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Abstract: In this paper, we extend the concept of generalized proxamiadractions of the first kind to proximadr, 3)y-contractions
typesA andB. We show with examples that our new classes of mappings ligeearalization of many known classes of non-self and
self mappings in literature. We also introduce some comwlitdr proving the best proximity point theorems in such séss Applying
our new concepts, we obtain best proximity point results etrimspaces endowed with an arbitrary binary relation arttimspaces
endowed with graph.
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1 Introduction extended this concept to non-self version which so called
a-proximal admissible mapping. They also give the

It is well-known that many problems in the real word can existence theorems of best proximity points.

be formulated as equations of the foiinx = x, whereT From mentioned above, we introduce new classes of

is a self-mapping in some suitable framework. From theBo-proximal subadmissible mappings and

fact that fixed point theory find into the existence of a (a,[3)y-contraction mappings which is a generalization

solution to such generic equations and brings out theof class of generalized proximal contractions of the first

iterative algorithms to compute a solution to such kind due to Sadiq Bashd §]. We also give some example

equations. However, in the case®is non-self mapping; to show the real generality of class @f, 8)-contraction

the aforementioned equation does not necessarily has mappings and obtain new best proximity point theorems

solution. In such case, it is worthy to determine anfor such mappings. Our result improve and

approximate solution such that the error between a point complementary several results in literatures. As an

x and Tx is minimum. This is the idea behind best application of our results, best proximity point results on

approximation theory. A classical best approximationmetric space endowed with an arbitrary binary relation

theorem was introduced by Fag@][ Afterward, several and metric space endowed with graph are also derived

authors, including Prollall], Reich [14], Sehgal and from our results.

Singh R1,22], have derived extensions of Fan’s Theorem

in many directions. Moreover, for a detailed account of

global optimization and the existence of a best proximity 2 Preliminaries

point, one can refer tdl,11,19,6,17,20,15,7,23,5,8].

In 2012, Samet et al.1B] introduced the concept of In this section, we review some basic concepts and results
a-admissible self mapping and proved the existence andvhich will be used later. Throughout this paper, unless
uniqueness theorems of fixed point by using the idea oftherwise specifiedA and B are nonempty subsets of a
a-admissible mapping. Afterward, Jleli and Sam8&} [ metric spac€X,d). We recall the following notations and
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notions that will be used in what follows: Definition 5 ([18])A self mapping T. X — X is said to be
a-admissible, wherer : X x X — [0, ), if
d(A,B) :=inf{d(x,y) : x € Aandy € B},
xyeX,axy) >1l=a(TxTy) >1
Ap = {xeA:d(x,y) = d(A,B) for somey € B},

By :={y € B:d(x,y) = d(A,B) for somex € A}. Definition 6 ([4])Let T: A— B anda : Ax A— [0,) be

) two mappings. We say that T dsproximal admissible, if
Remark 1Two sets A and B are nonempty provide that

ANB # 0. Further, if A and B are closed subsets of a a(x,y) >1,

normed linear space such thatAl B) > 0O, then A and d(u,Tx)=d(AB), } = a(u,v)>1 (2.2)
By are contained in the boundaries of A and B d(v,Ty) = d(A,B)

respectively (seelf]).

forall x,y,u,v e A.

Definition 1A subset B of X is said to @proximatively ' . _ o
compactwith respect to A if every sequenég,} in B . Qlearly, for self-ma.ppl'ngT is a-proximal admissible
satisfies the condition that(g,y,) — d(x,B) as n— «  implies thafT is a-admissible.

for some e A has a convergent subsequence. Definition 7 ([9])Let X be a nonempty setand X x X —
[0,0) be a mapping.

Remark 2lt is easy to see that every set is

approximatively compact with respect to itself and every

compact set is approximatively compact. Moreovey, A

and B are nonempty set if A is compact and B is

approximatively compact with respect to A.

