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1 Introduction

In recent years, several extensions and generalizations
have been considered for classical convexity. A
significant generalization of convex functions is that of
invex functions introduced by Hanson [1]. Hansons initial
result inspired a great deal of subsequent work which has
greatly expanded the role and applications of invexity in
optimization and other branches of pure and applied
sciences. Weir and Mond [15], Jeyakumar and Mond [3]
have studied the basic properties of the preinvex
functions. It is well-known that the preinvex functions
and invex sets may not be convex functions and convex
sets. Inspired and motivated by the research going on in
this field, we introduce and investigate a new class of
convex functions, which is called the geometrically log-
preinvex functions. For some recent investigations, see [9,
18,19]. We establish the relationship between these
classes and derive some new results. As special cases, one
can obtain some new and correct versions of known
results. Results obtained in this paper present a refinement
and improvement of previously known results.

Definition 1.[1] The set K is said to be a convex set, if

ta+(1− t)b∈ K, ∀a,b∈ K, t ∈ [0,1].

Definition 2.[2] Let K be the convex set. Then the function
f defined on K is said to be convex function, if

f (ta+(1− t)b)≤ t f (a)+ (1− t) f (b),∀a,b∈ K, t ∈ [0,1].

Definition 3.[4] The set Kη is said to be invex with respect
to η(., .), if, there exists a bifunctionη(., .) such that

a+ tη(b,a)∈ Kη , ∀a,b∈ Kη , t ∈ [0,1].

The invex set is also called aη − connected set.

We would like to mention that Definition of an invex
set has a clear geometric interpretation. If we demand that
a should be an end point of the path for every pair of
points a,b ∈ K, then η(b,a) = b− a, and consequently
invexity reduces to convexity. Thus, it is true that every
convex set is also an invex set with respect toη(., .), but
the converse is not necessarily true, see [15,16].

For the sake of simplicity, we always assume thatIη =
[a,a+η(b,a)], unless otherwise specified.

Definition 4.[9] A function f on the invex set Kη ×Kη →R
is said to be preinvex with respect toη(., .), if there exists
a bifunctionη(., .) such that

f (a+ tη(b,a))≤ (1− t) f (a)+ t f (b),∀a,b∈ Kη , t ∈ [0,1].

If η(b,a) = b− a, then invex set reduces to convex set,
see [9]. We now recall the concepts of the geometrically
convex sets and geometrically convex functions, see [9]
and the references their.

Definition 5.[21] Let Iη ⊂ (0,∞). The set Iη is said to be
geometrically invex set, if

at(a+η(b,a))(1−t) ∈ Iη ,∀a,a+η(b,a)∈ Iη , t ∈ [0,1].
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Definition 6.[21] A function f : Iη = [a,a+η(b,a)] is said
to be geometrically preinvex on Iη , if inequality.

f (at(a+η(b,a))(1−t))

≤ t f (a)+ (1− t) f (b),∀a,a+η(b,a)∈ Iη .

If we takelog on both sides, we have

ln f (at(a+η(b,a))(1−t))

≤ ln([ f (a)]1−t [ f (b)]t ),∀a,a+η(b,a)∈ Iη .

≤ (1− t)ln f (a)+ tln f (b)

Definition 7.A function f : Iη = [a,a+η(b,a)] is said to
be geometrically log-preinvex on Iη , if inequality.

f (at(a+η(b,a))(1−t)) ≤ [ f (a)]1−t [ f (b)]t ,

≤ (1− t) f (a)+ t f (b)

≤ max{ f (a), f (b)}

Thus geometrically log-preinvex reduces to GA-preinvex
function and then it reduces to quasi log-preinvex
function, but converse is not true. We remark that if
η(b,a) = b− a, then Iη reduces toI and consequently
definition (1.7) is exactly the definition (1.4). This shows
geometrically-convex functions are
geometrically-preinvex functions, but the converse is not
true.
We define the logrithemic meanL(a,b) of two positive
numbersa,b by

Ł(a,b) =







b−a
lnb−lna, if b 6= a

b, if b= a
(1)

We also define

M =
g(b)−g(a)

(lna−ln(a+η(b,a)))(lng(a+η(b,a))−lng(a))

