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Abstract: In this paper we define a new fractional integral operator in complex z-planeC. We are also interested a fractional
integration operator to be compact and bounded, provide some examples in Bergmann spaces. By considering the properties of Gauss
hypergeometric function we study the univalence and convexity for the new operator. Finally, we follow modification formal to ensure
existence for this operator to be in class of univalent function inU.
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1 Introduction

Fractional calculus is considered one of the important
branches of mathematical analysis. Actually, in the recent
years a lot of attention has been given to fractional
integral and differential operators in geometric function
theory. There are several kinds of fractional integral and
differential operators, such as the familiar operators of
Biernacki, Carlson, Ruscheweyh, Srivastava and Owa,
(see [1], [8], [9] , [10] , [11], [17]). One of the important
problem in the geometric function theory is univalent
functions and how to construct a linear operators that
preserves the class of the univalent functions and some of
its subclasses. Biernacki [8] claimed that a certain integral
operator maps class of univalent into itself, but later
Krzyz and Lewandowski provided a counterexample
in [6] that the claimed was not true. While, Libera
considered another linear integral operator in [7], which
maps each of the subclasses of the starlike, convex and
close-to-convex functions into itself, for more
information can be found in [16] and [15]. Among these
operators in geometric function theory, two operators
were investigated by Srivastava and Owa (see [9], [10]),
which are defined as follows:

Definition 1.The fractional integral of orderα is defined,
for a function f (z) by:

Iα
z f (z) :=

1
Γ (α)

∫ z

0
f (ζ )(z− ζ )α−1dζ ; (1)

where 0≤ α < 1, and the functionf (z) is analytic in
simply-connected region of the complexz-plane C

containing the origin and the multiplicity
of (z− ζ )α−1 is removed by requiring log(z− ζ ) to be
real when(z− ζ )> 0.

Definition 2.The fractional derivative of orderα is
defined, for a functionf (z), by

Dα
z f (z) :=

1
Γ (1−α)

d
dz

∫ z

0
f (ζ )(z− ζ )−α dζ ; (2)

where 0≤ α < 1, and the functionf (z) is analytic in
simply-connected region of the complexz-plane
containing the origin and the multiplicity of(z− ζ )−α is
removed by requiring log(z − ζ ) to be real when
(z− ζ )> 0.

Remark.For the above two Definitions1 and2, we have

Dα
z {zν} =

Γ (ν +1)
Γ (ν −α +1)

zν−α , 0< α < 1;ν >−1, (3)

Iα
z {zν} =

Γ (ν +1)
Γ (ν +α +1)

zν+α , 0< α; −1< ν, (4)
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wherez 6= 0 and

Dα
z f (z) =

d
dz

I1−α
z f (z). (5)

For more information for those operators, can be found
in [13] and [12]. In [18], Tremblay defined a fractional
differential operator in complexz-planeC and defined as
the follows

zO
α
β f (z) :=

Γ (β )
Γ (α)

z1−β Dα−β
z zα−1 (6)

whereDα−β
z is the fractional derivative Riemann-Liouville

operator andβ ∈ N \ {0}, also (see [19], [14]). Note that
in [20], we have

Oα ,β
z {ez}= 1F1(α,β ,z).

In [5] Ibrahim extended the operator (6) in unit diskU and
studied some univalence properties of this operator.

Definition 3.For all z ∈ U, the Gauss hypergeometric
function is denoted by 2F1(a,b,c;z) (or simply
F(a,b,c;z)) and is defined as follows

2F1(a,b,c;z) =
∞

∑
m=0

(a)m(b)m

(c)m
.
zm

m!

= 1+
a.b
1.c

z+
a(a+1)b(b+1)

1.2.c(c+1)
.z2+ · · · , (7)

wherea,b∈ C, c ∈ C \Z−
0 , and(a)m is thePochhammer

symboldefined as:

(a)0 = 1 (a)m = a(a+1) · · ·(a+m−1), (m∈ N).

In particular, ifa= 1,b= c, then the series in Eq. (7) takes
the form

1+ z+ z2+ z3+ · · · .

In the following remark, we recall some properties of the
Gauss hypergeometricfunction in unit disk which we need
in the development of the work.

Remark.[3], [4] For all z∈ U anda,b ∈ C,c ∈ C \Z−1
0 ,

then

(i)The differential of functions (7) defined as:

(

2F1(a,b,c;z)
)′
=

ab
c 2F1(a+1,b+1,c+1;z).