1.a is said to beforward transitiveif for each xy,z € X
for which a(x,y) > 1 and a(y,z) > 1, we have
a(x2) > 1;

2.a is said to be-backward transitivéf for each xy,ze
X for whichO < a(x,y) <land0< a(y,z) <1, we

. ) ) i o have0 < a(x,z) < 1.
Definition 2A point xe A is said to be &est proximity

pointof the mapping T A — B, if it satisfies the following
condition: _
d(x, Tx) = d(A,B). 3 Main results

Throughout this paper, we uges(T) stands forthe |, this section, we introduce the new classes of
set of all best proximity point of mapping: A — B. Bo-proximal subadmissible mappings and proximal
(a,B)y-contraction mappings which is a generalization
of class of generalized proximal contraction of the first
kind mappings. We give some illustrative example for
support real generalization of class of proximal

o , ) ) (a,B)y-contraction mappings. Also, we establish the
Definition 3 ([1,13])A mapping T: A — A is said to be  exjstence theorems of best proximity points.

weak contractionif for each xy € A,
Definition 8Let T: A— B andf3 : Ax A— [0,) be two

Remark 3lt can be observed that a best proximity
reduces to a fixed point if the underlying mapping is a
self-mapping.

d(TxTy) <d(xy) — @(d(xy)), (2.1) mappings. We say that T fi3-proximal subadmissible, if
where ¢ : [0,00) — [0,0) is a continuous and 0< B(xy) <1,
nondecreasing function such thatt) = 0 if and only if d(u,Tx)=d(A,B), = 0<B(u,v) <1 (3.1)
t =0 and limi_, Y(t) = . If A is bounded, then the d(v,Ty) =d(A,B)

infinity condition can be omitted (se&, [L3]).
forall x,y,u,v € A.

Definition 4 ([15])A mapping T: A — B is said to be a

generalized proximal contraction of the first kiifdfor =~ Remark 4If T is self mapping, then the concept of

each uv,x,y € A, the following condition holds: Bo-proximal subadmissible reduces f&-subadmissible
due to Latif et al. P].

d(u,Tx) =d(A B),

d(v,Ty) =d(AB) } = duy) <dixy) —dxy), Definition 9A mapping T: A— B is said to be aproximal

. ) _ (a,B)y—contraction typeA if there existsr,3 : Ax A—

wherey : [0,0) — [0, @) is continuous and nondecreasing [0, «0) satisfies the following condition:

such thaty(t) = 0if and only if t= 0 andlim;_.. Y(t) =

. If A and B are bounded, then the infinity condition can d(u,Tx) =d(A,B),
be dropped. d(v,Ty) =d(A,B)
(© 2016 NSP
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U and 0.1/2)

1, xye|0,1/2],
d(U,V) S B(Xay)d(x7y) - a(X,y)'.,U(d(X,y)), a((o’ X), (07y)) — -
forall u,v,x,y € A, wherey : [0,c0) — [0, ) is continuous 0, otherwise,
and nondecreasing such thgit) = 0 if and only if t=0
andlim; e (t) = . 1+x+y, xye(0,1/2],
B((O,X),(O,y)) = |X_y|
Definition 10A mapping T: A — B is said to be a ———— otherwise
if there exists 1+ [x=yl

proximal (a,)y—contraction typeB
a,B: Ax A— [0,) satisfies the following condition:
d(v,Ty) = d(A,B)

}

a(xy)d(u,v) < B(xy)d(xy) — @(d(xy)),

forall u,v,x,y € A, wherey : [0,c) — [0, ) is continuous
and nondecreasing such thgit) = 0 if and only if t=0
andlimi_e Y(t) = co.

d(u,TX) = d(A,B),

Remark 5If A and B are bounded, then the infinity
condition in Definition® and10 can be dropped.

Remark 6If we take,o (x,y) = B(x,y) = 1, then proximal
(a, B)y-contraction mapping types A and B become to a
generalized proximal contraction mapping of the first kind
(see Definitiord). Moreover, it is easy to see that a self-
mapping, proximala, B)y-contraction mapping reduces
to a weak contraction mapping.

Next, we give some example to show the real
generality of classes @fr, ) y-contraction mappings.

Example 1Consider the complete metric space=XR?
with the metric ¢ X x X — [0, ) defined by

d((X1,%2), (Y1, ¥2)) = X1 — y1| + [X2 — ¥2|
for all (x1,%2),(y1,¥2) € X. Let

A={(0y):0<y<1}, B={(Ly):0<y<1}.
Then dA,B) =1, Ay = A, By = B. Define the mappings
T : A— B as follows:

y
0,1/2
) ez

T((0y) = ( ’

(1,y%), otherwise
for all (0,y) € A.