N = f (b)− f (a)
(lna−ln(a+η(b,a)))(ln f (a+η(b,a))−ln f (a))

2 Main results

Theorem 1.Let f : Iη → (0,∞) be an increasing and a
geometrically log-preinvex function on Iη and
a,a + η(b,a) ∈ Iη with η(b,a) > 0. Then following
inequality holds:

8( f (b)− f (a))
(lna− ln(a+η(b,a)))(ln f (b)− ln f (a))

∫ a+η(b,a)

a

f (x)
x

dx

≤
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f 4(x)
x

dx

+

(

f 2(a)+ f 2(b)
2

)(

f (a)+ f (b)
2

)(

f (a)− f (b)
ln f (a)− ln f (b)

)

+8.

Proof.Since f is geometrically log-preinvex function on
Iη , thus

f (a1−t(a+η(b,a))t) ≤ [ f (b)]t [ f (a)]1−t

∀a,a+η(b,a)∈ Iη , t ∈ [0,1].

for all a,a + η(b,a) ∈ Iη and t ∈ [0,1]. Using the
inequality 8xy≤ x4+ y4+8, we have that

8 f (a1−t(a+η(b,a))t)[ f (a)]1−t [ f (b)]t

≤ f 4(a1−t(a+η(b,a))t)+ [ f (a)]4t [ f (b)]4(1−t)+8.

Integrating the above inequality overt on [0,1], we get the
inequality

8
∫ 1

0
f (a1−t(a+η(b,a))t)( f (a)1−t )( f (b))tdt

≤
∫ 1

0
f 4(a1−t(a+η(b,a))t)dt

+

∫ 1

0
[ f (a)]4t [ f (b)]4(1−t)dt+8.

Since f is increasing and continuous, we have

8
∫ 1

0
f (a1−t(a+η(b,a))t)dt

∫ 1

0
[ f (a)]1−t [ f (b)]tdt

≤

∫ 1

0
f 4(a1−t(a+η(b,a))t)dt

+

∫ 1

0
[ f (a)]4t [ f (b)]4(1−t)dt+8.

Then, we obtain

8( f (b)− f (a))
(lna− ln(a+η(b,a)))(ln f (b)− ln f (a))

∫ a+η(b,a)

a

f (x)
x

dx

≤
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f 4(x)
x

dx

+

(

f 2(a)+ f 2(b)
2

)(

f (a)+ f (b)
2

)(

f (a)− f (b)
ln f (a)− ln f (b)

)

+8.

This completes the proof.⊓⊔

Theorem 2.Let f,g : Iη → (0,∞) be an increasing and
geometrically log-preinvex functions on Iη and
a,a+η(b,a)∈ Iη with η(b,a)> 0. Then

L(g(a),g(b))
(lna− ln(a+η(b,a)))

∫ a+η(b,a)

a

f (x)
x

dx

+
L( f (a), f (b))

(lna− ln(a+η(b,a)))

∫ a+η(b,a)

a

g(x)
x

dx

≤
1

(lna− ln(a+η(b,a)))

∫ a+η(b,a)

a

f (x)g(x)
x2 dx

+
f (b)g(b)− f (a)g(a))

ln( f (b)g(b))− ln( f (a)g(a))
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Proof.Since f and g are geometrically log-preinvex
functions, we have that

f (a1−t(a+η(b,a))t)≤ [ f (a)]1−t [ f (b)]t

g(a1−t(a+η(b,a))t)≤ [g(a)]1−t [g(b)]t

Now, using the elementary inequality,
ac+ bd > bc+ ad, (a,b,c,d) ∈ R and (a < b,c < d),
we get the inequality

f (a1−t(a+η(b,a))t)[g(a)]1−t [g(b)]t

+g(a1−t(a+η(b,a))t)[ f (a)]t [ f (b)]1−t
> 0

f (a1−t(a+η(b,a))t)g(a1−t(a+η(b,a))t)
+[g(a)]1−t [g(b)]t [ f (a)]t [ f (b)]1−t

> 0.

