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Abstract: This paper deals with the cost analysis of a two identicakyparallel system in which no unit is kept as standby. A gngl
repair facility is available in the system to replace théefhione by the new ordered one, if it is not repaired up to angprefixed
time T. The failure, maximum repair, delivery and replacantene distributions of a unit are taken to be negative exypbial while as
repair time distribution is arbitrary. Using regeneratmint technique several characteristics of the systenctdfémess are obtained
to carry out the profit analysis. At last some particular sase also discussed.
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1 Introduction

Various authors including , Goel and Gupij, [Gopalan et al2], Kumar et al B] ,Murari and Goel 4], Nakagawa et al

[5] , Papageorgiou and Kokolakig][and Singh et al§] have studied two unit parallel / standby systems undeedfit
sets of assumptions using the theory of Semi - Markov proé®sgenerative process and Markov Renewal Process. In
all the models of two unit standby redundant systems coresitdso far, it has been assumed that whenever operating unit
fails standby unit operates immediately. Practice revimsto keep an unit in standby, increases the inventory afost
the system. So, if there is no place for inventory, and iefhilinit is not repaired up to a prefixed maximum time T then
it would be beneficial to replace the failed unit by new ordesae. Recently Nakagawa and OsdHiljave analyzed an
one unit system under the assumption that as soon as aniogemit fails before a prefixed time T, an order is placed
immediately for a new unit to replace the failed one. OkumKtru [6] has obtained the availability of a two component
repairable system using bivariate exponential failurerapair time distribution with the assumption that whenédwath
components fail simultaneously, an order for two new ursitplaced to replace the failed ones. If the new units arrive
before the completion of the repair, the failed componem@sejected and replaced by the new ones; otherwise, the orde
is cancelled. Qingtai et ab[ has studied a class of multi-unit cold standby systemsesiilp Poisson shocks. However
very few attempts have been made in this direction. The marpbthe present paper is to study a two unit parallel system
in which an order is placed to replace the failed unit if it & nepaired up to a fixed time T. A single repair facility

is continuously available in the system which serves the e of repair and replacement of a failed unit by the new
ordered one. Using regenerative point technique followiregsures of system effectiveness are obtained:

(i) Mean time to system failure (MTSF).

(i) Point wise availability of the system in (0, t] and in atty state.

(iii) Busy period of the repair facility in repair in (O, t].

(iv) Busy period of the repair facility in replacement of tla@ed unit with new order one in in (O, t].

(V)Expected number of orders for the new unit in (0, t].

(vi) Expected profit earned by the system in (0, t] and in Stesddte.
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2 System Description

1)The system comprises of two identical parallel units.Haagit has two modes- normal (N) and total failure (F).

2) Whenever repair time of the failed unit exceeds the giveximum time, then that unit is rejected and an order is
placed for a new unit to replace the failed one.

3) There is a single repair facility which serves the duad @i repair and replacement of the failed unit.

4) Priority is given to replacement over the repair of thésfhunit.

5) During the ordering time of a unit, if a unit fails and it istrrepaired up to maximum repairing time, then this failed

unit waits for ordered unit until the replacement of the fiesied unit is not completed.

6) Failure, delivery, replacement and maximum repair tingritbutions are negative exponential whereas repair time
distribution is arbitrary.

7) After repair, unit acts like a new one.

3 Notations and Stats of the systems

No :unit is in operating mode.

Fr/Far /FRr :unitis in failure mode and under repair/waiting for repaontinues in repair.

Fwo > unit in F mode and waiting for ordered new unit.

R: unitis in failure mode and under replacement.

Uo :anew unit is in under order. Considering these symbolsybm may be in any one of the following states:
S : NoNo) S : (NoF) S @ (FFR) S (NoUo) & : (FUo)
S‘:) . (N07 R) !% . (FWr7 R) 187 . (FW07UO) 1% . (FWO7 R)

4 Other Symbols

constant failure rate of a normal unit.
1(t):  pdf of repair rate of a failed unit.
maximum repair time of failed unit.
constant delivery rate of an ordered unit.
constant replacement rate of a failed unit.
Laplace transform/Laplace Stieltjes transform.
Laplace Stieltjes convolution.
Laplace convolution
0ij (1), Qij(t): pdf and cdf from state i to j.
01(+),G(+): pdf and cdf of repair time of a failed unit.
E: set of regenerative stat&gi = 0— 8}

Q q

@@ o™

Possible transition among different states, along withri#wesition rates, are shown in figure.

