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Abstract: This study is oriented to discover new behaviour for quansyisiem under condition of three-qubit quantum entanglémen
coupling with Kerr-like medium. Jaynes-Cummings modell wé used to represent quantum entanglement coupling withlike
medium. In achieving these objectives, Jaynes-Cummingiehvall be modified to include three-qubit quantum systemptimg with
Kerr-like medium for one-qubit transition. The three-duitate will be interacting with Markovian and non-Markavianvironment
which represented by Lorenztian spectral density. Frond#fmed three-qubit Jaynes-Cummings model, lower boundwoence

is used to measure quantum entanglement robustness. Baghd analysis quantum entanglement is more robust whenliKerr
medium coupling strength increased for both Markovian remment and non-Markovian environment even though theénfte of
guantum entanglement robustness is reduce when dipabéedigieraction is getting stronger.
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1 Introduction Study of three-qubit quantum state become interesting as
three-qubit quantum state is the start towards multi-fgarti
Quantum entanglement play an important role in quantumentanglement 4]. Three-qubit quantum entanglement
information  processing where robust quantumalso able to show complex entanglement structure and
entanglement will lead to stable quantum information more robust compare to two-qubit quantum entanglement
processing. Quantum entanglement will act differently[1]. Hence, this study focus on three-qubit quantum
when interact with environment and there is chance wherentanglement coupling with Kerr-like medium which is
decoherence will occur. Study of quantum entanglemennot being explored yet. This study will observe the
will provide an understanding towards how to achieve aquantum entanglement pattern which different Kerr-like
robust quantum entanglement under certain environmenmnedium coupling strength with combination of different
condition. environment factor.
One of the influence environment is Kerr-like medium
which also called non-linear cavity field. Kerr-like Jaynes-Cummings model (JCM) will be used to
medium has provided a lot of features of quantum systenrepresent the quantum system in this study due to its
such as formation of Schrodinger cats which explain thesimplicity and solvable. JCM will be interacting with
superposition of quantum system and squeezing whicheaky multimode cavity field which used to represent
able to improve the measurement of quantum behavioMarkovian and non-Markovian environment coupling
[171]. with Kerr-like medium B]. Single photon transition will
Study of quantum entanglement had conducted inonly be considered in this study.
different way such as three-qubit quantum state
entanglement behavior3], decoherence of quantum This study will start with development of JCM model
system , quantum entanglement in quantum spinwith include Kerr-like medium and three-qubit quantum
environment 15 and multi-partite entanglement under state. Next, section is observation of quantum
stochastic local operations and classical operatdf.[ entanglement pattern and then end with conclusion.
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2 Three-qubit Jaynes-Cummings M odel () =€ "[ay(t)|100)123+ a2 (t)|010) 103+ a3(t)|001)13]|0)

. . . . C(t)e W) '
Model will be developed considering the interaction +2 bi (e T000125/ 1)) Q)
between the atoms for the case of a three-qubit W-state. J_

In this case focus is on the quantum entanglement \here|0) is the cavity field state with zero photon on

behavior with coupling of a Kerr-like medium, so the modej and|1;). is the cavity field mode when for one
Jaynes-Cummings model will have only a single photonphoton with modsg.

transition number. This section discusses the development Equation 6) is the initial total quantum system and
of a three-qubit Jaynes-Cummings model coupling with agquation 7) is the state of the total system whier 0. In
Kerr-like medium where time dependent coefficient will equation 7) a Kerr-like medium is included only in the
also be §olve]9.h The IHam|lton|an rota_tlngh wave gecond terny | b (t)e (@i +X)|000)1251;)c Which is the
approximation of the total quantum system is shown Ingeye|opment done in this study. Initially when the cavity
equation 1)-(4). was zero, there will not be any Kerr-like medium until
there is one photon in the cavity. Hence, the first term of
equation 7) shows that the W state is acting on the

H=Ho+Hi+H: (1)  transition frequency. This also means that only a single
3 ; photon transition will be considered in this study.
— + - . . . . . id
Ho = n;woan On + ; w;a;a; (2) Using Schrodinger equation of motid(t). 4%t —

(H1+H2)|w(t)) to derive the time depending coefficient

3 N .t 2.2 g (t) .From equation¥),the Schrodinger equation for the
Hi=3 > an(gjoyaj +9jo,a)) + ) Xjaaj  (3)  respective time coefficient is equatic),((9), and (L0).
n=1 | J

H, =Di(0; 05 + 05 0,)+Dy(05 07 +05 03) day(t)