Take the integral of ithe above nequality over t on[0,1],we
have

I1 =
∫ 1

0
f (a1−t(a+η(b,a))t)[g(a)]1−t [g(b)]tdt

+

∫ 1

0
g(a1−t(a+η(b,a))t)[ f (a)]1−t [ f (b)]tdt

I2 =
∫ 1

0
f (a1−t(a+η(b,a))t)g(a1−t(a+η(b,a))t)dt

+

∫ 1

0
[ f (a)g(a)]1−t [g(b) f (a)]tdt

IntegratingI1,

I1 =
∫ 1

0
f (a1−t(a+η(b,a))t)[g(a)]1−t [g(b)]tdt

+

∫ 1

0
g(a1−t(a+η(b,a))t)[ f (a)]1−t [ f (b)]tdt

≥
∫ 1

0
f (a1−t(a+η(b,a))t)dt

∫ 1

0
[g(a)]1−t [g(b)]tdt

+

∫ 1

0
g(a1−t(a+η(b,a))t)dt

∫ 1

0
[ f (a)]1−t [ f (b)]tdt

=
g(b)−g(a)

(lna− ln(a+η(b,a)))(lng(a+η(b,a))− lng(a))

×

∫ a+η(b,a)

a

f (x)
x

dx

+
f (b)− f (a)

(lna− ln(a+η(b,a)))(ln f (a+η(b,a))− ln f (a))

×

∫ a+η(b,a)

a

g(x)
x

dx

Now integratingI2,

I2 =
∫ 1

0
f (a1−t(a+η(b,a))t)g(a1−t(a+η(b,a))t)dt

+

∫ 1

0
[ f (a)g(a)]1−t [g(b) f (a)]tdt

=
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)g(x)
x2 dx

+ f (a)g(a)
∫ 1

0

(

f (b)g(b)
f (a)g(a)

)t

dt

=
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)g(x)
x2 dx

+
f (b)g(b)− f (a)g(a)

(ln f (b)g(b)− ln f (a)g(a))

=
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)g(x)
x2 dx

+L( f (a)g(a), f (b)g(b)))

=
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)g(x)
x2 dx

+
f (a)g(a)+ f (b)g(b)

2

SinceI1 ≤ I2

M
∫ a+η(b,a)

a

f (x)
x

dx+N
∫ a+η(b,a)

a

g(x)
x

dx

≤
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)g(x)
x2 dx

+
f (a)g(a)+ f (b)g(b)

2
.

Theorem 3.Let f : Iη → (0,∞) be an increasing and
geometrically log-preinvex function on Iη and
a,a+η(b,a)∈ Iη with η(b,a)> 0. Then

1
lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)
x

dx

+
( f (b)+ f (a))( f (b)− f (a))

2(ln f (b)− ln f (a))

+
f 2(a)+ f (a) f (b)+ f 2(b)

3
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≥
f (b)− f (a)

ln f (b)− ln f (a)

∫ a+η(b,a)

a

f (x)
x

dx

+
f 2(a)

ln f (b)− ln f (a)

+
f (b) f (a)− f 2(b)
ln f 2(a)− ln f 2(b)

+
f 2(b)

ln f (b)− ln f (a)

−
f 2(b)− f (b) f (a)
ln f 2(b)− ln f 2(a)

+
f (a)

(ln(a+η(b,a))− lna)2

×

∫ a+η(b,a)

a

(

ln(a+η(b,a))− lnx
x

)2

f (x)dx

+
f (b)

(ln(a+η(b,a))− lna)2

×

∫ a+η(b,a)

a

lnx− lna
x

f (x)dx

Proof.Since f is geometrically log-preinvex function on
Iη , we have that

f (a1−t(a+η(b,a))t )≤ [ f (a)]1−t [ f (b)]t ≤ (1− t) f (a)+ t f (b)

for all a,a + η(b,a) ∈ Iη , and t ∈ [0,1]. Using the
elementary inequality,xy + yz+ zx ≤ x2 + y2 + z2,
(x,y,z∈ R), we observe that

f 2(a1−t(a+η(b,a))t)
+[ f (a)]2(1−t)[ f (b)]2t + t2 f 2(b)

+(1− t)2 f 2(a)+2t(1− t) f (a) f (b)

≥ f (a1−t(a+η(b,a))t)[ f (a)]1−t [ f (b)]t

+[ f (a)]1−t [ f (b)]t((1− t) f (a)+ t f (b))

