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Abstract: In the last decade the applications of quantum calculusaifi¢ihd of approximation theory is an active area of researhb.
(p,g)-calculus is further extension gfcalculus, which provides a new direction for researcherthe present article, we propose the
(p,q)-variant of the Baskakov-Kantorovich operators, usipgy)-integrals. We estimate moments and establish directtsesuding
linear approximating methods viz. Steklov mean &rélinctionals in terms of modulus of continuity. Also, in aigleted space, we
obtain a direct estimate.
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1 Introduction The(p,q)-numbers are defined as
Mg =P +p" 20+ p" P+ +pd' 2+ g™t
p—q"
- p-q’

The quantum calculus g{calculus) in the field of Obviously, it may be seen tht, = p"*[ny/,, where
approximation theory was discussed widely in the last[n]q/, is the q integer in quantum-calculus given by
two decades. Several generalizations to theariants _ 1 Th _factorial is defined b

were recently presented in the book} &nd [11] related [Mla/p = <q/p> e (p.q)-factorialis defined by

to convergence behaviours of different operators. n

Quantum calculus has many applications in special |—| n>110,, =1
functions and many other areas (sgk [6]). Also, Araci S pa’

et al. [1] studied on the fermionicp-adic g-integral

representation associated with weighteBernstein and  The(p,q)-binomial coefficient is given by
g-Genocchi polynomials. Further there is possibility of

extension of theg-calculus to post-quantum calculus, n _ [n]p7q! 0< k<
namely the(p,q)-calculus. Actually such extension of k T In=Ko K, T n.
guantum calculus can not be obtained directly by pa AT TRa
substitution ofg by g/p in g-calculus. Theg-calculus The(p,q)-power basis is defined by

may be obtained by substituting= 1 in (p,q)-calculus.

Sahai and Yadavi] established some basic properties of (x@a)pq = (x+a)(px+0a)(p*x+07a) - (p" x+q" 1a).

(p,g)-calculus based on two parameters. Recently
Mursaleen et al. 14] discussed some approximation

properties of (p,q)-Bernstein-Stancu operators. Very Definition 1.The (p,q)-derivative of the function f is

recently the author Q] defined  defined as
(p,q)-Szasz-Mirakyan-Baskakov operators and

established some approximation results. Some basic f(px) — f(gx)
notations of(p, q)-calculus are mentioned below: Dpqf (x) = (p— )X X#0
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As a special case when $ 1, the (p,q)-derivative
reduces to the gderivative. The(p,q)-derivative fulfils
the following product rules:

Dpq(f(X)9(x)) = f(pX)Dpq9(x) +
Dpa(f(X)9(x)) = g(pX)Dpgf(X) +

9(aX)Dpgf (x)
f(X)Dp,q9(X).

Definition 2.Let f be an arbitrary function and a be a real
number. Thép, q)-integral of f(x) on [0,4] is defined as

@ S P (PN P
/of(x)dp,qx:(q—p)ak;qkﬂf(qm) if ’a‘<1

and
00 Kk
q .
0—pk+1f< a) i ‘

af dpgX=(p— ¢
X) dp gX = a

/O (X)dp.gx=(p—0) kz

In the year 2011, Aral and Gupta3][ proposed

pk+l

Tl

<1

g-Baskakov operators, which was further extended to

Durrmeyer variant in 12] by using g-integral. The
(p,g)-analogue of Baskakov operators foE [0,) and
0< g< p<1may be defined as
n—1 K
p [ ]PQ> ’ (1)
p.g

Bnpa(f.X) = kibr?f(x)f (W

where

k(k—1)/2 X«
(Lex)pg

k+n(n—1)/2

bpq( ) |:n+k 1 q

k}p
p.d

In casep = 1, we get theg-Baskakov operators], [8].
If p=qg=1, we get at once the well known Baskakov
operators.

Definition 3.For x € [0,0),0 < q < p < 1 the
(p,g)-variant of Baskakov-Kantorovich operators are
defined as

KP9(f,x) = [n)pg Z}b p kg
k+1pa/dNpg
/ . f(t)dp,qt 2)
[Klp.a/d< N pq
where lﬁ ) is as defined inX). For the special case of

the operatorsZ) one may see€lf3].

In the present paper, we estimate the recurrence formula

for moments of the(p,q)-Baskakov operators. For

2 Moments

First we estimate the following Lorentz type lemma for
(p,q)-Baskakov basis, which will be used in the sequel.