5 Transition Probabilities and Sojourn Times

Simple probabilistic considerations yield the followingpeessions for distribution function times:

t t

Quilt) = [L—€e 2], Quoft) = / gty @i, Q1) = / g(t)e M1 — e 2t]dt,
0 0
t t

t
Qua(t) = /Ve_(a+y)t(3_1(t)dt, ngl)(t) — y/e—()’)t[l_e—ort]G_l(t)dt7 Qaylt) = a/e_(a+B>tdt,
0 0 0

(@© 2016 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro5, No. 2, 329-336 (2016)www.naturalspublishing.com/Journals.asp NS = 331

t

t
Qus(t) = B / e (@BgE, Qua(t) = / gi(t)e P, Quglt) =B
0

0

e PG, (t)dt,

o—0

—

t

t
Qur(t) =y / e VPIG (t)dt, Qsolt) =& / e @ (tydt, Qselt) =a / e (@+0ltg,

0 0 0
Qrs(t) = [1—ePt], Qeu(t) = [1— & °t] = Qa3(t) (1-14)
The non-zero elemenfs; obtained by letting — o in (1-14) are
Por = Per = P8 = Ps3 = 1, Dlo = gilyta)pd = Gy - gly+2a),
s = ¥Vl - gGyta)l/yta)pi = [ - Gia+ylpa =  a/(a+p)

Pss = B/(a+B),paz=g1(V+B)/(a + B), pas = B[1— Gi(a + P)]/(a + B),
Pa7=Y[1—-0i(y+B)|/(y+B),pso=/(a+9),pse = a/(a +90) [15-26]

The mean sojourn timgs in statesS are
bo = 120, = [1 - Gi(y+a)uz = 1/(a+B)Hs
Hs=1/(a+0),Us=Hg=1/0,u7 =1/B [27-33]

1 - Gily+a)/ly+a)

6 Time to System failure

To obtained the distribution functiom(t) of the limit to system failure with starting st&e= E(i =0,1,3,5) , we regard
the down state$;, S, Sg, Sy andsg as absorbing. Using arguments as for the regenerativeggoaeobtain the following
recursive relations forg (t):

To(t) = Qou(t)[s]7m(t)

1(t) = Q1o(t)[s]70(t) + Qua(t) + Qua(t) [ 75(1)

13(t) = Qaa(t) + Qas[s 76(t)

T6(t) = Qso(t)[s] () + Qse(t) [34-37]
Taking Laplace-Stieljes transform of [34-37] and solving fip(s) , we have
f@h(s) = Ny (s)/D1(s) [38]

where

N1(S) = Qo1(8)[Qu2(S) + Qua(8){Qs4(S) + Qas(5) Qs6(9) }]
D1(s) = 1— Qo1(5)[Quo(S) + Qu3(s)Qr3(s)Qs0(S)
(Where we have omitted the arguments for brevity)

Hence, Starting with stafig, MTSF is
d.
E(t) = —55T0(8)ls-0 = D1(0) —N3(0)/D1(0)
= [Mo+ p1+ P13(H3 + Hspss)] /[1 — p1o— P13Pas] [39]

7 Availability analysis

Let Ai(t) be the probability that the system initially in st&ec E is up at epoch. The recursive relations for point wise
availability A(t) are

Ao(t) = & 2™ +go(t) ©A4(t)

Au(t) = &Gy (1) + Guo(t) ©Ao(t) + 53 (1) @A (1) + tas(t) ©As (1)

+ %4( J©A4(t)

= e P4 gau(t) ©A4(t) + 0as(t) ©As(t)
Qas(t )@Aa( ) + das(t) ©Ae(t) + az(t) ©A7(t)
(@O 1 () ©Ao(t) + s6(t) ©Ae(t)

b1(t) ©Ax(t)

t)©As(t
t)©As(t

rrrr2r
1 e

QQQ(D

0 ~

— T+ e+ T+ e+ -+
—
AA
~——

[40-47]
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Mo(t) = €298 My (t) = e Wt Mg(t) = e (@Rt Mg(t) = e (@FOt  [48-51]
Taking Laplace transforms of [40]-[47] and solving #§(s) we have