(ii)The Euler integral representation for function (7)
defined as

2F1(a,b,c;z) =

Γ (c)
Γ (b)Γ (c−b)

∫ 1

0
tb−1(1− t)c−b−1(1− zt)−adt.

The aim of this article is to obtain a new fractional integral
operator that involves the fractional integral of Srivastava-
Owa operator and study some of properties in the open unit
disk. We also consider the Gauss hypergeometric function,
and modified this operator to stay in the univalent class and
their subclasses.

2 Fractional calculus operators

In this section, we provide some definitions and give
some related results in the present work. We prove some
properties of the new fractional integral operator, for
instance: the boundedness, compactness in the Bergman
space and study two further examples.

The Bergman spaceAp(U) for (0 < p < 1) is the set of
functions f analytic in the open unit diskU := {z : z∈
C; |z|< 1} with the norm‖ f‖p

Ap < ∞ defined by

‖ f‖p
Ap =

1
π

∫

U

| f (z)|pdA< ∞ z∈ U,

wheredA is known as Lebesgue measure overU.

Definition 4.Let f (z) be analytic in a simple-connected
region, for all z ∈ U, containing the origin and
(0 < α ≤ 1), (0 < β ≤ 1) such that(0 ≤ α − β < 1).

Then the fractional integral operatorLα ,β
z is given by:

L
α ,β
z f (z) :=

Γ (α)

Γ (β )Γ (α −β )
z1−α

∫ z

0

tβ−1 f (t)

(z− t)1−α+β dt, (8)

where the multiplicity of (z− t)α−β−1 is removed by
considering log(z− t) to be real when(z− t) > 0, and if
α = β , then we have

L
α ,α
z f (z) = f (z).

Definition 5.Let f (z) be an analytic function in a
simple-connected region, for allz ∈ U, containing the
origin and (0 < α ≤ 1), (0 < β ≤ 1) such that
(0 ≤ α − β < 1). Then we define the fractional

differential operatorLα ,β
z as follows:

T
α ,β
z f (z) :=

Γ (β )z1−β

Γ (α)Γ (1−α +β )
d
dz

∫ z

0

tα−1 f (t)

(z− t)α−β dt (9)

similar to the definition4 the multiplicity of (z− t)β−α is
removed by requiring log(z−t) to be real when(z−t)> 0.
In particular ifα = β , we have

T
α ,α
z f (z) = f (z).

In the present work, we apply the definition1 and
definition 2 to define the operators in (8) and (9);
respectively. In the following theorem1, we consider to
show that the operator (8) is bounded in the spaceAp(U).

Theorem 1.(Boundedness) Letf ∈ A on unit disk U.
Then the operatorLα ,β

z : Ap → Ap is a bounded operator
and

||Lα ,β
z f (z)||p

Ap ≤ || f (z)||p
Ap ( f ∈ A )

for all z∈ U.
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Proof.Suppose thatf (z) ∈ A2, then it follows that

‖L
α ,β
z f (z)‖p

Ap =
1
π

∫

U

|L
α ,β
z f (z)|pdA

=
1
π

∫

U

∣

∣

∣

∣

z1−αΓ (α)

Γ (β )Γ (α −β )

∫ z

0
(z− t)α−β−1tβ−1 f (t)dt

∣

∣

∣

∣

p

dA

=
1
π

∫

U

∣

∣

∣

∣

z1−αΓ (α)

Γ (β )Γ (α −β )

×

∫ z

0
(1−

t
z
)α−β−1zα−β−1tβ−1 f (t)dt

∣

∣

∣

∣

p

dA.

By settingu= t
z and using Beta function

B(a,c) =
∫ 1

0
(1− t)a−1tb−1dt =

Γ (a)Γ (c)
Γ (a+ c)

,

then we obtain

‖L
α ,β
z f (z)‖P

AP

=
1
π

∫

U

∣

∣

∣

∣

Γ (α)

Γ (β )Γ (α −β )

∫ 1

0
(1−u)α−β−1uβ−1 f (uz)du

∣

∣

∣

∣

p

dA

≤
1
π

∫

U

∣

∣

∣

∣

Γ (α)

Γ (β )Γ (α −β )

∫ z

0
(1−u)α−β−1uβ−1 f (uz)du

∣

∣

∣

∣

p

dA

≤
1
π

∫

U

| f (uz)|pdA.