+D3(0y 0y + 05 07) @ g = alze*“wi*‘*b*xi)tgjbj(t)+D3a2(t)+D2a3(t)
]
i : Mode of photon. (8)
wj : Cavity frequency for cavity mode gfphoton. a(t) .
For the interaction Hamiltonian between the atom andi——— = a» Ze"(‘*’i“‘*ﬁxi)‘gjbj (t) +Dsay (t) + Diag(t)
the cavity field, H; is the parameter introduced to dt
individualize the atom 3. This parameter is the 9

dimensionless real constami,. The coupling strength  gat) iyt
between the qubit and the cavity field is represented by —g— =0ds ) € !gjbj(t) + Daay(t) + Diao(t)
anlgj| . Dy with | € {1,2,3} is introduced to represent the ]

dipole-dipole interaction between the qubit with (10)
D = [d.d — 3(d.rmn)(d-rm) /13, /13, . The qubits ot
electric dipole moment is represented by and rmm When t becomes large,'“" the term

represents a two qubit separatic@. [This study includes Y Xjbj(t)e"'“" becomes smaller. The value of this term

Kerr-like medium coupling strength represented by asymptotically goes to zero. Hence, equatidd) (will
SiXi a}rzajg term in equation3). become zero which will be substituted into equatibi) (

The initial state of the W state is shown in equation

(5) for an empty cavity field, that ig0) .a (0) with | = ZX_b_(t)e—iwjt
1,2,3 being the time-dependent coefficients. A three-qubit J 17

state is represented by a W state generalization as a W state (11)
is more robust than a GHZ state. The W state is able to b (1 5

maintain a bipartite entanglement after one of the atoms is . ABj (1) (e —ap+x) o ot bi(t)e Xt
being traced out. i g, n;a”(t) + JZX‘ bj(t)e
[W(0)) = a1(0)]100123+ 82(0)| 010123+ 85(0) 001123 (12)

| (0)|2_1 Integrating bj(t) in equation 12) with the initial
Z an a condition ofbj(t) = O will produce,

i i 3
The total quantum system when the atom interacts with PR /t (=@ — Xt gt
the cavity field, bj(t) = —i € 1~X)g; nZlornan(t)olt (13)

— Substituting equatiorl@) into equation §) - (10) will
[@(0)) = [W(0))|0) (6) become equation as showed ¥ - (16) whereJ(w) is
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the spectral density of a cavity structure. and
. : G?
—dagtm == al/ot dt’[ﬂianan(t)/ dawd(w)e @@ Xt Bo =4 [afrf +d3r3 +d3rs
—iDsap(t) — iDyag(t) (14) 2(d1d2r1r2+d1d3r1r3+d2d3r2r3)] —2id1d2d3[1+i(5— K)]
day(t) t 3 i / ’ (21)
& =@ /0 dt'[Zanan<t> / da(w)e (@O0 2
 iDsa(t) - iDas(t) (15) B =-— 7 (dlrlrg +dorarq + d3r2r1)+
2 2 2 R .
R o [ dt'[iananm [ ded(a)e ety (07 g 6g)[LH1(0 ~ )] 2ida s (2)
dt 0o £
7iDzal(t) 7iDlaz(t) (16) GZ
B, = —Z+df+d§+d§,83= 14i(6—K),Bs=1
From the spectral density of cavity field which used to (23)
represent the photon leak to the environment shown in
equation 7). This equation is called Lorentzian For convenience, dimensionless quantities are
broadening13]. introduced based on above equation,
R? r 3
W)= ———— 17) S e o, G . 2Ra X
m(w—x)?+? d="r.0=——"B= n;a”7r”_a76_ o K=r
A cavity supported mode is represented dy and I is (24)

the half width at half height of the field spectrum profile _— 3 9 . :
inside the cavity. Besides is the atom-cavity coupling by definition 35_,ry = 1. Applying the inverse
strength andT. is the cavity correlation time with Laplace transform will get the time-dependent coefficient.
Tc = 1. Other than cavity correlation time, the qubit

relaxation time will beTy = (2R\/a?+ a2+ a2)~1. The an(1) = Y (z—7)an(2)e"” (25)
cavity correlation time and the qubit relaxation time are J

used to determine whether the environment is a ~ : .
Markovian or non-Markorian, which represents a weak ! = 't andzj are a pole oféy(z). Using the residue

. . ; 4 _ h i
and strong environment, respectively. A Markovian meantheory letyy,_oBmz™ = 0, which will produce a value of
is whenT, < T, while a non-Markovian is whefi, > T, i which is needed for the measurement of the quantum

