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1 Introduction known contraction principle and presented some fixed
point results in their work. Ozavsar and Cevikdll]
ﬂ'ntroduced the concept of multiplicative contraction
appings and proved some fixed point theorems of such
appings on a complete multiplicative metric space.
ey also gave some topological properties of the
relevant multiplicative metric space. Hxiaoju et &l0[
studied common fixed points for weak commutative
mappings on a multiplicative metric space. For further
details about multiplicative metric space and related
concepts, we refer the reader 8)11].

The study of fixed point theory become a subject of grea
interest due to its applications in Mathematics as well ad"
in other areas of research. There are many researche
who have worked in fixed point theory of contractive

mapping see, 1[5]. In [1], Banach presented a most

outstanding result concerning to contraction mapping,
this famous result is known as Banach contraction
principle. The idea ob-metric space was presented 12y [

as a generalized form of metric spaces. & Bakhtin n th introd h f multiplicati
proves the contraction mapping principle metric n this paper we, introduces the concept of multiplicative

spaces that generalized the Banach contraction principl§°N€b-metric space and proved some fixed point results
in metric spaces. Moreover the idea of cone metric spacd? Multiplicative cone b-metric space. We also presented
was presented by Haung and Zhang T [Their work an example to holq up the main resylt and §how the
includes some fixed point results for contractive typeUniqueness and existence of a solution of first order
mappings in cone metric spaces. In 1993, Cezerdlk [ o.rdlnary differential equation as an application point of
proved some fixed point theorems in b-metric spaces. In/'€W-

[8], Hussain and Shah introduced cone b-metric spaces,

they established some topological properties in cone

b-metric spaces. Moreover Huaping and Shaoyuasjin [ o

proves some fixed point theorems of contractive2 Preliminaries

mappings with some new examples and applications in

cone b-metric spaces, and this results improves someConsistent with Haung and Zhang] [& Hussain and
fixed point results in metric spaces ahdnetric spaces, Shah B], we will be needed the following definitions in
as well as they expanded other concern work and resultthis paper.

in cone metric spaces. In 2015, George et &} [ Supposé be areal Banach space aRdbe a subset dE.
generalized cone metric, cone b-metric and rectangulafhenP is called cone if and only if:

metric space and introduced the new concept of(i) Pis closed, nonempty arfl=~ {0},

generalized conb-metric space. They also proved a well (ii) cx+ dy € P for all x,y € P and non-negative real
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numbers c,d. Letu=x —zand%—y,=u+v
(iii) PN (—P) = {0}. By inequality(2.1),

Definition 2.1[7] Suppose P be a cone in real Banach aX%/® < a(lu+vi®)

space E, define a partial ordering with respect to P by < gllul+v)P
a<b<+=b-acP. We can write & b to show that < 2P +EIvP)

a < b but a# b, while a< b will stand for b—a € intP, = .
where int P denotes interior of P. < a2 (EuP+zMP)P

( ZpZ\u\p ZpZMp)

IN

Through this paper we always suppose thas a Banach
space,P is a cone inE with int P = 0 and< is partial

1
- (z PP (= P)p
ordering w.r.t cone. (alZhi-alP)P glzla-ylP )28

2p

Definition 2.2[7] Let Y be a non-empty set. Let the < (d(x,2).d(zy)) »
mapping d. Y x Y — E satisfies: =d(xy) < (d(x,2).d(zy))?
E:R )Od(gx,d;)x g)oficf)railélxézlye/ i\f{x\gt;;x?é v Which shows that @&,y) is multiplicative cone b-metric
(i) d(x,y) = d(y,x) forall x,y € Y; space.
(iv) d(x,y) <d(x,2) +d(zy) forall x,y,z€ Y. Conversely: Let
Then the function d is said to be a cone metric on' Y and b)P (aP+bP)
(Y,d) is called a cone metric space. (a+b)”>a

u+v[P = x—yP

Definition 2.3[8] Suppose that Y be a non-empty set and  ghki—%il? _ g(u+v)P o qUP+v?) _ 4((6-2)P+(@-v)P)
s> 1 be a given positive real number. A function ¥ x 03 o d o d
Y — E is said to be cone b-metric if and only¥fx,y,ze ~ aZFi %P 5 g30i-2)")P (2@z-y)P)P

A IA

Y, the following assertions are satisfied: = d(x,y) > d(x,2).d(zY).