Lemma 1For n,k > 0, we have

p"Kpq
< tnpg

ProofBy simple computation using the definition of
(p,q)-derivative, we have

o — )=
(169 X)n+k

Applying product rule
Dpq(f(x)9(x)) = f(pX)Dpqd(X) +9(ax)Dpqf (X),

for (p,q)-derivative, we can write
k
X
Dpal|
( (1 x)?ﬂf)

<1

X(14 pX)Dp gbfil(x) = <

pIn+K,q _
Wv Dp.gX = [Klpa¥ ™.

k

k+1 X
= - n_|_k -
(1®q )n+k p [ ] (169 px)n+k+l
k-1 K
= Klpg—— —[N+K
Klpa NEEE ~ I+ Hog 41+ ppt (1@ gr)

Thus usingn+K|, , = p" K4 +4 Kn | pg WE get

o
X(1+4 px)Dpq <(1TX)%‘<>

k

= [Klpa(1+ pX ™ L= [N+K _x

_[ Jpg(1+pX)p N+Kpq } o 1(1@qx)n+k
_ _[k] —qk[n]pq X<

I p.g pn—l (1@ qx)n"rk
_ [P Kpg _ax Mpq (X"

Caullry ap"t (Lo g
Therefore, we have

, P"Kpq Mg p.

X(1+px)Dpgbhy(x) = (m —ax qgﬁ—lbrﬁ,g(q )

RemarkWe may note done here that for the special case
p = q= 1 of the above lemma, we may capture at once the
Lorentz type relation of the Baskakov operators, viz.

X(14) 5 [bni(3)] = (K= ().

(p,q)-Baskakov-Kantorovich operators we estimate Where the Baskakov basis is given by

direct results using linear approximating methods viz.

Steklov mean, K-functionals and also obtain

approximation estimate in weighted space.

n+k—1) X
)= (") e
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The moments of(p,q)-Baskakov operators, satisfy the ProofBy (2), using[k-+1]pq= p+q[k/pq and Lemma2,

following: we have
Lemma 2.f we define K% (€0,X) = [N]pq z bk
o n—1 K] m [k+1]p.a/c [ pg
TPA(X) :=Bnpg(emx) = S bPI(x <7p [ p’q> , / dp ot
A (%)= Bnpa(@nx) = 5 ok | gezyey, o Ko/ 1pe -

_ bp2()p ek [k+1)pq—dlklpg
where ¢=1t',i =0,1,2,---, then for m> 1, we have the Npa Z oKNpq
following recurrence relation:

— Bn7p1q (Q),X) — 1.
n] anpn?H(qx) By (2), using the identity
= qp" X(1+ pX)Dpg[TE(X)] + [N o AXTER (AX). K+ 1pq=p*+0Kpg =+ pKpq
In particular, we have and applying Lemma, we have
K9 (er,x)
B = 1 B = 0
a0 =4 Bapa (€1 =X = In] bPI(x)p~af 1 | k+154—Kpg
and p’quo n (2]p.q N5
pn—lx p <) B 1
(Npg a kZO nic (2]pqg
K+ 1]pq—qlK k+1 K
ProofUsing Lemmal, we have [( *Upa—dl ]pl’(q)([ *Upatdl ]p’q)]
a“[Npg
aX(1+ pX)Dp o[ Tm ()] 2 parenk 1 [P+ plK] p,q+Q[k] pa)
" i = 3 BRE00P ;
= > aX(1+ px)Dp by (X) | g7 — o K
k=0 ' q [n]P-,q _ p.q 1 (q +[ ]IO [ ] )
. =% by (¥) 3
& (P MKlpg Mpa,pa P 'Klpg k= [2lpa dnlpq
= Il =X ) 77 b (9%) T, 1 1
o\ pa P a pa = S Bnpa(€0,X) + ——Bnpq(€1,X)
[2palnpg qpr-t
_ [n]pq-rpq Mpq P4 1
- pn 1 nm+1(qx) pn,1 ax n,m(qx)' — 4 X .
[2lpglnlpg ap™*
This completes the proof of the recurrence relation.  Again, using the identity
Obviously (p,qg)-calculus may be related with the ‘ ‘
g-calculus and we may write [k+1]pg=pP"+0aKpg=0"+pKlpg
and by Lemma, we get
n+k—1 _ k(n—1) n+k—1 KP9(ey,X)
k =P k
p.q a/p - BP9(x)p g k 1 k+ 134~ ’[Kq
oo 2 O R
and ° 1 [ (k+12g+ak+ YpalKlpg + FIK30)
_ POy — p.q p.alKipg P
(x@a)yq=p" "V 2(x+a) = 2N, P, }
o 2 k2 K 2 K] 2k
Using the definition of|-Baskakov operators (se8[[5]), = bﬁ;ﬁ(X)ﬁ (P P ]”‘;';[2]2( bt DpHdpq+d
k= p.q p.q
we getBn pq(€0,X) = 1. The other consequences follow A "
from recurrence relation. — 3 BRI BlpalKpq + (2P +DPKlpa+9
P=1) [3lpa a3 g
_ (2p+aq)
Lemma 3For xe [0,0],0< g< p< 1, we have = quzn 2 Bpa (@) + e Bupa (@X)
P.q _
Lk (@09 =1 By e
2.KM (e, x) = + -2 et
[@pallpg ' ap’ _ 1 [X2+ px (1+E )] 4 @prax 1
3. K#’q (ez7 X) = q?p?n-2 [Nlpg q AP 2[3lpalNlpgq  [Blpalnl %.q
(N+1]pg® + X [; (2p+q>p} _ B X F+ (2p+q)p] 1
[NpgaPp™2 * p'Igjpq | [Blpa [3]p,q[”]%,q' [Mpqa®p™-2 ~ ptanfpg L (3lp.a [3lpqln3g
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3 Direct Estimates ProofForx > 0 andn € N and using the Steklov function
f, defined by 8), we can write