This completes the proof of the Theorem1.

Theorem 2.(Compactness) Letf (z) ∈ A on U. Then

L
α ,β
z : Ap → A

p is compact.

Proof.Assume that the function( fn)n∈N be a sequence in
Ap and thatfn → 0 uniformly onU asn→ ∞. Then

‖Lα ,β
z fn‖

p
Ap

= sup
z∈U

{

1
π

∫

U

|Lα ,β
z fn|

pdA

}

= sup
z∈U

{

1
π

∫

U

∣

∣

∣

∣

Γ (α)z1−α

Γ (β )Γ (α −β )
(10)

×

∫ z

0
(z− t)α−β−1tβ−1 fn(t)dt

∣

∣

∣

∣

p

dA

}

≤ sup
z∈U

{

1
π

∫

U

∣

∣ fn(ξ )
∣

∣

p
dA

}

≤ ‖ fn‖
p
Ap. (11)

Since fn → 0 on U, we obtain‖ fn‖Ap → 0, and that
ε > 0, by putting n → ∞ in Eq.(10), we have that
lim
n→∞

‖Lα ,β
z fn‖

p
Ap = 0. Hence, the compactness of the

operatorLα ,β
z follows.

Now, we are ready to prove some properties of
fractional integral operatorLα ,β

z in open unit diskU.

Proposition 1.Let f (z),g(z) ∈ A anda,b∈ C, then

L
α ,β
z (a f +bg) = aLα ,β

z f +bLα ,β
z g

for all z∈ U.

Proposition 2.Let f (z) ∈ A , 0< α ≤ 1 and 0< β ≤ 1,
then

T
α ,β
z L

α ,β
z f (z) = f (z) (12)

is hold true for allz∈ U.

Proof.For proof Eq.(12), we use Dirichlet formula, we
obtain
(

T
α ,β
z L

α ,β
z

)

f (z)

=
Γ (β )z1−β

Γ (α)Γ (α −β )
d
dz

{

∫ z

0
(z− t)β−α tα−1

L
α ,β
z f (t)dt

}

,

=
z1−β

Γ (1−α +β )Γ (α −β )
×

d
dz

{

∫ z

0
(z− t)β−α

∫ t

ξ
(t −ξ )α−β−1ξ β−1 f (ξ )dξdt

}

,

=
z1−β

Γ (1−α +β )Γ (α −β )
×

d
dz

{

∫ z

0
ξ β−1 f (ξ )dξ .Γ (1−α +β )Γ (α −β )

}

,

= f (z).

Note, the inner integral is assessed by the same methods
as in Theorem1.

Proposition 3.Let f (z) ∈ A , then

T
α ,β
z f (z) = Γ (β )

Γ (α)z
1−β

D I1−α+β
z zβ−1 f (z)

whereD = d
dz.

Proof.For proofing, we consider Eq.(5) in Remark1.

Proposition 4.Let f (z) ∈ A . For all z∈ U and for some
0< α ≤ 1, 0< β ≤ 1, we have

L
α ,β
z L

β ,α
z f (z) = f (z) (13)

and

L
α ,β
z L

β ,µ
z f (z) = L

α ,µ
z f (z). (14)

Proof.The proof is straightforward by following the
method as in the proposition2.

3 New operator and special functions

In this section we show that the operatorL
α ,β
z represents

some special functions. In the next we consider one special
functions in geometric function theory, that is also known
as Gauss hypergeometric functionand study some their
properties in the unit diskU. First of all, let the class of all
analytic functionsf (z) denoted byA andnormalizedas
the form:

f (z) = z+
∞

∑
m=2

amzm, z∈U (15)
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and satisfying f (0) = 0 and f ′(0) = 1. Further, let us
denote the subclasses ofA by S and K which are
respectively, univalent and convex functions inU. In [2],
we know that if f (z) is given by (15) which is a member
in the class of univalent functionsS , then
|am| ≤ m, m= {2,3, · · ·}. Furthermore, iff (z) given by
(15) is in the class of convex functionsK , then
|am| ≤ 1, m= {1,2,3, · · ·}.

Now, we consider to find the upper bounded of the
operator (8) of univalent and convex functions.

