, an intermediate between usual convexity
as the Hermite-Hadamard inequality. and the starshaped property, as the following:

Theorem 1(See 9]). Let f:1 C R — R be a convex Defir]ition 1(see p0). The function f [.0’ b >R, b>0,
function on the interval | of real numbers andbac | is said to be m-convex, wherea0, 1], if we have

with a< b. Then f(tx+m(1—t)y) <tf(x)+m(1-t)f(y) (4)
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for all x,y € [0,b] and te [0,1].

Denote byKm(b) the set ofm-convex functions on
[0, b] for which f(0) < 0.

Remark-or m = 1, we recapture the concept of convex
functions defined or{0,b], and m = 0 the concept of
starshaped functions d,b], i.e. f(tx) < tf(x), for all

x € [0,b] andt € [0, 1].

In the same article we can find the following results.
Lemma 1]21]]

LIf f € Km(b), then f it is starshaped.
2.If f ism-convex an < n<m<1,then f is n-convex.

It is important to note that fom € (0,1) there are
continuous and differentiable functions that ereonvex,
but they aren’t convex in the standard sense (¥2&})[

In [6], S.S. Dragomir and G. Toader prove the
following inequality type Hermite-Hadamard:

Theorem 3([6]). Let f: [0,+o) — R to be a m-convex
function with me (0,1]. If 0 < a < b < 4+« and
f € LY([a,b]), then one has the inequality:

é/:f(x)dx )
b a
i f(a)+f721f<m>7f(b)+r;f<a) "

Definition 2(see P]). Let0 < s< 1. Afunction f: [0,b] —
R, is said to be s.convex in the second sense if:

ftx+ (1-t)y) <tF(x) + (1-1)>F(y),

for all x,y € [0,b], and te [0,1].
S. S. Dragomir and S. Fitzpatrik (se8]) prove the
following theorem:

Theorem5.Let f : [0,4+) — [0,+) be a s-convex
mapping in the second sense with €s(0,1). If
a,be [0,+), witha< b, f € Lyi([a,b]), then:

s1p(atby _ 1 /‘b
2 f(—z )7—b_aaf(x)dx

In the year 1993 V. Mihesan (seé&f]), introduced the
class of(s,m)— convex functions as the following:

f@+f(b)

<
- s+1

Definition 3([1€]). The function f. [0,b] — R is said to be
(s,m)— convex, where,sne (0,1], if for every xy € [a,b]
andte [0,1] we have

f(tx+m(1—1t)y) <t5f(x) + m(1—t3)f(y).

Recently, in the year 2014, combining notionssof
convexity in the second sense of Breckner with
m-convexity, N. Eftekhari (se€r]) introduced the class of
(s,m) - convexity in the second sense.

There are some generalizations of this result, which

can be foundinZ1].
Also in the year 2008, prove the following theorem of
Hermite-Hadamard type for differentiable functions.

Theorem 4([12)). Let | be an open real interval such that
[0,+) C 1. Let f: | — R be a differentiable on | such that
f/ € LY[a,b] where0 < a< b < +oo. If || is m-convex
on [a,b] for some fixed n& (0, 1] and ge [1,+), then

1 b
ﬁ/a f(x)dx

@) m (2

2o

<b;amin
- 4

)0 mi (D))

In the year 1978 , W.W. Breckner (seg})], introduced
the definition ofs— convex of real valued functions in
second sense:

Definition 4([7]). A function f: [0,b] — R is said to be
(s,m)—convex in the second sense, whesen) € (0,1]2
if for every xy € [0,b] and te [0, 1] we have

f(tx+m(1—1t)y) <t3f(x) +m(1—t)3f(y).

Now gives way to the main objective of this paper,
establish inequality of the Hermite-Hadamard-Fejér type
for functions(s,m)-convex in the second sense.

2 Some basic properties

Proposition 1Let f: [0,+o) — R be a (s,m)-convex
function in second sense, wherense (0,1], and let ab

be nonnegative real numbers with<ab. Then for any
X € [a,b] there is te [0,1] such that

f(a+b—x)
< tS(f(b) + f (a) +m(1—1)S (f (Fn) +f (ﬁ)) —f(x).
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ProofSince anyx € [a,b] can be represented as-ta+ Proof.
(1-t)b,t €[0,1], then

(f +9)(tx+m(1—t)y)

o = 100 Rmi1 05 Tly) 4 14300-4 L —t)%()
= f(a+b— (ta+ (1-t)b)) = f((1—t)a+tb <t 1 y) +t2g(x) + m(1—t)%2g(y
(b ftar (U = DA < 51(x)+ m{L - )°F(y) + 00 + m(1—1)g(y)
= f(tbrma-u7) = t5(1() +gx)) + m(L— )5 () + g(x)

f =t5(f +9)(x) + mL-1)5(f +g)(y).