By Cg[0,) we denote the class of all real valued KPA(f,%) — £ ()|

continuous and bounded functioh®n [0,). The norm

||.||c is defined as < KRA(T = Tl 2+ (KR (f = T (9., 9)] 1T (0 = T (9.
First by Theoreni and property (|) of Steklov mean, we
Ifllcg = sup [f(X)]. have
o) KR — ful ) < KO (F = f)lg, <11 — fullog < @2 (£,1).
For f € Cg[0, ) the Steklov mean is defined as Also, by Taylor's expansion, we have
fr (1) K9 (fr — fr (%), %)

h .h , 1.,
— hizfoz/oz 2f (t+usv)— fte2uev))dudy @) < |TROOIKRIE =30+ |1l KR (=27 x)

By simple computation, it is observed that By Lemma3, we have

() [Ifn— fllgy < @2 (f.h). KR (fh— fn (), %)| < ﬁN(f h)( LE— X—l_x)
(ii) If f is continuous and;, f” € Cg then [2pallpg  ap’
~ pa 2
. . +op @ (LIKET (=202 %)
||thCB = w (f.h) Hf HC hZ@(]c h), where

where the first and second order modulus of continuity for K pa ((t _ x)z,x)
0 > 0 are respectively defined as

N _ [t 2ped® L X {}4_ (2p+q)p]
©(f,0) = sup |f (x+u—Tf{x+v) Mo 2" pallpg [0 [Blpa
u-vi<s +7—2x( t X >+x2
and [Blpalnfq [2palnpg  ap*
_ _ N+1pg 2 1)
wp(f,8)= sup [f(x+2u)=2f (x+u+v)+f(x+2V)[. — \[n],®p?"2 qp?
X,u,v>0 ’
lu—v|<5 ( 1 {1 (2p+q)p} 2 )
+ =+ — X
P1anfpg (a4 [3pg [2]p.aln]p.a

Theorem 1Letqe (0,1) and pe (g,1]. The operator ¢
maps space ginto Cg and e
[BlpalNlzq

K9 (f <fllea-
1K™ (Dlles < 11T llca for x> 0, h > 0. Settingh = | /m, we get the desired
ProofLet q € (0,1) and p € (q,1]. From Lemma3, we  result.

1

have A different form to obtain the direct result is the
|KP-,CI(f X) | applications ofK-functional. The Peetre'&—functional
ki 210/ is defined by
B Ipa
<In qu bp (0P qu/ LY Ka(f,8) = inf {|If —g]l +8llg"|},
[Klp.q/a gew?
[k+1]
< sup |f(x |z bP p—qu/ " pq/q dp.t whereW? = {g € Cg[0,) : ¢,g" € Cg[0,)}. By [7, p.
" xe[0,m) Klp.q/dk[n P 177, Theorem 2.4], there exists a positive constant 0
_ ng[gopo)“ ()[KPI(L,%) = |||, - such thak(f,8) < Can(f,V5),8 > 0, where
’ w(f,V8)=  sup  [f(x+2h)—2f(x+h)+f(X)]
Theorem 2Let ge (0,1) and pe (q,1]. If f € Cg, then 0<h<v/3,x€[0e0)