Now, we show that T is proximédr, 3)y-contraction
type B with the functioy : [0,00) — [0,0) anda, B : Ax
A — [0,) defined by

2

: forallt € [0,00)

w(t) =

for all (0,x),(0,y) € A.
Let (0,x1),(0,x2),(0,a1) and (0,az) be elements in A
satisfying

d((0,x1),T(0,a1)) =d(A,B) =1 (3.2)

and
d((0,x2),T(0,a2)) =d(A,B) = 1. (3.3)

Case 1: Suppose that gay € [0,1/2]. From @.2) and
(3.3, we get
foralli=1,2.

o
1+a

Without loss of generality, we may assume that-a
a, > 0. Then we have

a ( (07 Xl)? (07 XZ))d ( (07 Xl)? (07 XZ))

ar a
= d((o’m)v(ovraz))
ar ap
. a—a&
T (Ia)(lta)
a; —ay
T l+|a—ag
a -t (- ap)?— (a—ap)?
o 1+|a1—a2|
(a1—ap)?
= (al—az)—m
(a1—ap)?
< (1+a1+a2)(a1 —a2) — m

= B((0,a1),(0,a2))d((0,a1),(0,a2))
—(IJ(d((O, al), (O, az))) .

Case 2: Suppose thatag [0,1/2] or ap ¢ [0,1/2]. Then
we have

G((O, Xl)? (07 XZ))d((07 Xl)? (07 XZ))
=0
< B((O, az), (0, az))d( (0, a), (0, az))
_qj(d((oa al)a (Oa aZ))) :

Therefore, T is proximala, 3)y—contraction type B.
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Remark 7From Examplel, we can see that T is not a Proof. By the hypothesi§d), there exist elemeng andx;
generalized proximal contraction of the first kind. Indeed, in Ag such that

putting
(0,x1) = (0,25/49),
(0,x2) = (0,36/47),
(0,a1) = (0,5/7)
and

(0,a2) = (0,6/7)
are elements in A. Then we get
d((0,x1),T(0,a1)) = d((0,25/49),(1,25/49))
=1
=d(A,B)
and
d((0,%2),T(0,a2)) = d((0,36/49),(1,36/49))
=1
=d(AB)
but
d((0.x0). (0,%2)) = d((0,25/49). (0,36/49))
=11/49
>1/8
2
=17- 1(1/1)/7
= d((0,a1),(0,a2))
—(d((0,a1), (0,82))).

Here, we give the best proximity point theorem for

proximal(a, B)y-contraction non-self mapping typge

Theorem 1Let (X,d) be a complete metric space and A

and B be nonempty closed subsets of X such thairA
Bp is nonempty set. Suppose that A — B satisfy the
following conditions:

(a)T is continuous;

(b)T is a proximal(a, B)y-contraction type A,

()T is a-proximal admissible and By-proximal
subadmissible;

(d)there exist elementand x in Ag such that

d(x1,Tx) =d(A,B) and
0 < B(x0,%1) <1< a(xo,%);

(€)T(Ao) < Bo;
(f)a is forward transitive angB is 0-backward transitive.

d(x1, Txo) = d(A,B) (3.4)

and
0 < B(xo,x1) <1< a(xo,xa). (3.5)

In view of the fact thail (Ag) C By, it is ascertained that
there exists an elemext € Ag such that

d(x, Tx) = d(A,B).
From 3.4), (3.5 and (3.6), using €.2) and @.1), we get

0< B(X1,%2) <1< a(Xg,X2).

(3.6)

SinceT(Ag) C By, we can find an elemeng € Ag such
that

d(xs. Tx) = d(A.B). (3.7)
Again, by @3.6) and @.7) and the conditions2(2) and
(3.2), we have

0< B(X2,%3) <1< a(xe,x3).