< t5F (b) + m(1— )8 (%)

t5f (b) + m(1—t)5f (%) —t5F (a) +15f (a)

+m(1—1)3f <%> —m(1—t)5f (%)

< t5(H(b)+ 1 <a>>+m<1—t>s(f (7)1 (%))

—t3f () —m(1—t)Sf (n%)

< ts(f(b)+f(a))+m(1—t)s<f <n31) o (E»

m

—f({ta+m(1—t E
(tatma-n)
ts(f(b)+f(a))+m(1—t)5(f (%) +f (%)) —F(x).

Proposition 2If f; : [0,4») — R, i=1,....n, are (s,m)-
convex functions in second sense, wheten) < (0, 1)?,
then the function given by: f: _max {f }is also(s,m)-

.....

convex in second sense.

Prooflf x,y € [0,+0) andt < [0, 1] then

fi(tx+m(1—1t)y)
< t3fi(x) +m(1—t)>fi(y)
<t° max {fi()}+m(1-1)° max {fi(y)}

.....

:tSf( )+m(1—

777777

> (y).

Proposition 3Let f,: [0,4o) — R be is a sequence of

functions. If § is (s,m)-convex function in second sense,

for all n > k and f,(x) = f(x) (on [0,4)), then f is
(s,m)-convex function in second sense.

Prooflf x,y € [0,+) andt € [0,1], we have, fon > k.

fa(tx+m(1—1t)y) < t3fn(x) + m(1—t)%fn(y),
lim fo(tx+m(L—t)y) < lim {tFn(x) + M(1-t)*f(y)}
ty) < () +m(1-1)*f(y),

this completes the proof.

f (tx+m(1—

Proposition 4Let f: [0,40) — R be a(s;,m)—convex
function in second sense and let {0,+») — R be a

vn >k

Proposition5Let f: [0,+») — R be a (s,m)-convex
function in second sense, whégem) < (0,1]2.

If A >0, thenA f is (s,m)-convex function in second
sense.

ProofForx,y € [0,4) andt € [0, 1], then
Af(tx+m(1—t)y) < A (t5f(x) + m(1—1t)°f(y))
=tAf(x)+m(1—t)°A f(y)
=t3Af)(x) + m(1—1)5(A f)(y).
This completes the proof.
Proposition 6Let f: [0,b] — R, b > 0 be an m-convex
functions with me (0,1], and g: |1 C f([0,b]) — R be
nondecreasing ans, m)-convex in second sense on | for

some fixed & (0,1], then g f is (s,m)—convex in second
sense ono, b.

ProofLetx,y € [0,b] andt € [0, 1]. We have successively

ftx+m(1-t)y) <tf(x)+mL-1)f(y)
g(f(tx+m(1-t)y)) < g(tf(x) +m(1—-t)f(y))
< t°9(f(x) +m(1-1)°g(f(y)),

which shows thago f is (s,m)—convex in second sense
on[0,b].

Theorem6Let f:
€ [0,+), (s,
me (0,1]. Then f is bounded on any closed inter{ab.

[0,+») — R a finite function on

b : .
ma — m)—convex in second sense with

ProofLet x € [a,b], then there is & € [0,1] such tha =
ta+ (1—t)b, we have

f(x) = f(ta+ (1—t)b)
< t°f(a) +m(1—t)°f (%)

< f(a)+f(%).

Thus, f is upper bounded ofa, b].
Now we notice that any € [a,b] can be written as

izbﬂfo il < b_ (see 14),

CORIECERICS)

(sp,m)-convex function in second sense, where a+b _t
S1,%,m € (0,1]. Then f+g is (s,m)-convex function in <1y <a+b +t) L Mel 2
second sense, where=smin{s;,s,}. 2 2 2 m
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Applying the first part of this theorem in the interval RemarkiNote that if we dan= 1 in the previous theorem

[3 E] we obtain that
m’'m
a+b a b
f<T)_ {f () *f <W)}
atb .
< f(ib) _m, ( 2 )
2 28 m

1 a+b 1
< = .
< zsf( > +t) ZSf(x)

Which we obtain that
s, [a+b S a b
25 <T>_2 {f (r—n)—H (Wﬂ < f(x),

3 Main results

The proof of the following theorem is a technique similar

to the theorem 5 in1[9].