+ f (a1−t(a+η(b,a))t)((1− t) f (a)+ t f (b))

Integrating the above inequality overt on [0,1], we deduce
that

I1 =
∫ 1

0
f 2(a)(a1−t(a+η(b,a))t)dt

+

∫ 1

0
[ f (a)]2(1−t)[ f (b)]2tdt

+

∫ 1

0
t2 f 2(a)dt+

∫ 1

0
(1− t)2 f 2(a)dt

+

∫ 1

0
2t(1− t) f (a) f (b)dt

I1 =
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)
x

dx

+
( f (b)+ f (a))( f (b)− f (a))

2(ln f (b)− ln f (a))

+
f 2(a)+ f (a) f (b)+ f 2(b)

3
.

TakeI2

I2 =
∫ 1

0
f (a1−t(a+η(b,a))t)[ f (a)]1−t [ f (b)]tdt

+
∫ 1

0
[ f (a)]1−t [ f (b)]t t(1− t) f (a) f (b)

+

∫ 1

0
f (a1−t(a+η(b,a))t)((1− t) f (a)+ t f (b))dt

I2 =
f (b)− f (a)

ln f (b)− ln f (a)

∫ a+η(b,a)

a

f (x)
x

dx+
f 2(a)

ln f (b)− ln f (a)

+
f (b) f (a)− f 2(a)
ln f 2(a)− ln f 2(b)

+
f 2(b)

ln f (b)− ln f (a)

−
f 2(b)− f (b) f (a)
ln f 2(b)− ln f 2(a)

+
f (a)

(ln(a+η(b,a))− lna)2

×
∫ a+η(b,a)

a

(

ln(a+η(b,a))− lnx
x

)2

f (x)dx

+
f (b)

(ln(a+η(b,a))− lna)2

∫ a+η(b,a)

a

lnx− lna
x

f (x)dx

I1 ≥ I2, implies that

1
lna− ln(a+η(b,a))

∫ a+η(b,a)

a

f (x)
x

dx

+
( f (b)+ f (a))( f (b)− f (a))

2(ln f (b)− ln f (a))

+
f 2(a)+ f (a) f (b)+ f 2(b)

3

≥
f (b)− f (a)

ln f (b)− ln f (a)

∫ a+η(b,a)

a

f (x)
x

dx

+
f 2(a)

ln f (b)− ln f (a)

+
f (b) f (a)− f 2(b)
ln f 2(a)− ln f 2(b)

+
f 2(b)

ln f (b)− ln f (a)

−
f 2(b)− f (b) f (a)
ln f 2(b)− ln f 2(a)

+
f (a)

(ln(a+η(b,a))− lna)2

×

∫ a+η(b,a)

a

(

ln(a+η(b,a))− lnx
x

)2

f (x)dx

+
f (b)

(ln(a+η(b,a))− lna)2

×
∫ a+η(b,a)

a

lnx− lna
x

f (x)dx.

Theorem 4.Let f : [a,a+η(b,a)]⊂ (0,∞) → (0,∞) be a
geometrically log-preinvex function on[a,a+ η(b,a)].
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Then for any p> 0, we have

1
lna− ln(a+η(b,a))

∫ a+η(b,a)

a
xq−1 f p(x)dx

≤
(a+η(b,a)) f p(b)−a f p(a)

ln(a+η(b,a)) f p(b)− lna f p(a)

Proof.Consider

f p(a1−t(a+η(b,a))t)≤ f p[(a)]1−t [ f p(b)]t

f p(a1−t(a+η(b,a))t)(a1−t(a+η(b,a))t)q

≤ [ f p(a)]1−t [ f p(b)]t(a1−t(a+η(b,a))t)

≤ [a f p(a)]1−t [(a+η(b,a)) f p(b)]t

Integrate from 0→ 1
∫ 1

0
f p(a1−t(a+η(b,a))t)(a1−t(a+η(b,a))t)qdt

≤

∫ 1

0
[a f p(a)]1−t [(a+η(b,a)) f p(b)]t

≤ a f p(a)
∫ 1

0

(

(a+η(b,a)) f p(b)
a f p(a)

)t

dt

=
(a+η(b,a)) f p(b)−a f p(a)

ln(a+η(b,a)) f p(b)− lna f p(a)