K24 (f,%) — f ()| is the second order modulus of continuity of functibr
<5‘7’(f' : )( ; *(i*)X) oo T € Ga[0,) the first order modulus of continui
= i ) \@oay/Te  \apt isf:]ci)\}eﬁrbye 8]0, «) the first order modulus of continuity

9 1 [N+ 1pq _ 2nlpg 2
= f, = +[nlp,
2 ( oo )KW ©oat ) w(f,V8)=  sup |f(x+h)—f(x)].
( [3 (2p+aq)p ] 2 ) 1 +2] 0<h<V/3,x€[0,0)
a [Blpa [Zpa Blpallpg 1
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Theorem 3Let f € Cg[0,). Then for all ne N, there
exists an absolute constant€0 such that

KR, %) = £(x)| < Can(f,n(x) + w(f, an(x)),

where

&) = {K2A((t —x)%,%) + (KRI((t —x),))2} 2

and

onld = | i (G

ProofFor x € [0,), we consider the auxiliary operators

KP9(f,x) defined by

K (f,%0 = KRI(F,%)+F(x) ~ f ([z]pql[n]pq " qp)”(‘1> '

— Y 1 X
Itis observed thak?%(f,x) preserve linear functions. Let < [Ki"(f—exl+[(f ’gm‘*’f ([2]p,q[n]p,q N qu1> —

X € [0,0) andg € Wrb. Applying the Taylor’s formula

o) =90 + g0+ [ (- wau
we have

Kh(g,%) —g(x)
=K (/Xt (t— u)g”(u)du,x)

t
— K\P9 </ (t— u)g”(u)du,x)
X
1 X
[2]p,q[n]p,q+qp"I< 1 X > 1
- +——=—u|g'(udu
/x [2palnfpg  ap™* ()

= K\PY </Xt (t—u)g”(u)du, x)

_/mp,ql[n]p,ﬁqdfl( 1 X —u>g”(u)du
X [2lpglnlpg  qp™* .

On the other hand,

t t
[ t-ug'wau < g") [ [t—udus ¢x?)g"]|
X X

and

/W*wﬁ( 1 X _u>g”(u)du
X [2palnpq  ap?

<( 1L X —x)2|g“||.
~ \2palnlpg ap*?

Therefore, we have
Kn%(9,%) — g(x)|

= ‘K#q (/Xt(t - u)g”(u)du,X)

1 X
[zm[nmﬁqml( 1 X ) )
+ / +———u] g’ (u)du
X 2lpglNlpgq  qp*? W
1 X 2 /!
+ — — X g
[2lpglNpq ap™? > ol

< g IKPV((t - x%.%) + (
= & (X)[|9"].
Also, we have
KR, < [KRA(E,x)] + 2]/ ] < 3| f]].
Therefore,
KEI(F,%) — F(3)
< qu(f,g,x),<f,g><x>‘+’f (W*ﬁ) (%)

+ [KE%(g.%) — g

+ [KR%(g.0) - g(x)|

1 1
fo fl et [ —— —
< g|\+w< ’ (2p.alnfpq * (fHT’l l)x

Finally taking the infimum on the right-hand side over all
g€ W2, we get

KRI(F, %) — F ()] < 4Ka(f, &2 (%) + (f, an(x)).
By the property oK —functional, we have
K A(F,x) — F(X)| < Can(f, (X)) + w(f, an(x)).

This completes the proof of the theorem.

) e

4 Weighted Approximation

We consider the following class of functions:

Let H[O, «) be the set of all function$ defined on
[0, ) satisfying |f (x)| < Ms (1+x%), where My is
certain constant depending only dnBy C,2 [0, «), we
denote the subspace of all continuous functions belonging
to H[0, »). Also, let Cj, [0, =) be the subspace of all

functions f € C2 [0, «), for which ‘ I‘im %’)‘22 is finite.
X|—0

The norm on C. [0, @) is
Iflle = sup [f()](1+x)"*
X€|[0, o)

Finally, we discuss the weighted approximation
theorem, where the approximation formula holds true on
the interval[0, ).