Theorem7Let f : 1 C [0,40) — [0,4») be a
(s;m)—convex in second sense functionpa | with

a<b, feli(ab]) and g: [a,b] — R is nonnegative,

integrable and symmetric abogfg—. Then
b
/a f(x)g(x)dx

RCILYJ(S

+3 {f (2)+1 (r—:)} /: (E)Sg(x)dx

ProofSince f andg are real nonnegative functiong,is

. . a+b .
integrable and symmetric abou%—, we will have that
b
/ f(x)g
-2 {

- 1/ X)+ f(a+b—x)]g(x)dx

dx+/ f(a+b—xglatb— x)dx}

IN

NI =
\
-
—N
N
o

The proof is complete.

we obtain inequality of the Hermite-Hadamard-Féjer type
for s-convex functions, i.e.:

/ f(x
< Z”b)/aKﬁii):(%ﬂgwdx

Corollary 1.Under the same hypotheses of theorgnif
g(x) = 1, we have:

b
(b—ia)/a f (x)dx

(e @) ()

Prooflf we takeg(x) = 1 in theoren¥, we have:

b
f(x)dx

a

< f(a);f(b)/b@—")sdx
< (5=
SR QI G

Given that the functiop (x) = x® is concave if 0< s< 1,
then from Jensen’s inequality:

1 b
m/a f(x)dx

Il
N+~
7N
-
®
N |+
.
G
_|_
N3
| — |
—h
/N
Slo
N———
_|_
-
VRS
Slo
N——
—_
N———

“ g (f@ |1 (R) 1 (5)])

The following theorem will serve for a lower level to
the left inequality 8), for functions(s,m)-convex in the
second sense.

Theorem 8Let f: | C R — [0,+) be is(s,m)—convex
in second sense function,,laec | with a < b,
f € L1[c,d],where c= min{a/m,a}and d= maxb,b/m}
and g: [a,b] — R is nonnegative, integrable and

symmetric abou{a;——b. Then

f(izb) /abg(x)dx
/f x)dx+ 1 /bf(%)g(x)dx

(@© 2016 NSP
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ProofSincef :

. . a
integrable and symmetric abou{;—.

f(a+b)/; g(x)dx
_/ <a+b X+X>g(x)dx

/a {lef(a+b X)+ oq (5)}9(X)dx
_ %/ f(a+b—x)g(x )dx+(25)/bf (Z) gixjax
X

25/ f(a+b—x)ga+b— x)dx+(25)/bf<r—n)g(x)dx

2S/f dx+ bf(%)g(x)dx

IN

Remarkin Theorens, if we takem= 1, then

a+b\ P
f(T)/a‘?’( e 5 [ 10001

which is an inequality of the Hermite-Hadamard-Fé&jer

type fors-convex functions.

Corollary 2.Under the same hypotheses of theo@&nif
g(x) = 1and m= 1, we have:

f(izb) (b—a)g%/:f(x)dx

In this case we obtain inequality on the side left of the

theoremb.

We finally establish a Hermite-Hadamard type
inequalities for the product of functions when the product

is a function(s, m) - convex in the second sense.

Theorem 9Let f: [0,+
second sense, wherense (0,1], and let @b € [0,+)
with a < b. Suppose that & Li[a,b/m],

. L a+b
is symmetric with respect terr—. Then

25f (%b) /pg(x)dx— m/pf (—

b
< /f(x)g(x)dx

)g(x)dx

| CR — [0,+) be is(s,m)—convex in
second sense function agd [a,b] — R is nonnegative,

) — R be a (s,m)-convex in

and that
g:[a,b] — R is a nonnegative, integrable function which

Proofln this case we have

f (%b> /bg(x)dx

a

at+b—x mx
f< > +2m>g(x)dx

1
< (ﬁf(a—kb—x) 251‘( ))g(x)dx
17 m 7
- ﬁ/f(aer X)g 2f/
a a
17 m 7
:*s/ (a+b—x)g(a+b—x)dx+ 7/
2 )
8 X
28/f dx+ f(a)g(x)dx

thus obtaining the required inequality.

Theorem 10Let f,g: [0,40) — [0,+) be such that
fg € Li([a,b]), where 0 < a < b < . If f is
(s1,my)-convex function and g is;, mp)-convex function
on [a, b], for some fixed MMy, s1, s € (0,1], then

%a/ab f(t)g(t)dt < min{My, Mz},

where

My = @ (f(a)g(a)+m1m2f (%) 9 (%))

s150 (s1)l (Sz)
(s1+s2+1)(s1+2) (

myf( )g(%) +my f <

and

)
o= e (000 () )

(sl+32+1)(81+52

a
f(b — fl—
() 2 Jow)
ProofWe have

f(tx+ (1—t)y) < t2F(x)+my(1—t)%f <ml)

gltx+ (1-1) sr%g(xwmzu—t)%g(%

y)
forallt € [0,1]. f andg are nonnegative, hence
f(ta+ (1—t)b)-g(ta+ (1—t)b)

< 5% agla) + mat(1-0% g ()

b
)t
my ) 9@

+my(1—-t)% f m% mp(1—-t)%g (%)