By similar fashion, we can construct the sequefieg in
Ag such that
d(Xnt1, Tx) = d(AB)

and

0< B(Xnvxn-s-l) S 1 S a(xnvxn-s-l) (38)

for all n € N. Using proximal (a,f)y-contractive
condition typeA, we have
d(%n, %n+1) < B(Xn-1,%)d(Xn-1,%n)
—0 (Xn-1, %) P(d(Xn-1,%n))

< d(Xn-1,%n) — Y(d(Xa-1,%n))

< d(Xh-1,%n) (3.9)
for all n € N. Puttingdy := d(X,—1,%n) for eachn € N. So
0<dnt1 <dn—(dy) <d,forallneN. Therefore{dn}

is a nonincreasing sequence and bounded below, then there
existsr > 0 such that

limd,=r.
n—o0

Now, let us claim that = 0. Suppose that> 0, from the
fact thaty is an increasing, we obtain that

W(dn) > Y(r) >0

Then for anyn € N, we have

foralln e N.

Then T has a best proximity point, that is, there exists a

point X' € A such that
d(x*,Tx) =d(A,B).
Moreover, if 0 < B(xy) < 1 < a(xy) for all

T

X,y € Bes{T), then X is a unique best proximity point of

Ont1 < B(Xn—1,%1)0n — o (Xn—1,%n) P (dn)
< dh—Y(dn)
< On—y(r).

Hence, we can deduce that

dnJrk < dn - kLﬂ(dn)

(@© 2016 NSP
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which is a contradiction fok large enough. Therefore, we
haver = 0 and thus

Amo d(Xn,Xn+1) = 0. (3.10)

Next, we will prove that{x,} is a Cauchy sequence.

Assume thaf{x,} is not a Cauchy sequence. Then there

existse > 0 such that

d(Xm,Xn,) > € (3.11)

for all ng > my > k, wherek € N. Further, corresponding to
my, we can choosg in such a way that it is the smallest
integer withn, > my > k satisfying 8.11). Then we have

d(Xmy, Xn,) > € and d(Xm, Xn,—1) < €. (3.12)

By using B.12 and triangular inequality, we get
£ < d(Xm, %n,)
< d(Xm, Xy —1) +d(Xn -1, %0, )
< &+ d(Xn—1,Xny )-
(3.13)
From 3.10 and @.13, we have

imd(xw’xnk) =E.

(3.14)

Again, by the triangular inequality, we get

d(Xmy, Xn) < d(Xm+1, Xy4-2) + d(Xmy Xme+1)
+d(Xn+1, %0 )
< d(Xmyt1, Xmy ) + d(Xme, Xy ) + d (X, Xy +1)
+d (Xme; Xmy+1) 4 d(Xn+-1, Xny )
= 2d(Xm+1,Xm) + d(Xmy, X, )
+2d (X Xy 1)
(3.15)
Using (.10, (3.14 and @B.15, we get

Ili_rﬂod(xwﬂaxnkﬂ) =¢&. (3.16)

Again, by the triangular inequality, we get

d(XlT'kvxnk) < d(Xm(,Xnk-s-l) + d(xnk+1axnk)
S d(XmK,Xnk) + d(xnk7xnk+l) + d(xnk+la Xnk)

(3.17)
Using 3.10 and @3.17), we obtain that
I!iﬂl)d(xmk,xnkﬂ) =€. (3.18)
Similarly, we can prove that
|lmd(xnk’xm‘”) =¢. (3.19)

By construction of the sequende,}, we can conclude

that
d(Xm+1, TXm) = d(A,B)

and
d(Xnk+1a TXnk) = d(Av B)

Sincea is forward transitive 8 is 0-backward transitive
andng > my, we have

0 < B(Xme:Xn) < 1< a(Xmg, Xn)-

Using the proximala, B)y—contractive condition typé
of T, we get

d(Xmet1, X +1) < B(Xmy X )d (X, Xy )
— 0 (Xmy, X ) Y (d (Xmy X, )
< d(Xmy; Xn,) — W(d(Xmy, %n, )

for all k € N. Lettingk — o in above inequality, by using
(3.19, (3.16, (3.18 and 3.19, we obtain that

e<e—yY(e)<e

which is a contradiction. Then, we deduce that} is a
Cauchy sequence. Sinéeis closed subset of complete
metric space¥, then there exists* € A such thak, — x*
asn — o. By the continuity ofT, we getTx, — TX* as

n — o0, Hence

d(x*,TX) = Ilmd(xnk+1,Txnk) =d(A,B),

that isx* is a best proximity point of .