Theorem 4Let p= ppand g= g, satisfied < gn < pn <1
and for n sufficiently large p— 1, g, — 1and d, — 1 and
pr — 1. For each fe€ C3, [0, »), we have
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[2] S. Araci, M. Acikgoz and H. Jolany, On the families of g-
lim [[K 9 (f) — f]|,. = 0. Euler polynomials and their applications, J. Egyptian Math
n—re Soc.23(1), 1-5 (2015)

[8] A. Aral and V. Gupta, Generalized Baskakov operators,

ProofUsing the methods of], in order to complete the Math. Slovacé1(4), 619-634 (2011).

proof of theorem, it is sufficient to verify the following [41A. Aral and V. Gupta, Ong-Baskakov type operators,
three conditions Demonstratio Mathematic#2 (1), 109-122 (2009).

[5] A. Aral, V. Gupta and R. P. Agarwal, Applications af
lim ||[KPnGn (g, X) — XVHX2 =0, v=0,1,2. (4) Calculus in Operator Theory, Springer 2013.
n—eo [6] G. Bangerezako, Variationatcalculus, J. Math. Anal. Appl.
289(2), 650-665 (2004).
[7]1R. A. DeVore and G. G. Lorentz, Construtive Approximaitio
Springer, Berlin, (1993).
HKr?nﬂn (e1,X) — X||,2 [8] Z. Finta and V. Gupta, Approximation properties gf
n—1 Baskakov operators, Cent. Eur. J. Ma&(i), 199-211 (2010).
( 1 (1—anpy )X
+
2]

SinceK{™% (en, x) = 1 the first condition of4) is fulfilled
for v = 0. We can write

> P —. [9] A. D. Gadzhiev, Theorems of the type of P. P. Korovkin
Pn.in [N pr.cin gnpR? X€[0, o) 1+x2 type theorems, Math. Zameti@0 (5),781-786 1976 ; English
Translation, Math Note20 (5-6), 996-998 (1976).

<

and [10] V. Gupta, (p,q)-Szasz-Mirakyan-Baskakov operators,
H Kr?n-,CIn (e2,X) — XZHXZ Complex Analysis and Operator Theory, to appear.
5 [11] V. Gupta and R. P. Agarwal, Convergence Estimates in
< [N+ 1fp, X X 1 (2pn+0n)Pn Approximation Theory, Springer 2014.
N pngn@BPA" 2 PAan[N]pug LG (3] pnn [12] V. Gupta and A. Aral, Some approximation properties of
g-Baskakov Durrmeyer operators, Appl. Math. Com2it8
e — 2) sup —— (3), 783-788 (2011).
[3] Pn,Gn [n] Pn,0n X0, ) 1+x [13] V. Gupta and C. Radu, Statistical approximation préipsr

of g-Baskakov-Kantorovich operators, Cent. Eur. J. Math.

(4), 809-818 (2009).

lim HK#naQn (ev’x) _XVHX2 =0,v=1,2 [14] M. Mursaleen, K. J. Ansari and A, Khan, Some

n—oo approximation results byp, q)-analogue of BernsteinStancu
operators, Appl. Math. Compu264, 392-402 (2015).

[15] V. Sahai and S. Yadav, Representations of two parameter

Remarkor q € (0,1) and p € (qg,1] it is seen that quantum algebras anpl g-special functions, J. Math. Anal.

lim [n]pq = 1/(p—q). In order to obtain convergence Appl. 335 268-279(2007).

estimates of(p,q)-Baskakov-Kantorovich operators, we

assume = (pn), 9= (gn) such that 0< gn, < pn < 1 and

for n sufficiently largep, — 1, gy — 1 andph — 1 and Vijay Gupta is professor

gs — 1and lim[n] at the Department of
e Mathematics, Netaji Subhas

Institute of Technology, New

Delhi, India. He obtained his

PhD degree from University

of Roorkee (now IIT

which implies that

Thus the proof is completed.

= 00,

Pn,an

5 Conclusion

By considering the (p,q)-variant of the . .
Baskakov-Kantorovich operators, we may have better Roorkee), in 1990. His area
results for suitable choices @f andg. Also, for special of research is Approximation
case p = q = 1 of our operators, we capture the N theory, especially on linear
approximation properties of the usual Positive operators and he is the author of two bopks, 10_
Baskakov-Kantorovich operators. One may consider th200k chapters and over 250 research papers to his credit.
other form of (p, q)-Baskakov-Kantorovich operators by Currently, he is actively associated editorially with
extending the results of4] to (p,q) setting, as the several international scientific research journals.

analysis is different, we may discuss it elsewhere.
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