A5(s) = No(s)/Da(s) [52]
where
N2(S) = 6o (S)[Gia(S) + e (9){qia(S) + Gir(S)ca(S) H M5 + Micis(S)]
— [da(S) + Gar(9)a(S)Ba(S)] {M§ [a3a(S) {1 — 63 2 (9} + Ap? (9)l3s(S)ee(S) e ()]
+ M5 001(S)03a(9)} + M (1 — 652(8) — sy (9P (S)tia(S) + Gia(S) [Ba(S)ie(S)
+ 035(5)ds56(S)] }] + M10p1(S)
Da(s) = 1— 0, 2(S) — ga(9)[lia(9){ A3a(S) Gae(S) + Uss(S) s (S) ] — [as(S) + U7 (S) s (S)isa(S)]

[034(9){1~ 6 ”(9)} + Gzl (9 (S) ()G (S) — Gba(S){Tio(S)a(S) — Gy (S)t3s(S)o(S)
+ do1(8)[A10(S) + d13(S)d35(S)A50(S)]
Hence, starting from stat®), the steady state availability of the system is

o) = Imss(s) = 2 53)

where;

N2(0) = Ho[pas(1— p(lzl)) - p(li) Pas(1 — P3sPse) + P34Pas(P1o+ p(li)) — P3sPse( P13+ p(li))]
+ [paa+ P2 (1— pag)](La + Hspss) + HalL — Paa(1— pas)]
D5(0) = (p13paa+ pﬁ))[IM + Ue(Pas+ Pa7) + U7Pa7] + [1 — P3a(1— pae)] (U1 + HoP1o)

+ P13+ pﬁ)(l — Pa6)] M3+ Pas(Ms + HoPso+ MePse)]

The expected uptime of the system(iyt] is

t
Hup(t) = [ Ao(u)du [54]
So that
Hip(S) = A(8)/s
The expected down time if0,t] is

Ha(t) =t — pup(t)
So that

M4 () = Hip(9)/

8 Busy Period Analysis
8.1 Expected busy period of the repairman in repair in(0,t)

Let W (t) denote the probability that the system initially under iepastateS € E remains in the same state at least
time t or passes to non-regenerative state and then continuesn@inréhere under repair without visiting to any
regenerative state including itself. By Probabilistic sioieration, we have

Wi(t) = & TGy (t), Wi(t) = e (PG (1) [55-56]

Recursive relationB;(t) , the probability that the system starting from st3tes busy at time, are

BO( ) = oa(t)©Ba(t)
Ba(t) = Wi (t) + d1o(t) ©Bo(t) + a1 (1) ©Ba(t) + Gaa(t) ©Ba(t) + 415 (t) ©Ba(t)
Bs(t) = dza(t)©Ba(t) + gas(t )@B (t)
Ba(t) = Wa(t) + Ga3(t) ©Bs(t) + das(t) ©Bs(t) + daz(t) ©B7(t)
Bs(t) = 0s0(t) ©Bo(t) + gs6(t) ©Bs(t)
Bs(t) = Qe1(t) ©Bu(t)
B7(t) = ars(t) ©Bs(t)
Bs(t) = qs3(t) ©Bs(t) [57-64]
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Taking Laplace transforms of [57-64] and computing theuvaté elements of the inverse matrix, we have

Bo(s) = Na(s)/D2(s) [65]
where;
Na(8) = G (S) Wi {1 — 034(9) (i (S) + U(9) g9 0laa(S)]} +Wafdi ) (9) + Gia(S)a4(9)}]

In the long run, the fraction of time for which the system unapair is given by
Bo(c0) = lim Bo(t) = lim sB5(s) = Na(0)/Dj(0) (66
—>00 S—

The expected busy period of the repairman in repaifin is

Up(t) = 0}Bo(u)du [67]
so that

Hp(8) = Bo(s)/s

8.2 Expected busy period of the repairman in replacement in(0,t)

LetW(t) denote the probability that the repairman busy with reptaset of the unit initially in regenerative stafeand
remains busy in replacement at epoch t without transitirangoother regenerative state. By probabilistic argumeves,
have

