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Abstract: In this paper, we introduce the notion of a partiaily-contractive self mapping and prove the existence and unegseof
a fixed point for such mapping. Our results improve and gdizerenany results in S-metric spaces,
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1 Introduction Definition 2. [4] Let X be a nonempty set. AB-metric
spaceon X is a functionS: X3 — [0,) that satisfies the

The existence and uniqueness of fixed point for a selffollowing conditions, for allx,y,z,a € X :

mapping was first introduced by Banach on a metric

space. That was the starting point for many research work —S(x;y;z) > 0,

on this topic. Under different contraction principle and

different types of metric space, such as partial metric —S(x;y;z) =0if and only ifx=y =z

space, and b-metric space,seg]-[[LI]]. In this article,

we work in partial S-metric space. -S(xy;2) < S(x;xa) + S(y;y;a) + Sz z a).

The existence and uniqueness of a fixed point for aThe pair(X;S) is called arS-metric space
self mapping on different types of metric spaces were the
main topic for many research paper&J{[18]]. The Next, we give the definition of partial S-metric space.
notion of Smetric space was introduced by Sedghji A
generalization ofS-metric space was given by Nabil in pefinition 3. [1] Let X be a nonempty set. Aartial
[1], where he introduced partialSmetric spaces. g.metric spacen X is a functionS, : X2 — [0,e0) that
Moreover, he proved the existence of a fixed point for agaisfies the following conditions, for ally,z,t € X :
self mapping in partiaG-metric space. In this paper, we iy y — v i i _ —
generalize the results i) by adding a control function E:?))ép()()’/;gnd only IFSp00 %) = SH(:%y) SP(X7X’y)<
to the contraction principle, which makes the results in SH(X X, 1) + So(Y,Yit) + Sp(z.2.t) — Sp(t,t,t)
[1] a direct consequences of our theorems. (iif) Sp(%, %, X) < Sp(X.Y,2)

Before proceeding to the main results, we set forth(iv)Sp(x,x,y) = S(Y,Y,X).
some definitions that will be used in the sequel.

—_ The pair(X, is called a partial S-metric space.
Definition 1. [5] Let X be a nonempty set anp: X x pair(X, Sp) P b

X — [0,+). We say thatX, p) is apartial metric space

if for all X y.2 € X we have' Definition 4. A sequencexn}n_, of elements in(X,S,)

is called p-Cauchyif the limit [imnm—co Sp(Xn,Xn,Xm)

1x=yifand only if p(x,y) = p(x,X) = p(,Y); exists and finite. The partial S-metric spag¢,Sp) is
2.p(x,X) < p(x,Y); called completeif for each p-Cauchy sequencéxn}n_
3.p(xy) = p(¥,X); there exists z € X such that
4.p(%,2) < p(x,Y) + P(Y,2) — P(Y,Y)- S$(22,2) =1imnSH(Z 2, %n) = liMnm Sp(Xn, Xn, Xm).
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Moreover,(X,Sp) is a complete partial S-metric space
if and only if (X,S;) is a complete S-metric space. A
sequence{x,}n in a partial S-metric spaceX,S,) is
called BCauchyif lim nm-e Sp(Xn,%n, Xm) = 0. We say
that (X,Sp) is O-completeif every 0-Cauchy inX
converges to a pointe X such thatSy(x,x,x) = 0.

One can easily construct an example of a partial
S-metric space by using the ordinary partial metric space

Example 1.[1] Let X = [0,0) and p be the ordinary
partial metric space oX. Define the mapping oX? to be

So(X%Y,2) = p(x,2) + p(y,2). Then S, defines a partial
S-metric space.

Definition 5. Let (X,S,) be a partial S-metric space and
T : X — X be a given mapping. We say thiis partially
a—contractiveif there exists a constakte [0,1) and a
functiona : X x X — [0,+0) such that for all,y € X
we have

a(xY)Sp(Tx Tx Ty) < max{kSy(x,X,y), Sp(x; ><7><),Sp(y7y,y()ij
Definition 6. Let (X,S,) be a partial S-metric space and
T : X — X be a given mapping. We say that is
Ry —admissibleif x,y € X, a(x,y) > 1 implies that
a(x,Ty) > 1. Also, we say thafT is a—admissibleif
Xy € X, a(x,y) > 1implies thator (Tx Ty) > 1.

Example 2.Let X = [0, +). DefineT : X — X by Tx=
vXxanda : X x X — X by

& Vifx>y
O’(X’y)—{o it x < y.