[5]. entanglement. A single-photon collective normalized

Next, based on equationsl4-(16) the Laplace state of the cavity field is represented as
transformation is taken from both sides of the equations

_ joext .
to produce a set of equations ff#,(z);n = 1,2,3}. The 1) = e ij(r)e—'wjxtuj)c, (26)
Laplace transformation will transform the equations into b(7) ]
a complex argument of where z represents a pole in
Lorenztian broadening. The notation is for
f(2) = L[f(1)] = [5 f(T)e"#d1. The set of equation is 3
as follows: b(T) =4/1— z lan(T)2 (27)
n=1
< 33 1 Aum(2)am(0) 18 The total state of the system developed in this study after
an(2) = z4 oBm2" (18) obtaining the time-dependent coefficient will be
m=

wherel,m,n € {1,2, 3} with conditionl £ m#n=# | (1)) =e*i(“—b+K>T[a1(r)|100)123+az(r)|010)12yi—

& 8(1)[001)124/(0) -+ & *)7b(7)[000) 129 1
Am(2) = (Z+d3)[z+1+i(8 —K)] + T[(1_r,?;’)z_2idnr|rm] (28)

9 Withap = @ andi, = .
After the development of a three-qubit quantum
Aun(2) =Am(2) = —[z+ 1+1(8 — K)] (At + 20} )+ system model with coupling to a Kerr-like medium,
o measurement of quantum entanglement robustness will be
E[dmrm+dnrn—d|r|—irmrnz] (20) conducted. Initially the quantum system was in a

4 separable state between the qup(0)) and the empty
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field. The coefficiengs(0) of the qubit is a non-zero Kerr-like medium coupling strength is used to analyze the
value, which means that initially the entanglement alreadyeffect of the quantum entanglement of the three-qubit
existed. Then, over time the qubit and the cavity field will quantum system. The value of potg will vary according

be interacting with each other which will change the to the different values of the Kerr-like medium and the
entanglement properties. This change is also transformingdipole-dipole interaction which contain three negative
the quantum state from the pure to the mixed statelf real numbers and a complex value except for a zero
measuring the entanglement and its changes, a lowedipole-dipole interaction wherg; consists of only two
bound concurrence (LBC) of a three-qubit quantum statepoles.

is used. In this case the concurrence will be included to

the mixed state by using the convex roof construction,

Cg=ming, y| Z PiCs(|¢j)) (29) o 7
J ax ax

where ;) is the quantum state of the qubit which
includes for the mixed state am is the probability of
the quantum state with; > 0 andy ; p; = 1. In this study
the concurrence used is the lower bound concurrenc
which is on linear entropy. A lower bound concurrence
(LBC) uses a bipartite entanglement to calculate the .
oyerall entanglement. Th'e expression for the LBC which m
will be used in this study is u

a @ 2 0 ¥ f 2 )

8 3
Clp(M) =43 > lam(T)an(1)?  (80) e T T Fan
mnm<n m d=00
W d=03
| d=10
m d=13
3 Observation of Quantum Entanglement . 1

Robustness
L . Fig. 1: Lower Bound Concurrence (LBG3 = 0.8, variousd as
A quantum entanglement robustness is discussed in thig, ;n in e. and & = 0.00, b.K = 0.01, ¢.K = 0.10, d.K —
section. This section is divided into two areas: the firstg 75 Time scale, & 1 < 10.
one will be the study of a tripartite entanglement for o
negative detuning frequency, and the second one is the
study of tripartite entanglement for positive detuning Figure 1 shows the entanglement strength for various
fregency. Different values in the dipole-dipole interaati  dipole-dipole interactions and different Kerr-like mextiu
and Kerr-like medium coupling are considered to observecoupling strength. It is showed that in Figute, Figure
the quantum entanglement robustness. 1b and Figurelc is identical which tells weak Kerr-like
medium coupling strength has minimum influence
towards quantum entanglement. As wusual strong