Theorem 3.For extension the operator (8) in unit disk, let
f (z) = ∑∞

m=0amzm belongs to class of analytic functions
A , then

L
α ,β
z f (z) =

∞

∑
m=0

L
α ,β
z {amzm}

=
Γ (α)

Γ (β )Γ (α −β )

∞

∑
m=0

B(α −β ,β +m)amzm.

Proof.For allz∈ U, we obtain

L
α ,β
z f (z) =

∞

∑
m=0

L
α ,β
z {amzm}

=
Γ (α)z1−α

Γ (β )Γ (α −β )

∫ ∞

0
(z− s)α−β−1sβ−1

∞

∑
m=0

amsmds

=
Γ (α)z1−α

Γ (β )Γ (α −β )

∫ ∞

0
(1−

s
z
)α−β−1sβ−1

∞

∑
m=0

amsmds

=
Γ (α)

Γ (β )Γ (α −β )

∫ 1

0
(1−u)α−β−1(u)β−1×

∞

∑
m=0

am(zu)mdu

where we can change the order of integration and

summation since the series
∞

∑
m=0

amzmum is uniformly

convergent in open unit diskU for 0 ≤ u ≤ 1 and the

integral
∫ 1

0
|(1−u)α−β−1(u)β−1|du is convergent as long

as 0< α ≤ 1 and 0< β ≤ 1, then we have

L
α ,β
z f (z) =

Γ (α)

Γ (β )Γ (α −β )

∞

∑
m=0

amzm×

∫ 1

0
(1−u)α−β−1(u)m+β−1du

=
Γ (α)

Γ (β )Γ (α −β )

∞

∑
m=0

B(α −β ,m+β )amzm.

Hence, we arrive at the desired result.

Theorem 4.(Univalence) Letf (z) ∈ S . Then

|Lα ,β
z f (z)| ≤ r

(

2F1(1,β ,α; r)
)′
.

Proof.By assuming that the functionf (z) given by (15) in
the classS , then by using Example1, we have

L
α ,β
z f (z) =

Γ (α)

Γ (β )
z1−α Iα−β

z

{

∞

∑
m=1

amzm+β−1},a1 = 1

=
Γ (α)

Γ (β )

∞

∑
m=0

Γ (m+β +1)
Γ (m+α +1)

am+1zm+1,

=
β
α

∞

∑
m=0

(β +1)m

Γ (α +1)m
am+1zm+1,

Subsequently,

|Lα ,β
z f (z)| ≤ r

β
α

∞

∑
m=0

(β +1)m

Γ (α +1)m
(m+1)rm |z|= r

= r
β
α

∞

∑
m=0

(2)m(β +1)m

Γ (α +1)m

rm

m!

= r
β
α

{

2F(1+1,β +1,α +1;r)

}

. (16)

Remark.We note that, the series in Eq. (16) is absolutely
convergent for allz ∈ U, so that represented as the
analytic functions and holds true for property of Gauss
hypergeometric function in open unit diskU (see [3];
p.28; Ch.1; Eq.(1.6.11)).

Next, we are interested to find the upper bound for
inequality involving the hypergeometric function, which
is given in the following Theorem.

Theorem 5.(Convexity) Let the functionf (z) belongs to
class of convex functionsK . Then

|Lα ,β
z f (z)| ≤

rβ
α

{

2F(1,β +1,α +1); r)

}

.

Proof.By imposing thatf (z) ∈ K , we obtain

|Lα ,β
z f (z)| ≤ r

β
α

∞

∑
m=0

(β +1)m

Γ (α +1)m
rm, |z|= r

= r
β
α

∞

∑
m=0

(1)m(β +1)m

Γ (α +1)m

rm

m!

= r
β
α

{

2F(1,β +1,α +1;r)

}

(17)

for all z∈ U.

Theorem 6.Let f (z) ∈ K , then

L
α ,β
z f (z) ≤

r
B(β ,α −β )

∫ 1

0
sβ (1− s)α−β−1(1− rs)−1ds.

c© 2016 NSP
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Proof.Suppose that,f (z) ∈ K onU, then we have

|L
α ,β
z f (z)|=

Γ (α)

Γ (β )
z1−α Iα−β

z zβ−1 f (z)

≤
β
α

∞

∑
m=0

(1)m(β +1)m
(α +1)m

.
rm+1

m!

=
β
α

∞

∑
m=0

(1)m
Γ (m+β +1)Γ (α +1)
Γ (m+α +1)Γ (β +1)

.
rm+1

m!