Now take
∫ 1

0
f p(a1−t(a+η(b,a))t)(a1−t(a+η(b,a))t)qdt

=
1

lna− ln(a+η(b,a))

∫ a+η(b,a)

a
xq−1 f p(x)dx,

which implies

1
lna− ln(a+η(b,a))

∫ a+η(b,a)

a
xq−1 f p(x)dx

≤
(a+η(b,a)) f p(b)−a f p(a)

ln(a+η(b,a)) f p(b)− lna f p(a)

Theorem 5.Let [a,a+ η(b,a)] ⊂ (0,∞) → (0,∞) be a
geometrically log-preinvex function on[a,a+ η(b,a)].
Then, for any p> 0, we have

f 2p(
√

a(a+η(b,a)))

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

f p(x) f p
(

a(a+η(b,a))
x

)

x
dx

≤ f p(a) f p(b)

Proof.To prove theorem, we observe that iff is
geometrically log-preinvex, then we have

f (
√

a(a+η(b,a)))

≤
√

f (a1−t(a+η(b,a))t) f (at (a+η(b,a))1−t)

≤
√

f (a) f (b),

for all t ∈ [0,1]. If we take the power 2p > 0 in above
equation, we get

f 2p(
√

a(a+η(b,a)))
≤ f p(a1−t(a+η(b,a))t) f p(at(a+η(b,a))1−t)

≤ f p(a) f p(b)

By multiplying with (a1−t(a + η(b,a))t) > 0 for
q∈ R\{0} and integrating overt on [0,1] we get

f 2p(
√

a(a+η(b,a)))
∫ 1

0
(a1−t(a+η(b,a))t)qdt

≤
∫ 1

0
f p(a1−t(a+η(b,a))t) f p(at(a+η(b,a))1−t)

×(a1−t(a+η(b,a))t)qdt

≤ f p(a) f p(b)
∫ 1

0
(a1−t(a+η(b,a))t)qdt

Forq 6= 0,1, substitute values in above expression, we get

f 2p(
√

a(a+η(b,a)))
aq− (a+η(b,a))q

qlna−qln(a+η(b,a))

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a
f p(x)

f p
(

a(a+η(b,a))
x

)

xq−1dx

≤ f p(a) f p(b)
ap− (a+η(b,a))q

qlna−qln(a+η(b,a))

Forq= 1, we have

f 2p(
√

a(a+η(b,a)))
a− (a+η(b,a))

lna− ln(a+η(b,a))

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a
f p(x) f p

(

a(a+η(b,a))
x

)

dx

≤ f p(a) f p(b)
a− (a+η(b,a))

lna− ln(a+η(b,a))

which is equivalent to

f 2p(
√

a(a+η(b,a)))

≤
1

−η(b,a)

∫ a+η(b,a)

a
f p(x) f p

(

a(a+η(b,a))
x

)

dx

≤ f p(a) f p(b)

c© 2016 NSP
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Using the fact thatη(b,a) = −η(b,a) (skew-symmetric),
we get

f 2p(
√

a(a+η(b,a)))

≤
1

η(b,a)

∫ a+η(b,a)

a
f p(x) f p

(

a(a+η(b,a))
x

)

dx

≤ f p(a) f p(b)

If q= 0, then

f 2p(
√

a(a+η(b,a)))

≤

∫ 1

0
f p(a1−t(a+η(b,a))t) f p(at(a+η(b,a))1−t)dt

≤ f p(a) f p(b),

which is equivalent to

f 2p(
√

a(a+η(b,a)))

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

f p(x) f p
(

a(a+η(b,a))
x

)

x
dx

≤ f p(a) f p(b)

Theorem 6.Let g : [a,a+ η(b,a)] ⊂ (0,∞) → R be a
geometrically log-preinvex function on[a,a+ η(b,a)].
Then, for any t∈ [0,1],we have

f (
√

a(a+η(b,a)))

≤ ([ f (a
1−t

2 (a+η(b,a))
1+t
2 )]1−t [ f (a

2−t
2 (a+η(b,a))

t
2 )]t)

≤
√

f (a) f (b)

Proof.Consider

g(
√

a(a+η(b,a)))

≤ (1− t)g(a
1−t
2 (a+η(b,a))