3.1 Three-Qubit Entanglement for Negative dipole-dipole interaction lead to robust quantum

; entanglement (Nguyen et al., 2011). Starting from
Detuning Frequency K > 0.10, quantum entanglement showed sign of changes

ompare tK as showed in Figuréd. At the rightd the
ecoherence rate is reduced, which shows a robust
quantum entanglement while fod > 0.5, quantum
entanglement is less robust.
Figure2 shows the quantum entanglement robustness
1 1 1 1 for various Kerr-like medium coupling and dipole-dipole
1= 2= B = o0 = (0 =3 and_ interactions in a non-Markovian r(;nv?ronmenlta. Figmge
az(0) = % LBC will have a value from zero to one, with  shows that where no Kerr-like medium coupling exists, a
one having the most robust quantum entanglement andtronger dipole-dipole interaction leads to a robust
vice versa. The value af, is chosen with a combination quantum entanglement. As the Kerr-like medium
of valuea,(0) to achieve a robust entanglemeslt while coupling slightly increases t& = 0.01 (see Figureb),
the value ofa,(0) is used based on the quantum state inthe quantum entanglement behavior still shows an
guantum teleportation. For a dipole-dipole interactidn, identical pattern as in Figur@a. When the Kerr-like
will vary as shown in Figurde and Figur€e and several medium coupling strength further increases to become

This section analyzes the entanglement of a three-qub
guantum system in influencing the Kerr-like medium
under the environment of non-Markovia@,= 8.0 and
MarkovianG = 0.8. The quantum entanglement is
measured via LBC with & =
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Fig. 2. Lower Bound Concurrence (LBC) fd® = 8.0, various ~ Fig. 3: Lower Bound Concurrence (LBC) fa¥ = 2.0 andG =
d as shown in e. and & = 0.00, b.K = 0.01, ¢.K = 1.00, d. 0.8, variousd as shown in e. and & = 0.00, b.K = 0.01, c.

K =3.00. Time scale, ¥ 1 < 3. K =1.00, d.K = 3.00. Time scale, ¥ 7 < 10.

K = 0.01, Figure2c shows this has caused slight changesthe Kerr-like medium coupling fror{ = 1.00 toK = 3.00
for d = 9.0 where atr < 0.5 there is a drop in the LBC increases the robustness fbr 0.0. Initially atd = 0.0 the
before it increases back. For a strong Kerr-like mediumsame rate of decoherence was observed (see F3guned
coupling,K = 3.00, some changes are shown in Figede ~ Figure 3d). However, wherd > 0.0 there is an increase
where the minimum level of the LBC increases in in the entanglement robustness with a lesser decoherence
comparison wherK < 3.00. However, asd becomes rate (compare Figurgd with Figure3c). Figure3d shows
stronger, the fluctuation pattern becomes almost the sam@ more robust quantum entanglement tia« 0.01.
In this case, some differences in the fluctuation pattern Figure4 shows the LBC in the function af, which in
can be observed. Hence, in the non-Markovianthis case will be in the non-Markovian environment. The
environment, only wherkK > 0.01 the impact on the result showed that an increase frém= 0.00 toK = 0.10
guantum entanglement is strong. Overall, a strongincreases the amplitude. Wheh> 6.0, Figure4a and
dipole-dipole interaction reduces the impact of the Figure4b show that the quantum entanglement is more
Kerr-like medium on the quantum entanglement. robust with a huge increase. Whgnis further increased
the cross, as shown in Figuda and4b, disappears and it
is followed by an increase in the quantum entanglement
; emen iti robustness with an increase di as shown in Figurdc
3.2 Th.ree-QUbIt Entangl tfor Positive and Figure 4d. Then, whend > 0.0, the quantum
Detuning Frequency entanglement becomes stronger #r= 3.00 than for

i i . K < 1.00. Whend reaches @ the differences between
This section discusses the quantum entanglement whepigyre4c anddd become lesser.

detuning frequency is positive. Positive detuning has

shown a different behavior on the quantum entanglement

behavior from previous section where an in increase in )
the dipole-dipole interaction no longer produces a robust Conclusion
guantum entanglement.

Figure3 shows the LBC in the Markovian environment Different parameters are observed and studied for the
with a different value ofd andK. In Figure 3a and3b, robustness quantum entanglement for three-qubit
the pattern is no longer observed where a stroddeads  Jaynes-Cummings model coupling with Kerr-like
to a robust quantum entanglement, as shown in Sectiomedium. Overall, a weak Kerr-like medium coupling does
3.1. Instead, the LBC shows that the decoherence rate isot influence much the quantum entanglement in all
random for the strong and weak dipole-dipole interaction.environments and this also applied for strong
Both Figure3a and Figure3b produce the same pattern of dipole-dipole interactions. Further enhancement of the
output and quantum entanglement strength. An increase iikerr-like medium coupling changes the quantum
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Fig. 4: Lower Bound Concurrence (LBC) fa¥ = 2.0 andG =
8.0, variousd as shown in e. and & = 0.00, bh.K = 0.10, c.
K =1.00, d.K =3.00. Time scale, ¥ 1 < 3.

entanglement with different parameters of dipole-dipole
interaction, environment or detuning frequency.
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