(i) 0<d(x,y) forall x,y € Y with x£y;

(i) d(x,y) = 0if and only if x=y; Thus the Triangle inequality afme,d) is not satisfying.
(iii) d(x,y) = d(y,x) forall ,yeY; That is,(Y,d) is not multiplicative cone metric space.

(iv) d(x,y) < gld(x,2) +d(zy)] forallx,y,ze Y.
Then the function d is said be a cone b-metric onY and We state the following lemmas without proof.
(Y,d) is called a cone b-metric space.

Lemma 1Suppose that{gm} be a sequence in real
It is to be noted that any cone metric space is coneBanach space E and P be a cone. EntP and g, — 1
b-metric space but generally the converse is not true. as (m — o), then there exists N such that for all mN,
In this work we modified cone b-metric space to we have g < c.
multiplicative cone b-metric space.
Lemma 2.Suppose P be a cone anckgc for all c € intP,

Definition 2.4Let Y be a non-empty set and>sl be a then g— 1.

given positive real number. A mapping:& xY — E
satisfies:

(i) 1 <d(x,y) forall x,y € Y with x#y;

(i) d(x,y) = 1if and only if x=y;

(iii ) d(x,y) = d(y,x) forall x,y € Y;

(iv) d(x,y) < [d(x,2).d(zy)]*forall x,y,z€ Y.

Then the function d is said to be a multiplicative cone 3 Main Results
b-metric on Y and),d) is said to be a multiplicative
cone b-metric space.

Lemma 3Suppose P be a cone. IfgP and g< g* for
some ke [0,1), then g= 1.

In this section, we proved some fixed point theorems in the
setting of multiplicative cone b-metric spaces. Our main

1
(> xi—yilP)P i :
Example 2.9 et d(x,y) = alzl for all x,y € X; resultis follow as:

P>1 . s , Theorem 3.1 et (Y,d) be a complete multiplicative cone
we show that ¢x,y) is multiplicative cone b-metric space p_metric space with power 3 1. Suppose the mapping

(&('g‘)cbvd)’ but not multiplicative cone metric space i.e 1.y _, v satisfies the following contractive condition,

Solution: Since d(Ta Th) < d(a,b)* foralla,beY

(a+b)P < (2max(a,b))P? < 2P(JalP + |b|P)for alla,b>0.  where0 < A < lis a constant. Then T has a unique fixed
(2.1) pointinY.
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Proof. Choosegg € Y. We construct the iterative sequence It follows that

{an}, wherea, = Tan_1,n>1,i.e.,an11 = Ta, = T" ay.
We have d(an+1,an)(141*s“> < d(an’an_l)(,\ﬁg@. (3.1)

d(an:1,an) = d(Tan, Tay_1) < d(an,an_1)* < ... <d(as,a0)"".

Secondly,
Foranym>1, p > 1, it follows that
d(@m,amip) < [d(@m ami1).d(@m:1,8mep)]° d(ans1,80) = d(Tay, Tan_1) = d(Ta_1.Ta,)
< [d(@m. Bms 1)1 [d(@m: 1,8 2)-d(@ms 2,8 p)] <d(an 1,Tay 1)".d(an, Tan)'2.d(an 1, Tan)*.d(an, Tan 1)™
< d(am,an11)%[d(@me 1, ami2)]> - [d(ami2. Bmis)]S < d(@n-1,80)*.d(an,80:1)*2.[d(an_1,80).d(Xn, 80 :1)]%3
o ~d(afn+p—2sam+p—1)SP71~d(am+p—1aam+p)5p71 < d(amanﬂ)()\ysz\s)'d<anyan71>(/\1+s)\3).
< d(ag.a0)™".d(as,a0) " d(ay.a0)" " This establishes that
- d(ana0)® T d (e, a0)
— d(ag, ag) @A LA 2 AT P d(ans1,an) T 27) < d(an,an_1) M), (3.2)
d(as,20) 257 Adding (3.1) and(3.2) gives