Ws(t) = e (@0 W(t) = e % = Wh(t)

We defineR(t), the probability that at timé the server is busy with replacement of the operative unithgyrtewly
delivered unit given that the system starting from regaineratateS att = 0. By probabilistic arguments, we have the
following recursive relations foR; (t)

Ro(t) = qo1(t) ORy(t)

Ru(t) = Gao(t) ©Ro(t) + 07 (OR(t) + daa(t) ©Rs(t) + 53 () ©ORa(t)
R4(t) = 043(t) ©ORs(t) + aas(t) ©Rs(t) + da7(t) OR(t)
Rs(t) = Ws(t) + gso(t) ©Ro(t) + dse(t) ©ORs(t)
Rs(t) =Ws + ge1(t) ©Ry(t)
R7(t) = ars(t) ©Rs(t)

Re(t) =Wa(t) +0g3(t) ©ORa(t)  [68-74]
Taking Laplace transforms of [68-74] and computing thevah elements of the inverse matrix, the Laplace transform
of Ry(t) is seen to be

Ro(S) = Na(s)/D2(s)  [79]

where
Ni(S) = Goy(9G5s(S)[ia(S) + G (9 +Taa(S) + Gir(S)ha(9sa(S)} W6 + Welise(S)] + Goy(S)[0;2 () + Cial9) +
013(8)] We(S)dag(S) +We(S)dl7(S)a7g(S)] , o
The expected busy period of the repairman in repaifity is
t
Ur(t) = g'Ro(u)du [76]
so that

HR(S) = Ro(s)/s

8.3 (c) Expected number of orders for the new unitin (O,t)

LetVi(t) be the expected number of orders for the new un{in] given that the system entered regenerative Sate
att = 0.By probabilistic arguments, we have

Vo(t) = go1(t)©Va(t)
1(t) = Guo(t) ©Vo(t) + 67 (NOVA(L) + ua(t)© (1 + Va(t)) + di (1) ©Valt)
V3(t) = daa(t)©Va(t) + gss(t) ©Vs(t)
Va(t) = Qaa(t) ©(1+Va(t)) + das(t) ©Vs(t) + qaz(t) © (1 + V(1))
Vs(t) = QSo(t)©Vo( )+ 0s6(t) ©Vs(t)
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Ve(t) = ge1(t) ©VAa(t)

V7(t) = arg(t) ©Vs(t)

Vs(t) = ds3(t) ©(1+V3)(t) [77-84]
we have

Vs(s) = Ns(s)/D3(s) [85]
where

Ns(s) = 501(8){6}3(3) [1 —N(N?34(5)~— Q46~(S) — Q34(5)Qu7(9)Q78(9) Qs3(S) + Qa7(5)Q75(5) Qs3(9)]
+QF (9)11— Que(s) + Qar(5)Qr8(9)Gea(s)]}

Da(s) = {[1 - ég_zl)gs)] [1—~Qs ( )QN43( s) — Qaa( )(547( $)Qr8(5)Qe3(S)] — Qu3(5)Qs4(5) Qus(5) Qe (s)
~Q13(9)G35(5)Ds6(5) Qe1(9) + Qua(9)Que(9) + O (5)Das(5) [ Qaz(9)Pss(s)
+Qa7(5)Qs6(5)Q78(S) Qea(9)] } — Qo1(S){ Qro(S) [1 — Q34(S) Qua(s) + Qa4(S) Qu7()Qra(s) Qea(9)] }
+Go1(9){ G13(9)Bs5(5)Dso(s) + Q17 (9)Bs5(3)[Qua(s) + Qur(5)G78(9)Bea(9)]

Not typed- In steady state, number of orders for the new waritpit of time is given by

Vo(0) = lim {V"—m} — lim V() = S‘f’%
3

A\/

86]

t—o0 t

Where;
N5(0) = po1{ P13[1 — P34 — Pas— P34Pa7P78P83+ P47P78Ps3] + p(ﬁf[l — Pas+ Pa7P78Ps3}

D3(0) = Hoa[Po1+ Pro+ Pa7+ PraPs3 — P13PasPs0 — p(li) P35( P43+ Pa7P78Pe3)]

