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Abstract: We present a new general dynamic inequality of Opial typés equality is new even in both the continuous and discrete
cases. The inequality is proved by making use of a recentlgdaced new technique for Opial dynamic inequalities,tiime scales
integration by parts formula, the time scales chain ruld,@assical as well as time scales versions of Holder’stinbty.
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1 Introduction properties of capacities and were recently used with
_ . _ Opial-type inequalities to find the gaps between zeros of
In 1960, Olech §] extended an inequality of Opia®[and  differential equations that appear in the binding of

proved that iff € C1([0,h],R) with h> 0 satisfiesf(0) =  beams10].
0, then Here we will not give an introduction to time scales
h h o calculus but instead refer the reader & 7. We only
/ [F(t)f'(t)|dt < _/ |f/(t)‘2dt. (1)  remark that the delta derivative is the usual derivative if
0 2Jo T = R and the forward difference if' = Z, and the delta

h integral is the usual integral if = R and a sum ifl' = Z,
and that the theory can be applied to any nonempty closed
setT C R, the so-called underlying time scale. We note

This inequality created a lot of research activity, whic
was summarized in the monograp8],[ both for the
continuous and the discrete cases. 3] [(see

that pluggindl’ = R in (2) results in ().
also |6, Theorem 6.23]), the authors extenddd {0 an . ; . .
arbitrgry time scal]g T and proved é?hgt if Using a novel technique ind], the following

f 1 hl- R) with h tisfi —0. th ggneralizati_on of Z)_Was established, involving two
€ Cra([0,Nlr, R) with h > 0 satisfiesf (0) = 0, then different weight functions andr, see f, Theorem 5.2].

h h
/ ‘(fZ)A (t)’At < h/ (fA(t))zAt, (2) Theorem 1. Assume thata& T, b€ (a,o)r,
0 0

For extensions and generalizations @J, (we refer the r,s€ Cu([a blr, (0,)), and fe Cly([ablr,R).
reader to the monograpl][ Over the last sixty years, the If f(a) = O, then

study of Opial inequalities (continuous and discrete) or -

related Hardy operators focused on the investigations of b b 2
new inequalities or operators with weighted functions. / s(t)‘(fz)A(t)‘At < K/ r(t) (fA(t)) At,
These inequalities have natural applications in applied a a

mathematics, especially in the theory of differential \\here
equations in elasticity (ordinary or partial) and led to

many interesting questions and connections between \/ b t AT
different areas of mathematical analysis. For example, K = / L(t)(R2)A(t)At  with R(t) :/ —.
Hardy operators are closely related to quasiadditivity a
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We note that plugging=0,b=h, andr =s=1in

Theoreml results in ).

Refining the technique from4], the same authors
proved in p] the following generalization of Theorefn

Theorem 2. Assume that & T, b € (a,)r,

r,se Cuq([a blr,(0,»)), and fe Ck([ab|r,R).

Leta >1andf > 0. If f(a) =0, then

[ sl o op|ac<k [ o] eo

where

QB { [ () #E (RE)8 ) At}

B(a+p)
a+ B (r(t)) (a—l)?ow[i—l)

with

R(t):/tL.

 (r(r) 7

We note that plugging' = 2 andf83 = 0 in Theoren®

results in Theoren.

The purpose of this paper is to apply the new techniqu
that was developed i[5] in order to prove the following

generalization of Theoreth

Theorem 3. Assume that & T, b € (a,)r,

r.s€ Ca([a,blr,(0,®), and fe Cy([ablr.R).

Leta > 1,3 >0,andk> 3+ 1.1f f(a) =0, then

[ so]ae o n)Pa

<K{/:r(t)‘fA(t)‘kAt}yk£

We note that plugging = a + 3 in Theorem3 results
in Theoren?.

The paper is organized as follows: In Secti@nwe
present the basic definitions of time scales calculus that
will be used in the sequel. In Secti@nwe prove Theorem
3 and give some remarks. We prove our main result by
using the time scales chain rule, the time scales integratio
by parts formula, and classical continuous and discrete as
well as time scales versions of Holder’s inequality.