It is easy to see thaff is a—admissible and
Ry —admissible.

Now, set
Psp (@) :=InfF{Sp (%, %,y) [ X,y € X a(x,y) > 1} =inf{Sp(x,x,X) [x€ X: a(x,x) > 1},

X, (a) = {x € X | S(x,%,X) = ps,(a)},
Zs,(a) ={x€Xs, | a(x,x) > 1}.

2 Main Result

In this section, we prove the existence of a fixed pointin 1— kSp

%1 = TXo, %2 = TX, ;%1 = TXyyooo

1.The set g,(a) is nonempty;
2.There exists & Zg,(a) such that Ta= a.

Moreover, if for all uv in Zs, (a) with the property Tu=u
and Tv=vwe havex (u,v) > 1, then T has a unique fixed
pointin Zs,(a).

ProofLet xp € X such thata(xp,X) > 1. Define a
sequence {xn} for all n > 0 in X such that
Since T is

Ry—admissible and a—admissible, we have
o (X0, X1) a(Xp,Tx) > 1 and hence
a(x1,%) = a(Tx, Tx) > 1. So, by induction om we

get

o (Xn,%n+1) > 1,

for alln> 0. Also, sinceT is Ry —admissiblepr (Xo, %) >
1 impliesa(xg,X1) = o (X0, TXp) > 1. By induction onn,
we also conclude that

a(Xp,Xn) > 1

for all n > 0. Also, given the fact thal is a-admissible
anda (Xg,%o) > 1, it not difficult to see thatr (xy,x,) > 1
for all n> 0. Hence,

Sp(xlvxlvxl) :SP(TX()vTX()ﬂT)(())
<a(X0,%0)Sp(T X0, TX0, TX0)
< max{kSy(Xo, %0, %0), Sp(X0, X0, %0) }
=Sp(X0,%0,X0)-

By induction we obtain:

Sp(Xn+1,%n+1,Xn+1) < Sp(Xn, Xn, Xn)-

Therefore, {Sp(X,Xn, %)} {n>0}
sequence. Define

iS a nonincreasing

ro:= IiL’n So(Xn, Xn, Xn) = ilgfsp(xn,xn,xn) >0
and
2
MO = mSP(XO7X07X1) + Sp(XOaXOaXO)
Next, we need to show th&,(Xo,Xo,%n) < Mo, for

anyn > 0. If n=0; the case is trivial. Fan = 1 and using
the fact that k € [0,1) we deduce that

$500.%0,%1) iSberx) <

(X0,%0,X1) + Sp(X0,X0,X0) = Mo. So, we may

partial S-metric space. We prove relevant corollary. Thisassume that is true for all < np—1 and prove it for

next theorem is considered to be our main result.

Theorem 1Let (X,S;) be a complete partial S-metric

space, T be a self mapping on X and assume that T is

partially a—contractive. If T is a—admissible and
Ry —admissible and if X (a) is nonempty, theng(a) is
nonempty. Also, assume that there exigts X such that
a(Xo,X%o) > 1then:

n=ng>2.

Sp(X0, X0, %ng)

< Sp(X05 X0, X1) + Sp(X0, X0, X1) + Sp(Xng s Xng » Xa) — Sp(Xa, X1, X1)

< 285(X0, %05 X1) + Sp (X1, X1, Xng )

< 2S5(%0, %0, X1) + A (X0, Xng 1) Sp(T %0, TX0, T X 1)

< 255(%0, %0, X1) +Max{kS, (X0, X0; Xng 1), Sp (%0, X0, X0) , Sp (Xng 1, Xng 1, Xng—1) }
< 28,(%0, %0, X1) +Max{kS, (X0, X0, Xng 1), Sp(%0, X0, X0) }-
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Also, by induction assumption, we

Sp(X0, X0, Xnp—1) < 721 Sp(X0, X0, X1) + Sp(X0,X0,X0). SO,
we have

Sp(X0, X0, Xng ) < 2S5 (X0, X0, X1 )+

2k

maX{ﬁSp(xO-,xO,xl) + kS (%0, X0, X0), Sp(X0, X0, X0) }

< 2S5(X0.%0,X1) + ékkspwmxl) +Sp(%0, X0, X0)

= %(Sp<>(0;>(0-,xl)+sp(x0-,x0;x0) = Mo.
Hence, by induction we conclude th8g(Xo, X0, %) <
M. Next, we need to show that

'r'ﬁ'% Sp(Xn, Xn, Xm) = To.