<
. . . qhpsigily)
let 1 < c be given. Notice  that d(an,1,an) =d(an,an_1)Z %1 A2 Mstia),

d(al,ao)lSETA — lasn — o for any p. By Lemmal, we

! A1+A2+s(Az+A .
find mp € N such that Put A = WM it is easy to see that

A €10,1). Thus,

20 d(an+1,80) < d(an,an-1)* ... d(az,a0)*".

d(2,80) 75 <6, We can follow the same argument that is given in
Theorem3.1, there exista* € Y such thata, — a*. Let

for eachm > my. thus, ¢ > 1 be arbitrary. Since,, — a*, there exisiN such that

SAm

d(@m, am;p) < d(ag,8) T <, o 2= M-S -
d(an,a’) < 25+ 2s

for all m > my and anyp. So, a, is Cauchy sequence in Next we want to show tha&*" is a fixed point ofT.

(Y,d). Actually, on the one hand,

Since (Y,d) is a complete multiplicative cone b-metric x4 < g(Tar, Ta) d(Tana )F = d(Ta, Tan).d(an1,a)°
space, there exigt“inY such thata, — a*. Takeng € N B ' ' '

* 5\ A A * A #\Aq1S #\S
such thatl(an,a") < gz for all n > no. Hence <@, Tar) . d(an, Tan) 2.d(@", Tan) 2. (@, T ) 4] d(@n;1,2)

=[d(a",Ta' ) d(an,an1)"2.d(@",an 1) .d(an, Ta")*]%.d(an:1,8")°

d(Ta",a") < [d(Ta",Tay).d(Tan,a")]® < [Ad(a",an).d(an1,8")]° < c, < d(a*,Ta*)S"l.d(an,a*)SZAZ.d(a*,an+1)52"2.d(a*,an+1)s"3

for eachm > my. By use of Lemma2, we deduce that d(an,a).d(a", Ta' ) d (8 1,8°)°
d(Ta*,a*) =1, i.e.,, Ta* = a*. That is,a* is a fixed point — @ Ta) P oy, o) Fe P
of T. , o

5 PAp+sA3+)
For proving uniqueness, if there is another fixed point (", 30ya) 25T,
then by the given assertion, Implies that

* b*) = d(Ta*'.Th") < Kk )\.
d(a b ) d( a,Th ) —.d(a b ) d(a*7-|-a*)(l—s}\1—32)\4) < d(an’a*)(sz/\ersz/u).d(a*’anJrl)(Sz)\erS/bJrs).
By Lemmas3, a* = b*. This complete the proof. - (3.3)

Theorem 3.2.et (Y,d) be a complete multiplicative cone On the other hand,
b-metric space with powers 1. suppose the mapping:T 44 1a) < da d VS dlat sq <)
Y — Y holds the contractive condition: (& T = [ T d(Tan, T =l o, (T T

< d(a@",an:1)%.[d(an, Tan)*1.d(@", Ta)*2.d(a,, Ta')3.d(a*, Ta, ) 4]
d(TaTh) < d(a,Ta)’1.d(b,Th)*2.d(a, Th)*3.d(b,Ta)*for a, be Y, 1

=d(@",an:1)%[d(an. an1)"1.d(@", Ta)*2.d(an, Ta')*s.d (@, ans1)4)°
where0 < Aj < 1/s is a constant. Then T has a unique < (@ 80s1)°d(an, )P d(@ )P (@, T )2 d (a0, )9

fixed pointinY. d(a Ta )P d(at a )™

Pro?f. Chooseap € Y anda; = Tag andap 1 = Tay, = — d(ar, Ta)@29) (g, o) P+ Pa)