Finally, we prove tha* is a unique best proximity
point of T. Suppose thay* is another best proximity
point of T. By the assumption, we get
0 < B(x,y*) <1< a(xy*). Then, by the property of
Y, we get
d(xy") < By )dx,y) - a(x,y (< .y")

< B(X,y")d(x",y")

< d(x",y"),
which is a contradiction and thug = y*. Thereforex* is
an unigue best proximity point af. (]

Now, we introduce new condition in stead the

continuity of T for prove the new best proximity point
theorem, by assuming the following condition for get

(") 1f {xn} is a sequence iA such that
0 < B(Xn,Xn+1) <1< A (%, %n41)

for all n andx, — x asn — o for somex € A, then there
exists a subsequenég,, } of {x,} such that

0 < B(Xn,X) <1< a (X, X)
forallk € N.

Theorem 2 et (X,d) be a complete metric space and A
and B be nonempty closed subsets of X such that B is
approximatively compact with respect to A angl & By
is nonempty set. Suppose that: A — B satisfy the
following conditions:

(@© 2016 NSP
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(a)A satisfy conditior{H');

(b)T is a proxima!(a, B)w-contrgction type A; '

(c)T is a-proximal admissible and By-proximal
subadmissible;

(d)there exist elementand x in Ag such that

d(x1,Tx) =d(A,B) and
0 < B(x0,%1) <1< a(xo,%);

(€)T(Ao) € Bo;
(f)a is forward transitive angB is 0-backward transitive.

Then T has a best proximity point, that is, there exists a

point X € A such that
d(x*,Tx) =d(A,B).

Moreover, if 0 < B(xy) < 1 < a(xy) for all
X,y € Bes{T), then X is a unique best proximity point of
T.

Proof. As in the proof of Theoreni, we can construct the
sequencéx,} in Ag such that

d(Xnt1, T%) = d(A,B)

and
0 < B(Xn,Xnt+1) <1< a(Xn,Xn+1)

for all n € NU{0}. Furthermore, we can prove thgt,}
is a Cauchy sequence and it converges to some gaint
A. SinceT(Ap) C By andB is approximatively compact
with respect toA, the sequencéTx,} has a convergent
subsequencgT x,, }, that is

lim d(T %y, b) =0,
k—00

for someb € B and hence

d(xb) = lim d(x 1, TX,) = d(AB)

which implies tha € Ag. Thus,T x € By and then
d(u,Tx) =d(A,B) (3.20)

for someu € Ag. From, the conditioriH’) of T, then there
exists a subsequenég, } of {x,} such that

B, X) <1< a(Xy,X)

for all | € N. Using the proximal(a,)y-contractive
condition typeA of T, we get

d(xn|+17 U) < B(an ,X)d(an 7X) - U(an ,X)q](d(an ,X))
< d(xn| 7X) - ‘I"(d(xm 7X))

for all | € N. Sincey is continuous, we get

lim d(Xn41,u) =0,
| —00

that isx, — u asl — . By the uniqueness of limit of
the sequencéx,}, we conclude thati = x. From 3.20,

we getd(x, Tx) = d(A,B). Thereforex s a best proximity
point of T.

For the uniqueness part of the proof, it follows as in
Theoreml. Then, in order to avoid repetition, the details
are omittedJ

Next, we replace the proximdl, )y —contraction
mapping type A by proximal (a,B)y—contraction
mapping typeB and show that the best proximity point
theorems is still hold.

Theorem 3et (X,d) be a complete metric space and A
and B be nonempty closed subsets of X such thairA
Bp is nonempty set. Suppose that A — B satisfy the
following conditions:

(a)T is continuous;

(b)T is a proximal(a, B)y-contraction type B;

()T is a-proximal admissible and By-proximal
subadmissible;

(d)there exist elemengyand x in Ag such that

d(x1, Tx) =d(A,B) and
0 < B(x0,x1) <1< a(xo,x1);

(€)T(Ao) € Bo;
(f)a is forward transitive angB is 0-backward transitive.

Then T has a best proximity point, that is, there exists a
point X € A such that

d(x*,Tx') = d(A,B).

Moreover, if 0 < B(xy) < 1 < a(xy) for all
X,y € Bes{T), then X is a unique best proximity point of
T.