=
Γ (α)

Γ (β )

∞

∑
m=0

(1)m
Γ (m+β +1)
Γ (m+α +1)

.
rm+1

m!

=
Γ (α)

Γ (β )Γ (α −β )

∞

∑
m=0

(1)m
Γ (m+β +1)Γ (α −β )
Γ (β +m+α +1−β )

.
rm+1

m!

Multiplying and dividing byΓ (α −β ),

=
rΓ (α)

Γ (β )Γ (α −β )

∞

∑
m=0

(1)m

×

{

∫ 1

0
sm+β (1− s)α−β−1ds

}

rm

m!

where 0< α −β , 0< β +m, soα > β > 0 and since

Γ (q)Γ (p)
Γ (q+ p)

= B(q, p) =
∫ 1

0
sq−1(1− s)p−1ds

then it follows that

|Lα ,β
z f (z)| ≤

rΓ (α)

Γ (β )Γ (α −β )

×

∫ 1

0
sβ (1− s)α−β−1

{ ∞

∑
m=0

(1)m
(rs)m

m!

}

ds (18)

and the substitution

1
B(β ,α −β )

=
Γ (α)

Γ (β )Γ (α −β )
,

yields that we have

|Lα ,β
z f (z)|

≤
r

B(β ,α −β )

∫ 1

0
sβ (1− s)α−β−1(1− rs)−1ds.

Remark.From Theorem5 and Theorem4, we can easily
conclude that the new operator in (8) is a generalization of
Carlson-Shaffer operator (see [1]) and it can be written in
the following form, ifβ/α = 1 then we have:

L
α ,β
z f (z) = L (β +1,α +1) f (z), f ∈ A ,z∈ U, (19)

where

L (β +1,α +1) f (z) = φ(β +1,α +1;z)∗ f (z)

and∗ stands for the convolution (or Hadamard product) of
two functions which is given by (15),

φ(β +1,α +1;z) = z+
∞

∑
m=2

(β +1)m−1

(α +1)m−1
zm z∈ U

= z2F1(1,β +1,α +1;z).

In the next we provide some examples.

Example 1.Let f (z) = zν , for all z∈U , then

L
α ,β
z {zν}=

Γ (α)Γ (ν +β )
Γ (β )Γ (ν +α)

zν . (20)

Solution. By consider the Equation (8), we obtain

L
α ,β
z {zν}=

Γ (α)

Γ (β )Γ (α −β )
z1−α

∫ z

0

tβ−1

(z− t)1−α+β tνdt

where 0< α ≤ 1,0< β ≤ 1 and 0< α −β < 1 andz∈
U,ν ∈ R. By using substitutionw = t

z, we compute the
inner integral to get

∫ z

0

tν+β−1

(z− t)1−α+β dt = zν+α−1B(α −β ,ν +β )

whereB(., .) is the Beta function. Thus, we have

L
α ,β
z {zν}=

Γ (α)Γ (ν +β )
Γ (β )Γ (ν +α)

zν . (21)

Example 2.Let f (z) = ez =
∞

∑
ν=0

1
ν!

zν for all z∈ U, then

L
α ,β
z {ez}=

Γ (α)

Γ (β )Γ (α −β )

∫ 1

0
(1−u)1−α+βuβ−1ezudu,

= 1F1(β ,α;z), (0< β < α).

Solution. In this example we follow same as methods in
Example1 and we obtain

L
α ,β
z {ez} =

Γ (α)

Γ (β )Γ (α −β )
z1−α

∫ z

0
(z− t)α−β−1tβ−1etdt

=
Γ (α)z1−α

Γ (β )Γ (α −β )

∫ 1

0
(1−u)1−α+βzα−β (uz)β−1ezudu

=
Γ (α)

Γ (β )Γ (α −β )

∫ 1

0
(1−u)1−α+βuβ−1ezudu

= 1F1(β ,α;z).

Remark.We note that 1F1(β ,α;z) is confluent
hypergeometric function ( or Kummer function), for any
z ∈ C this function is convergent and it has an integral
representation (see [3], p.29, Eq.1.6.15). In any case, may
be can represent the operatorL

α ,β
z in Example2 as the

following integral

L
α ,β
z {ez}=

Γ (α)

Γ (β )Γ (α −β )

∫ 1

0
(1−u)1−α+βuβ−1ezudu.