T a. ' s

First we see (@ aq.) P,

d(an:1.80) = d(Tan, Tan-1) Which means that
< d(@n, Tan)"t.d(8n-1,Tan1)"2.d(an, Tay-1)*3.d(aq-1, Tan)™
< d(8n,3041)".d(@01,80)2.[d(801,80) A (X, 8n11)] d(a, Ta")1=92-5%) < d(a, a*)SM1+54) d(a*, gy, 1) (SArrshars),
< d(@nant) M d (8, a0-1) P2, (3.4)
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Adding (3.3) and(3.4) gives

(2— s\ — Sy — A3 —SAg)d(a", Ta)
< d(am a*)sz()\1+)\2+)\3+)\4) .d(a*’ an+1)(52A1+52A2+s)\3+5)\4)
< d(an,a*)sz.d(a*,an+1)<sz+2s>.

By simple calculations,

de(ana) (L+2s)d(a*,an11)
d(a", Ta") < S r e

< C.

we can see easily from Lemn2athatd(a*, Ta*) = 1,
e., the mappingl has a fixed pointa*. At last, for
uniqueness if there is another fixed pdihtthen
d(a = d(Ta",Th")
d(ar,Ta' )M d(b", Tb')*2.d(a", Tb")’s.d(b*, Ta")s
[d(a*,b").d(b*, Tb*)]¥3.[d(b*,a").d(a*, Ta")|?4
d(a b) (Ag+A4)

[ IA I/\

Owing to 0< s(Az+A4) < 1, we deduce from Lemma
thata* = b*. This compete the proof.

4 Application

We can make use of Theorem (3.1) in this section to the

given first order boundary problem of periodic type

b* = F(t,b(t))
b(1) = bo

We can write(4.1) as,b(t) =

(4.1)

bo J1 F (t,b(t)"

Example 4.XConsider the boundary problerf#.1) with
the continuous function F and let(g b) satisfies the
local multiplicative Lipschitz condition, that is,

G(a b) 19
< c

‘G(a c ‘ st

Set N= max ‘F(a, b)’, then it must have a unique
[=h.h]x[a,b]

solution of(4.1).
Solution Let Y =E = C*([-h,h]) and P={ac E:

a> 0}.

Putd:YxY —E as d(ab) =

C*[—h,h] = R.
Clearly (Y,d*) is a complete multiplicative cone b-metric
space. We can writgd.1) as,

— o [ Flsx(s)*

A mapplng is defined as TC([—h,h]) — R by T&t) =
bo /1 F(s.a(s))™.

max
—h<

b(—} with f =

Ifa(t),b(t) € B(¢,8) = {g(t) € C*[~h.h] : d(¢,&) < 5}
then from
T (TaTH) = a7
= —h<t<h(/ ‘F
a(s
b(s
< max ([0 )
Ld (a,b)
ds
< max ([1%)
Ld(@b) d(ab)
_ _ L
= max (t-1) < (k)
< d(a,b)*
= d(Ta Th) < d(a,b)*
and
* A _ La dS
' (Tabo) =" (Tabo) = max [¢ = max | ['Fisats

< max ‘F (s,a( ))’gé

we calculate T: B(&, 6) — B(&,0) is a contractive
mapping. At last, we will show thatB(&,d),d) is
complete, becauséa,} is Cauchy sequence in(8,9),

for all a € Y such thatdi(ay,a) < C.

Thus

d*(¢,a) <d"(an,¢).d"(an,@) <3.C

Hence d¢&,a) < 8, which means that & B(¢,d), that is
(B(¢,90),d) is complete. Thus the fixed point of T is unique
ie., at) e B(&,0).

Thus, we conclude that, there exist a unique solution of
4.1

5 Conclusion

. In this manuscript, we introduces for the first time the
notion of multiplicative cone b-metric space and presented
some fixed point theorems in setting of multiplicative cone
b-metric space. We also give an application to support our
main result.
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