Proof. By the same argument as Theoredmwe can
construct a sequende,} in Ag such that

d(Xn+1, T%) = d(A,B)

and
0 < B(Xn,Xnt+1) <1< a(Xn, Xnt1)

for al n e NuU{0}. Sine T
(a, B)y-contraction type, we have

is a proximal

o (Xn—1,%n)d(Xn, Xn+1)
B(Xn-1,%1)d(Xn—1,%) — Y(d(Xn—1,%n))
ggxn—laxn; — P(d(Xn—1,%n))

anla Xn

d(Xn, Xn+1)

VANRVANVANIVAN

for all n € N. Puttingdy, := d(X,—1,%n) for all n € N, then
we have
0 < dns1 < 0y — (dn) < dy

for all n€ N and hencgd,} is a nonincreasing sequence
and bounded below. Thus, there exists 0 such that

limd,=r.
n—oo

(@© 2016 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 2, 507-518 (2016)www.naturalspublishing.com/Journals.asp

N SS ¥

513

Now, let us claim that = 0. Suppose > 0, from the fact
thaty is an increasing, we obtain that

Y(dn) > (r) >0 forallneN.
Then for anyn € N, we have

A (Xn—1,%n)0n+1
B (Xn—1,%n)dn — Y(dn)
d

h—Y(dn)
< dn— w(r).

Hence, we can deduce that

np < dh — pY(dhn)

which is a contradiction for positive integgp large
enough. Therefore, r = 0 and thus
liMp_e d(Xn, Xn11) = 0. Next, we will prove tha{x,} is a
Cauchy sequence. As a same argument in Thedsene
have

dn+1 <
<

IN

iMoo A (Xmy s Xy ) = liMic 00 A (Ximy 5 Xy 1)
= liMy_00 d(Xn , Xmy+1)
=&
and
d(Xmy, Xme+1) = d(A,B) andd (X, , Xn+1) = d(A, B).
Moreover, we get
0 < B(Xme:Xn) < 1< a(Xmy, Xny)-

Using the proximala, 3)y-contractive condition typ&
of T, we get

d(Xmy+1, Xne+1) < O (Xmy, Xn ) d(Xmy 42, Xy +11)

< B (Xme: X )d(Xmy , Xn ) — @(d(Xmy Xy )
< d(Xmy, Xn,) — Y(d(Xm,, Xn,))-

Takingk — o, we obtain that
e<e—yY(e)<e

which is a contradiction. Then, we deduce that} is a
Cauchy sequence and converges to some elerieni.
By the continuity ofT , we gefT x, — T X* asn — . Hence

d(x*,TX) = lliir:ool(xnkﬂ,Txnk) =d(A,B).

That isx* is a best proximity point oT .

Finally, we prove tha* is a unique best proximity
point of T. Suppose that* is another best proximity point
of T. By the assumption, we get

0< B(X"y) <1< a(x',y). (3.21)

By above inequality and the property ¢f we get

d(x",y") < a(x',y)d(x",y")

< B(XLy)d(X",y") — @(d(x",y))

< B(X,y")d(x",y")

< d(x,y),
which is a contradiction and thug = y*. Thereforex* is
an unique best proximity point af. [J

Theorem 4Let (X,d) be a complete metric space and A

and B be nonempty closed subsets of X such that B is

approximatively compact with respect to A angl & By
is nonempty set. Suppose that: A — B satisfy the
following conditions:

(a)A satisfy conditior{H’);
(b)T is a proximal(a, 8)y-contraction type B; _
()T is a-proximal admissible and Bp-proximal
subadmissible;
(d)there exist elementyand x in Ag such that
d(x1,Tx) =d(A,B) and
0 < B(x0,x1) <1< a(xo,xa);

(€)T(Ao) < Bo;
(f)a is forward transitive angB is 0-backward transitive.

Then T has a best proximity point, that is, there exists a
point X € A such that
d(x*,Tx) =d(A,B).

Moreover, if 0 < B(xy) < 1 < a(xy) for all
X,y € Bes{(T), then X is a unique best proximity point of
T.