1+t
2 )+ tg(a

2−t
2 (a+η(b,a))

t
2 )

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

f (x)
x

dx

≤
1
2
[g(a1−t(a+η(b,a))t)+ (1− t)g(a+η(b,a))+ tg(a)]

≤
g(a)+g(b)

2

If f is geometrically log-preinvex function, then, forg =
ln f , we have

ln f (
√

a(a+η(b,a)))

≤ (1− t)ln f (a
1−t
2 (a+η(b,a))

1+t
2 )

+tln f (a
2−t
2 (a+η(b,a))

t
2 )

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

ln f (x)
x

dx

≤
1
2
[ln f (a1−t(a+η(b,a))t)

+(1− t)ln f (a+η(b,a))+ tln f (a)]

≤
ln f (a)+ ln f (b)

2

which is equivalent to

ln f (
√

a(a+η(b,a)))

≤ ln([ f (a
1−t
2 )(a+η(b,a))

1+t
2 ]1−t [ f (a

2−t
2 (a+η(b,a))

t
2 )]t)

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

ln f (x)
x

dx

≤ ln(
√

f (a1−t )(a+η(b,a))t [ f (a+η(b,a))]1−t [ f (a)]t)

≤ ln(
√

f (a) f (b))

By taking exponential, we get the desired result

f (
√

a(a+η(b,a)))

≤ ([ f (a
1−t

2 (a+η(b,a))
1+t
2 )]1−t [ f (a

2−t
2 (a+η(b,a))

t
2 )]t)

≤
√

f (a) f (b)

Theorem 7.Let g : [a,a+ η(b,a)] ⊂ (0,∞) → R be a
geometrically log-preinvex function on[a,a+ η(b,a)].
Then

√

f (a) f (a+η(b,a))

≤ exp

(

1
(ln(a+η(b,a))− lna)

∫ a+η(b,a)

a

ln f (x)
x

dx

(

a+η(b,a)
a

)
1
8

[

f ′−(a+η(b,a))(a+η(b,a))
f (a+η(b,a)) −

f ′+(a)a
f (a)

]

)

Proof.Consider

0≤
g(a)+g(a+η(b,a))

2
−

1
ln(a+η(b,a))− lna

×

∫ a+η(b,a)

a

g(x)
x

dx

≤
1
8
[g′−(a+η(b,a))(a+η(b,a))−g′+(a)a]

×(ln(a+η(b,a))− lna),

and

0≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

g(x)
x

dx

−g(
√

a(a+η(b,a)))

≤
1
8
[g′−(a+η(b,a))(a+η(b,a))

−g′+(a)a](ln(a+η(b,a))− lna)
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If we takeg= ln f , then we get

ln f (a)+ ln f (a+η(b,a))
2

−
1

(ln(a+η(b,a))− lna)

∫ a+η(b,a)

a

ln f (x)
x

dx

≤
1
8

[

f ′−(a+η(b,a))(a+η(b,a))
f (a+η(b,a))

−
f ′+(a)a
f (a)

]

(ln(a+η(b,a))− lna),

which is equivalent to

ln f (a)+ ln f (a+η(b,a))
2

≤
1

ln(a+η(b,a))− lna

∫ a+η(b,a)

a

ln f (x)
x

dx

+
1
8

[

f ′−(a+η(b,a))

f (a+η(b,a))− f ′+(a)a
f (a)

]

ln

(

a+η(b,a)
a

)

,

or to

ln(
√

f (a) f (a+η(b,a))≤ ln

(

exp

(

1
ln(a+η(b,a))− lna

∫ a+η(b,a)

a

ln f (x)
x

dx

))

(

a+η(b,a)
a

)
1
8

[

f ′−(a+η(b,a))(a+η(b,a))
f (a+η(b,a)) −

f ′+(a)a
f (a)

]

.

Taking the exponential of above equation
√

f (a) f (a+η(b,a))

≤ exp

(

1
(ln(a+η(b,a))− lna)

∫ a+η(b,a)

a

ln f (x)
x

dx

×

(

a+η(b,a)
a

) 1
8

[

f ′−(a+η(b,a))(a+η(b,a))
f (a+η(b,a)) −

f ′+(a)a
f (a)

]

)

.
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