+H10[Po1 — P10P34P43+ Po1P34P47P78P83] + I»lﬁ)[l — P34P4a3+ P34Pa7P78Pe3]
+H13[P34P4sPe1 + P35Ps6Ps1 — Po1P3sPs0] — M14]Pas+ P35Pse 1 P35P47Ps6P78Ps3)

—Hﬁ Po1P3s5[ P43+ Pa7P78Ps3] — Il34[p(121) P43+ P13P46Pe1 — poaplo( P43 — p47F2)78p83]
+3s[P13Ps6Pe1 — plgpse(p43+ P47P78P83) — Po1(P13Ps0+ p(14) Pa3] P Il43[p(11) P34
+P14P35Ps6 + Pou( p(14) P35+ P10P34)] + Has|P13P34P61 — P14] + Ha7[P11 P3aP78Ps3

— P14P35P56P78P83 + Po1(P10P34P78P83 — p(ﬁf P35P78P83)] — Hso| Po1P13P3s]
+Use[P13P35Pe1 — P14P35P47P78P83 — P14P35P43] + He1[P13P34P46 1+ P13P35Ps6)

+7s[( p(121) P34 — P14P35Ps56) P47P83 + Po1P47P83(P1oP34 — p(ﬁf P3s)]
+H83[p(121) P34P47 — P14P35Ps6P78 1 Po1P47(PLoP34 — D(ﬁf P35P78)]
Particular Case

Casel.When repair time distribution is taken to be negative exptiati.e. g;(t) = rye "'then the expression for
E(T),Ao(w),Bg(x),Ro(e) and Vp(w) become

_ L

= 5 Bo() = o £ Ro(%) =

Ls
Ds  Vo(e) = 58791

Where
Li=(a+B)(a+d)(a+y+ri)+2a[(a+B)(a+d)y(a+ B+ 90)]
Lo =Bo(y+r)(y+a+B+r)[B(a+08)(y+2a+r1)+ya(2a+25+B)]
Ls=2aBdo(a+9d)(a+y+pL+r1)[B(a+y+r1)+ya]
Ls=2yaB(a+B)(a+06)(y+ri)(y+a+B+ri)
Ls =2yaBo(a +90)(y+a+B+r)[B(a+y+ry
Dy =2a[(a+y+r1)(a+B)(a+9d)—{ri(a+9d
D3 = (a+3)(a + B+ y+r1)[B2d{2a(a +y+r1

+yB(y+ri)(y+a+B+ri)[2a(a+93)(B+9d

~—

+ya]

(a+B)+yoB]

+ri(y+r)}+2ya?{B(y+d) +yd}]

Bo?|

Case2.If we assume that whenever an operating unit fail, it is tejg¢@nd an order is placed immediately for a new unit
to replace the failed uniti.e. &)=0 anda = o, then we have

~— e —

E(T) =[(a+B)(3a +d) +2ad]/2a?(a + B+ 90)

Ag() = BS[(a +9d)(2a +6)+ap]/Da

Ro(o0) = 2aB(a + B)(a+6)/Dy (92— 96¢]
Vo(e) =20Bd(a +B)(a+0)/Dy

D4(w) = 2a(a+ B)(a + 8)(B+ 8) + B2d?

(@© 2016 NSP
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Profit Analysis

We are now in position to obtain the profit function of the systconsidering mean up time of the system and expected
busy period of the server in repair and replacement. Theatggéotal profit function incurred in (0,t) is
G(t)=expected total revenue in (0,t]-expected total ereost in (0,t]

= CiHup(t) — Coplp(t) — Capir(t) —CaVo(t)  [97]
The expected total profit per unit time in steady state is
G=Ilim @ =1lims°G*(s)[98]

Where @G is the revenue per unit up timepC3 are the costs per unit time in repair, replacement of faileitl by the
new ordered unit and /& the cost per order for a new unit to replace the old one.

9 Conclusion

This paper analyzes the mean time to system failure, systaitahility and expected profit earned by the system. Also
two particular cases are discussed- (i) When repair tinteildlision is taken to be negative exponential and (ii) wheme
an operating unit fail, it is rejected and an order is placechediately for a new unit to replace the failed unit.

F\w PR gl
Y

F, U,
o g,
i e

FwO UO S-_,-

[ B
O Up State O Down State e Regenerative Point

Fig. 1: State Transition Diagram
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