Or, by using the fact of the beta functionB(β ,α − β ) =
Γ (β )Γ (α−β )

Γ (α) yields

L
α ,β
z {ez}=

1
B(β ,α −β )

∫ 1

0
uβ−1(1−u)α−β−1ezudu,(0< β < α).
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Example 3.Let 0< α ≤ 1, 0< β ≤ 1 and|z|< 1, then

L
α ,β
z {(1−z)−ν}= 2F1(ν,β ,α;z).

where

(1−z)−ν = 1+νz+
ν(ν +1)

2!
z2+

ν(ν +1)(ν +2)
3!

z3+ · · ·.

Solution. By direct calculations, we obtain

L
α ,β
z {(1− z)−ν}

=
Γ (α)z1−α

Γ (β )Γ (α −β )

∫ z

0
sβ−1(1− s)−ν(z− s)α−β−1ds

=
Γ (α)z1−α

Γ (β )Γ (α −β )

∫ z

0
sβ−1(1− s)−ν(1−

s
z
)α−β−1ds

=
Γ (α)

Γ (β )Γ (α −β )

∫ 1

0
uβ−1(1−u)α−β−1(1−uz)−νds

= 2F1(ν,β ,α;z).

Therefore the proof is complete.

4 Some Applications of operatorLα,β
z in U

In this section, we modify the operatorLα ,β
z in unit disk,

in order to keep and ensure the existence in class of
univalent functions and their subclasses (see [16], [15]).
Further, we also discuss the distortion inequalities for the
modified operator (8).

Definition 6.For allz∈U and some 0< α ≤ 1, 0< β ≤ 1,
such that 0≤ α − β < 1. We define the modification of
fractional integral operator (8) as follows:

Lα ,β
z f (z) : A → A

Lα ,β
z f (z) =

(

α
β

)

L
α ,β f (z), ( f ∈ A )

= z+
∞

∑
m=2

Γ (α +1)Γ (m+β )
Γ (β +1)Γ (m+α)

amzm

= z+
∞

∑
m=2

Θ(m)amzm

where

Θ(m) =
Γ (α +1)Γ (m+β )
Γ (β +1)Γ (m+α)

.

Note that ifα = β thenLα ,α
z f (z) = f (z).

Remark.For all |z|< 1; z∈C, then we have

Lα ,β
z f (z)

∣

∣

∣

z=0
= 0

and
(

Lα ,β
z f (z)

)′
∣

∣

∣

z=0
= 1,

where 0< α ≤ 1 and 0< β ≤ 1.

Theorem 7.If f (z) ∈ A , then for 0< α ≤ 1, 0< β ≤ 1
and 0≤ α −β < 1

|Lβ ,α
z f (z)− z| ≤ M, |z|< 1

whereM :=
(2− r)(β +1)
(1− r)2(α +1)

.

Proof.By assuming that thef ∈ S , we obtain

|Lα ,β
z f (z)− z|=

∣

∣

∣

∣

Γ (α +1)
Γ (β +1)

z1−α Iα−β
z zβ−1 f (z)− z

∣

∣

∣

∣

=

∣

∣

∣

∣

∞

∑
m=2

Γ (α +1)Γ (m+β )
Γ (β +1)Γ (m+α)

amzm

∣

∣

∣

∣

=

∣

∣

∣

∣

∞

∑
m=2

Θ(m)amzm

∣

∣

∣

∣

whereΘ(m) =
Γ (α +1)Γ (m+β )
Γ (β +1)Γ (m+α)

(m> 2).

Note that,

Θ(m)≤Θ(2) =
β +1
α +1

,

|Lα ,β
z f (z)− z|=

∣

∣

∣

∣

∞

∑
m=2

β +1
α +1

amzm

∣

∣

∣

∣

≤
β +1
α +1

∞

∑
m=2

|am||z|
m

≤
β +1
α +1

|z|2
∞

∑
m=2

mrm−2 (22)

=
(2− r)(β +1)
(1− r)2(α +1)

|z|2.

where the Eq.(22) used|z| ≤ r and|am| ≤ m.

5 Conclusion

In the present work we defined a new fractional integral
operator in a complex domainC and then we prove that
this operator is in the class of univalent functions by using
some modifications. In addition, we also studied some
properties of this new operator and its representation by
Gauss hypergeometric function in the open unit diskU.
The topological properties of related operators are also
considered such as the boundedness and compactness.
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