For alln, mwe haveS,(Xn, Xn, Xm) > Sp(Xn, Xn, Xn) > ro. Let
€ > 0 find a natural numbet such thaS,(Xn,, Xng, Xng) <
ro+ & and Mgk < rg+ €. Now for anyn,m> 2ng, since
T is Ry —admissible and using the fact thatx,, Xn+1) > 1
we deduce thadt (Xn,Xm) > 1. Hence,

Sp(Xn, Xn, Xm)

<0 (Xn, Xm) Sp (X, Xn, Xm)

< max{kS(Xn-1,Xn-1,Xm-1), Sp(Xn-1,Xn-1,Xn-1), Sp(Xm-1,Xm-1,Xm-1) }
< max{kzsp<xn—2-,Xn—z-,Xm—Z)sSp<Xn—2-,Xn—2-,Xn—2)-,Sp(xm—z-,xm—z-,xm—z)}
< <max{k™ S, (Xn-ng,» Xn-ng»Xm-ng ) » Sp(Xn-ng» Xn-—ng» Xnng )
Sp<xm—n0-,xm—n0axm—n0)}

<ro+e.

Hence,
Irl]rpn So(Xn, Xn, Xm) = To.

Since (X, p) is a complete partial S-metric space; there

existsX € X such that
ro = Sp()?,)?,i) = |”r:n S)(xi,Xn) B |r|‘|r’rg| Sp(Xn,Xn,Xm).

Next, we show thaBy (X, X,X) = Sp(X,X, TX). For each
natural numben we have

Sp(X, X, TX) < 2Sp(X, X, Xn) — Sp(Xn, Xn, Xn) +Sp(TX, TX, Xn).

Using the property thak is a —contractive we deduce that
there exists a subsequence of natural numbers such
that

So(TX, TX, Xn, )

< AR )STR TRy

< max{k%(xiaxmfl)asp(ia iai)aS)(melaxmflaxmfl)}'
for I > 1,

So, > we have either
SH(TX, TX X ) < KS(X,X, %y —1) Or less than or equal
Sp(X,X,X) or less than or equdh (Xp, —1,Xn—1, Xn —1)-

In all of these three cases, if we take the limitlagoes
towardoo we getSy(X,X, TX) < Sp(X,X,X). But, we know
by the propertyii) of the partial S-metric space definition
that SEXX) < SXXTX). Therefore,

have Sp(XX.X) = Sp(X, X TX).

Now, we show thatXs,(a) is nonempty. For each
natural number pick x € X with a(x,x) > 1 and
Sp(X,%,X) < ps,(a) + T and show that

|r!|an1 S)(in,in,im) = psp(a)

Lete > 0 putng := (—g(l{k>)+1 if | > ng then we have:
ps,(a) < Sp(X,%,TX) < SH(X,%,TX) < rq <
SH(X.%,TX) < ps(a) + 1 < psla) + 2 <

No
ps,(a) + £ Hence, we deduce that:

Ui = Sp(%,%,%) — Sp(TR, TR, TX) < 8(13_k)’

for i > no. Also, if I > ng, then
SH(%,%,%) = rx < Sp(%,%,%) < ps, (@) + . Which
implies Sp(X,%,%) < ps,(a) + 5(1_340 for all | > ng.
Now, if n,m> ng, thenS,(Xn, Xn, Xm) < 2Sp(Xn, Xn, TXn) +
Sp(TXn, TXn, TXm) + 2Sp(T X, T Xm, Xm) —
Sp(TXn, TXn, TXn) — Sp(TXm, TXm, TXm).

We know thatS,(X, X, X) = Sp(X, X, TX) which implies:
Sp()?myn,)?m)
< Un+Um+a(Xn,Xm)Sp(TXn, TXn, TXm)
< Sp(Xn, Xn, Xm) < Up +Um+ Sp(TXn, TXn, TXm)
< Un +Um+ max{ksj(in7in7im)7%(%7%17)?}1)733(%“7%1’17%“)}'
Hence,

ps, () < Sp(Xn, %n, Xm)

<max( 3¢, 261+ Sp (Ko T K. 2 (1 )+ Sp (i i o)}
< max{gs,psp(a) +&(1-K)} <ps,(a)+e.

Thus,
|rl1l’;rT11 S)(in, in, im) = psp(a)

Since(X,Sp) is complete there existsc X such that,
S(a,a,a) = IiLn So(a,a,%n) = Im Sp(Xn, %n, Xm) = Ps, (Q).