2 Time Scales Preliminaries

In this section, we briefly present some basic definitions
and results concerning the delta calculus on time scales
that we will use in this article. A time scalgis an arbitrary
nonempty closed subset of the real numbers. We define
the forward jump operatas : T — T by o(t) :=inf{se
T:s>t} fort € T. For any functionf : T — R, we put

f9 = fog. Afunctionf : T — R is called rd-continuous,
denoted byf € Cyq, if it is continuous at each right-dense
point (i.e.,0(t) =t) and there exists a finite left-sided limit

at all left-dense points (i.eq(t) =t, where the backward
jump p is defined in a similar way as the forward jump
0). For the definition of the delta derivative and the delta

dntegral, we refer tog, 7]. If f € CYR,R)andg: T — Ris

delta differentiable, then th@me scales chain rulesee f,
Theorem 1.90], states that

(109 =g [ 1(h + (1 hg)ch.

and a special case, which we will use in this paper, is given
by

1
(V)2 = yfA/ (hf9+(1—h)f)» *dh for yeR.
0
Thetime scales ldlder inequality see p, Theorem 6.13],

says

1
v

b b v (b
where [rwswiacs{ [rorad’{ [aora)’
kg1 a a a
ka—a—pB A K
R¥FT | (1) where a,b € T, f,g € Cq([a,br,R), ¥y > 1, and
" (s(t)) v=y/ly-1)
K=c / (s 2 At v/(y—1).
a (r(t)) =Dp-1
3 Proof of the Opial Inequality
with
K B1 i1 In this section, we present the proof of our main result,
k—pB-1 K B+1\ ¥ Theorem3, and give some corollaries and concluding
“=%ka—a-8 a+B remarks.
and Proof. Define
t A
R(t):/ 711 t FUINL
2 (r(r) 7 o) = [ rm|r | ar
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- ¢ [ka—a-p
Theng(a)_o' B rk—l{ k— B 1 RA
A—r‘fA‘k so that ‘fA‘_ i % x/l(hRU—t—(l—h) )kgt-‘?lﬁ ldh}m
g* = “\r ) 0
ﬁ+1
and axh Bt
f(t)] = r(t %fA AT e
(1) /aw)%u» (1) ;

Cc ka—a—
— k—B_
e { (R '
k1

A) K ap\ 2 s
ot )} {(w)} ,
= /a (r('[))llz (F(T)* and thus finally

<{ } wleefadt [t (io) s

H

1

= (R1)'T (g(t))* { (Rkié’f )A (t)}
where we have used the time scales Holder inequality with c/bs(t)
conjugate exponentst; andk > 1. Thus, forh € [0,1], a (r(t))k%
we obtain i1

a A Tk
|hf“+(1;lh)f|§1h|f"|+(1—h)|f| x{(g%> (t)} At
<h(R) % (¢°)F + (1~ MR g
k—l 1 k-1 1 k=B-1
= ()% () + (=R (1o} . (R o
< (R + (1-h)R)% (hg” + (1~ h)g)¥, <c / (s(t)) kPt ——At
where we have used the classical Holder inequality for : (r(t)) tpuin
sums with conjugate exponerkt%T andk > 1. Hence .
b aip\ 2 EJkL
/ (hf"+(1—h)f)a_1dh‘ X {/a (g “) (t)At}
0
1 B+1
o o a—1 aip K
g/ o+ (1—h)f|" Lch :K{g%(b)}
1) a-1
/ (hRE+(1-mR)*  (h+(1-hg) K dn K (gt 5
= where we have used one last time the time scales Holder
< /o (hR7+(1—h) ) W5 dn inequality with conjugate exponengsi— and 5% > 1.
i1 The proofis complete.

1 a-1 kK
x {/O (hg” +(1—h)g)F* dh} , The next result follows from TheoreBiby choosing

where we have used the classical Holder inequality forﬁ -

integrals with conjugate exponen@'ﬁ—_1 and "1 >1.  Corollary 1. Assume that& T, b€ (a,c)r,
Therefore, using the time scales chain rule three times, we

get r,se Cua([a blr, (0,)), and fe CL([a bjr,R).
1
](f")A(fA)ﬁ]:or]fA]B+l [ (hf"+(1—h)f)”’ldh‘ Leta > 1and k> 1. If f(a) = O, then
B+1 o
a(g®) = | L _ b b k X
- (rBTgl ’/O (hf% 4+ (1—h)f)7 1dh‘ /as(t)‘(fa)A(t)‘At<K{/a r(t)‘fﬂ(t)‘ At} ,
Bi1 kp1
< “(gﬁlk {/ (hRE + (1—h)R) “FFT dh} ‘ where
r k

k-1

<={ [ rtoa "

B+l
K

x {/(;1(hg“+(1—h)g)i'ﬁi dh}
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with
AT

t
N ATOT

The next result follows from Corollary by choosing
k= o (see also%, Corollary 3.2]).