Integrating both sides of the above inequality over
[0,1], we obtain

+my(1—t)%f

(@© 2016 NSP
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/f dt_/ f(ta
< f /t51+92dt+m2f < )/ t5(1—-1)%

1) 9@ /Ol(l—t)sltSZdt

+m f 3
il m .
b b "
mymy f — / 1—t)3 %4t
e (m)g(mz) o( )

= f(a)g(a)B(s1 +S2+1,1) +my f(a)g m B(st+1s+1)

B(ss+1,s1+1)

(2o

+mmy f (ml)g(mz) B(Lsi+s+1),

whereB is the Euler Beta-function. Then,

< fajga P2 T

b\ rM(st+1)r(s+1)
() (RS

+my f <m£1) g(a)
FHr(ss+s+1)

e (m%) ? (%) Fsi+s+2)

(s1+9) (s1+%2)
(si+s2+1)(st+9) (s1+9)

b sil (1)l (s2
*mz”a)g(@) CECIENCEEA

b sl (s2)s1l (s
+mf <m1) 9(®) (31+52+1)(31+SQ)

M+l (s1+1)
I_(Sl+52+2)

= f(a)g(a)

s1+%)

)
(
)
(s1+%2)
(s1+)l (s1+%)

— (1-t)b)g(ta+ (1—t)b)dt

Ty f (ﬁ) g (%) (s1+92+1)(s1+9) (s1+9)

-t ey

b
+m2f(a)g<@) (31+52+1)(S]_+32)I— S +%)

s150 ()1 (st
+mlf( )(a)(31+52+1)(51+32)

T Am ) P \me ) (s %+ 1)

_ T;H (f<a>g<a>+m1mzf (m%) g(%))
s150 (s1)l ()

(s1+S2+1)(s1+S)0 314652

Analogously we obtain

b
é/a f(t)g(t)dt

<ot <f(b)g(b)+m1m2f (%)9(%»

s150 (s1)l" (S2)
(st+2+1)(s1+)  (s1+%)

a a
: <mzf(b)g (@) +my f <H1) g(b)) ,
hence
/ Ft
Theorem 11Let f:1 CR — [0,+) be is(s,m)—convex
in second sense function,lac | with a < b, f €

Li[c,d],where c= min{a/m,a} and d= maxXb,b/m}.
Then

2 (a;b) —ﬁ/{ff(%)dt
< é/abf(t)dt
< ;1lmin{f(a)+mf(r—:),f(b)—i—mf(r%)}. (7)

ProofSincef is (s,m)—convex in second sense bnwe
get

t)dt <min{My,My}.

f(tx+ (L—t)y) < t5F () + m(1—t)5f (Fyn) ®)

Itis easy to observe that

f(anrb) _ f(taJr(l—t)ng(l—t)athb)

1 m, [ (1-t)a+tb
¥f(ta+(1—t)b)+¥f (T)

IA

Integrating over the intervaD, 1), we obtain

f(%b) < %/O'lf(taﬂl—t)b)dwzs/ f((l_t)Ta“b) dt
b b
- Wl—a)/a f(t)dt—i—wm_a)/a f(im)dt
We obtain

25 (%b)—ﬁ/a;bf(m)dm b%/bf(t)dt. )

This last inequality corresponds to the first inequality

as indicated on the thesis.
On the other hand, for alle [0,1], we have that

f(ta+ (1—t)b) <t3f(a) + m(1—t)°f (%)

Integrating the above inequality over the interi@ll),
we obtain

wroal ) (&5
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Now,
/1f(ta+(1—t)b)dt < f(a)/ltSdterf(E) /1(1—t)sdt 1 , . ® fa)a f(b
0 =% m) Jo 1 /f(t)dt+—/ f()dt| < 1@*FT0)
1 b m+1 mb—aa b—mama s+1
RemarkiNote that ifm= 1 in Theoreml2 we obtain the
Consequently, right side of the Hermite Hadamard inequality for
1 b 1 b s-convex functions.
S < — 1.
b_a/a f(x)dxs+1[f(a)+mf<m)]
b
Using a similar procedure, we obtain that 1 / f(a)+f(b) 11)
b— J - s+1 '

1 b 1
—/ F(x)dx < ——— [f(b)+mf(3)]
—aJ/a s+1 m We expect that the ideas and techniques used in this

Therefore we get the inequality on the right sideg ( Paper may inspire interested readers to explore some new
this completes the proof of the theorem. applications of these newly introduced functions in vasiou

, fields of pure and applied sciences.
Theorem 12Let f : [0,40) — [0,+) be is

(s,m)—convex in second sense functionpa [0, +)
witha<b,sme L1([0,1]). Then

1 7 1
mbia/ f(t)dt+ bima/ f(t)dt
a

ma
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