Therefore, we conclude thate Xs,(a) and thusXs, (a)
is nonempty. Therefor&s, (o) is nonempty.

Now, letxo € Zs,(a) be arbitrary. Then by the above
argument we have

pSp(a) < SP(TXTXTS\() < Sp(XZT)AQ = Sj(xx;()) =ro= pSp(a)

Thus, TX = X, Now, assume that has two fixed points
in Zs,(a) sayu andv. By our hypothesis, we know that
a(u,v) > 1. Thus,

So(u,u,v) =Sp(Tu, Tu, TV) < a(u,v)Sp(Tu, Tu, Tv)
< max{kSy(u,u,v),Sp(u,u,u), Sp(V,v,v) }.
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Now, if Sp(u,u,v) < kS(u,u,v) we deduce that Example 3.Let(X,Sy) be a partial S-metric space, where
Sp(u,uv) = 0 and in this caseu = v, or  X=[0,1U[2,3]and the partial S-metric spagg: X3 —
Sp(U,U,v) < Sp(u,u,u) = SH(vv.v) and in this case by [0, +eo) is defined by

condition (i) of the definition of the partial S-metric

space we obtai$y(u,u,v) = Sp(u,u,u) = S(v,v,v) and [Imax{x,y} —2z|| if {x,y,z} N[2,3]#0
hence by conditiori) of the same definition we conclude ~ SP(%¥:2) = | [x_y_ 7 if {x,y,z} C[0,1].

that u = v. Therefore, we obtain the uniqueness as

desired. Define the function3 : X — X anda : X x X — [0, »)
As a consequence of the above result, the foIIowingasfoIIowsTx:ilifO <x<1,T2=1, ande:iz
corollary follows easily. if2 <x<3, 2

Corollary 1.Let (X,Sp) be a0-complete partial S-metric
space, ke [0,1) and consider the map TX — X to be a(x,y) = {
a-admissible and R-admissible,and there existg & X

such thata (xp,Xp) > 1, also for every xyy € X we have

e It is easy to see thatT is a—admissible and
S(TxTXTy) <kS . Then th = ) .
g(;(h%)h tr(]atxlﬁi’%y) < k(% xy). Then there exists € R, —admissible. Note that, we can always pick ouly

and z such that mafx,y} > z Also T is an increasing
ProofUsing the same technique and notation in the prooffunction. So, for everx >y € X we have:

eVif x>y
0 ifx<y.

of Theorem 1, we deduce that 1
So(Xn, %, %n) < A (Xn, Xn)Sp(Xn, Xn, Xn) < K"Sp(Xo,%o0,%0)- S(TXTXTY) <a(Xy)Sp(TxTxTy) < isp(x,x,y), if
Thus,
Xy € [0,1],

ro = Sp(i,xi) = ||mnSp(3\(i,xXn) = |imn7mSp(Xn,Xn,Xm) = O and
This  implies that S(XXX) = 0. Since STXTXTY) < a(Xy)S(TXTX TY)

X, X, X) = Sp(X, X, TX) = 0, we havex = TX as required.
Sp( ~) S)( ~> q S %(Xv Xa X) _2|— Sp(ya ya y) ; {X, y} m [2’ 3] 7& 0

In closing, we change the contraction principle in
Theoreml, to show that there exist a unique fixed pointin One can verify that the functiol in this example
the whole spac¥. satisfies the conditions of Theoreghand the unique fixed

. . oint will be 1.
Theorem 2Let (X,Sy) be a complete partial S-metric P

space, ke [0,1) and assume the there exisggex X such

that a(Xp, %) > 1. Consider the map TX — X to be

o —admissible and R—admissible. Assume that for every .
Xy € X we have 3 Conclusion

Sp(X.X,X) + Sp(y YY) In closing, the author would like to bring to the reader’s
a(%y)Sp(Tx Tx Ty) < max{kSp(x,x.y), 2 ) attention the possibility of obtaining the same result of
) ) @) Theorem 2.1 by changing the hypothesis whérds
then there exists a uniquediX such that Tu= u. partially a-contractive with the following contraction
Proof. Note that, for everx,y € X we have: principle a (X, Y)Sp(TX Tx Ty) < ¢(Sp(X,X,y)), wherey

is a self-function or{0, ).

a(x,Y)S(TxTxTy) < max{kS,(x,x.y), W}

< max{kS(X,X,Y), S (%X X), Sp(¥.,¥) }-
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