Corollary 2. Assume thata T, b€ (a, )T,
rase Crd([a7 b]Ta (0700))7

and fe Ck([a,bl,R).

Leta > 1. If f(a) =0, then

/abs(t) ‘(f")A(t)‘At < K/abr(t) ‘ fA(t)’O’AL

where
<= { [t rey® (t)At}a“l
with . AT
0=, (r(1)#
References

[1]R. P. Agarwal, D. O'Regan, and S. Saker.Dynamic
inequalities on time scaleSpringer, Cham, 2014.

[2] R. P. Agarwal and P. Y. H. Pang. Opial Inequalities
with Applications in Differential and Difference Equat®n
Kluwer Academic Publishers, Dordrecht, 1995.

[3] M. Bohner and B. Kaymakgalan. Opial inequalities ondim
scales.Ann. Polon. Math.77(1):11-20, 2001.

[4] M. Bohner, R. R. Mahmoud, and S. H. Saker. Discrete,
continuous, delta, nabla, and diamond-alpha Opial
inequalities.Math. Inequal. Appl.18(3):923-940, 2015.

Ravi Agarwal is
the head of the Department
of Mathematics at Texas
A&M University—Kingsville
in USA. He is the author
of many books and papers
on fixed point theory,

3 operator, integral, differential,
5ﬁ . partial and difference
equations, oscillation theory,
inequalities, and critical point
methods. He serves as the managing editor and is on the
editorial boards of numerous mathematical journals.

Martin Bohner is
the  Curators’  Professor
of Mathematics and Statistics
at  Missouri  University
of Science and Technology
in Rolla, Missouri,
USA. He received the
BS (1989) and MS (1993) in
Econo-mathematics and PhD
(1995) from Universitat Ulm,
Germany, and MS (1992) in
Applied Mathematics from San Diego State University.
His research interests center around differential,
difference, and dynamic equations as well as their
applications to economics, finance, biology, physics, and
engineering. He is the author of five textbooks and
more than 200 publications, Editor-in-Chief of two
international journals, Associate Editor for more than 50
international journals, and President of ISDE, the
International Society of Difference Equations. Professor
Bohner’s honors at Missouri S&T include five Faculty
Excellence Awards, one Faculty Research Award, and

[5] M. Bohner, R. R. Mahmoud, and S. H. Saker. Improvements €ight Teaching Awards.

of dynamic Opial-type inequalities and applications.
Dynam. Systems AppR4:229-242, 2015.

[6] M. Bohner and A. PetersonDynamic Equations on Time
Scales: An Introduction with Applications Birkhauser,
Boston, 2001.

[71M. Bohner and A. Peterson. Advances in Dynamic
Equations on Time ScaleBirkhauser, Boston, 2003.

[8] Z. Olech. A simple proof of a certain result of Z. Opi&lnn.
Polon. Math, 8:61-63, 1960.

[9] Z. Opial. Sur une inégalite Ann. Polon. Math.8:29-32,
1960.

[10] S. H. Saker, R. P. Agarwal, and D. O'Regan. New gaps
between zeros of fourth-order differential equations via
Opial inequalities. J. Inequal. Appl. pages 2012:182, 19,
2012.

Donal O’Regan
is a Professor of Mathematics
at the National University
of Ireland in Galway. He is
the author of many books and
papers on fixed point theory,
operator, integral, differential,
partial and difference
equations, oscillation theory,
inequalities and critical point
methods. He serves on the

editorial board of numerous mathematical journals.

(@© 2016 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 3, 875-879 (2016)www.naturalspublishing.com/Journals.asp

F . SD\ s

Mahmoud Osman
is a Lecturer of Mathematics
at Mansoura  University
of Egypt in Mansoura.
His interests are qualitative
analysis of dynamic equations
and inequalities on time
scales. Up to now, he
has co-authored one
paper on Opial inequalities
in the journal Mathematical

Inequalities and Applications

Samir Saker is a
Professor of Mathematics
at Mansoura  University
of Egypt in Mansoura.
His interests are qualitative
analysis of dynamic
equations, inequalities
on time scales, and qualitative
behavior of delay models.
He is an author of four books
and more than 200 papers. He

serves on the editorial board of many mathematical

journals.

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Time Scales Preliminaries
	Proof of the Opial Inequality