Proof. As in the proof of Theoremi, we can construct a
sequencéx,} in Ag such that

d(Xnr1, TX) = d(A,B)
and
0 < B(Xn,%n+1) <1< a(Xn, Xns1)

for all n e NU{0}. Furthermore, we obtain thgk,} is a
Cauchy sequence and converges to some geainfg with

d(u,Tx) = d(A,B) (3.22)

for someu € Ag (see the proof of Theore). From, the
condition(H’) of T, then there exists a subsequefgg }
of {x»} such that

0 < B(Xn,X) <1< a(Xn,X)
for all | € N. By previous equation and the proximal
(a, B)y-contractive condition typB of T, we get

d(Xny 11, U) < (X, X)d (X 12, U)
< B (%0, X)d (X, X) — Y(d(Xny, X))
< d(Xn,X) — Y(d(Xn ;X))
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for all I € N. By the continuity ofy, we get of the first kind with respect t& if, for each uv,x,y € A,
the following condition holds:

XZY,

that isx, — u asl — c. Using the uniqueness of limit of gg\tj"l-[;?::g(%g))’ } = d(uv) <d(xy) - p(dxy)),

the sequencéx,}, we conclude that = x. From (3.22,
wet getd(x, TX) = d(A,B). wherey : [0,0) — [0, ) is continuous and nondecreasing
For the uniqueness part of the proof, it follows as in gych thaty(t) = 0 if and only if t= 0 andlimy_,e Y(t) =

Theorem3. Then, in order to avoid repetition, the details o,
are omittedJ
Puttinga(x,y) = 1 andB(x,y) =1 in Theoreml or ~ Theorem H.et (X,d) be a complete metric space and A
Theoren3, we get the following result. and B be nonempty closed subsets of X such that By
. is nonempty set. Suppose thidtis a binary relation over
Corollary 1Let (X,d) be a complete metric space and A A and T: A— B satisfy the following conditions:
and B be nonempty closed subsets of X such that By (A)T is continuous;

Is nonempty set. Suppose that A — B is a continuous (B)T is a generalized proximal contraction of the first
generalized proximal contraction of the first kind and . ' 9 p
kind with respect toz;

T(Ag) C Bo. Then T has a unique best proximity point. ()T 1S proximal montone mapping with respectio
(D)there exist elemengyand x in Ag such that

d(x1, Tx) = d(A, B) and %%xi;
(E)T(Ao) C Bo;
In this section, we give the several best proximity point (F)A has a transitive property with respects.

results which are obtained by our results in Sec8on Then T has a best proximity point, that is, there exists a
point X € A such that

d(x*,Tx') = d(A,B).

lim d(Xn 41,u) =0,
| —00

4 Consequence

4.1 Best proximity point results on metric spacesMoreover, if X2y for all x,y € Bes{(T), then X is a unique

endowed with an arbitrary binary relation best proximity point of T.
Proof. Consider two mapping®, : A x A — [0,»)
defined by
In this subsection, we give the existence of fixed point 1 it
theorems on a metric space endowed with an arbitrary ax.v) = B(x :{ ! Y, 4.2
binary relation. Before presenting our results, we give the Oey) = Bxy) 0 otherwise (4.2

following notions and definition. for all xy ¢ A From condion (D), we get

Definition 11Let A and B be nonempty subsets of metric® (%0, 7X0) = B(X0,Tx) = 1. It follows from T 'is
space(X,d) and % be a binary relation over A. We say Proximal monotone mapping with respecti®thatT is
that T: A — B is a proximal monotone mapping with a-proximal admissible angBy-proximal subadmissible.

respect to7 if the following condition holds: Yield to A has a transitive property with respecti we
geta is forward transitive ang is 0-backward transitive.

XY, SjnceT i§ a generalized proximal co_ntraction of the first
d(u,Tx) = d(A,B), % — u%v (4.1) kind ~with respect to #, T is a proximal
d(v, Ty) = d(A, B) (a,B)y—contraction typeA and is also type. Novy all

the hypotheses of Theorein(or Theoren®) are satisfied
and thus the existence and uniqueness of the best
proximity point of T follows from Theorem1 (or

Definition 12Let X be a nonempty set aid be a binary ~ Theoren). [

rellation over X. We say that X has @ansitive property In order to remove the continuity of, we need the
with respect to7 if following condition:

X,y,ze X, XZyand YZz=— X%z

forall x,y,u,v € A.

Definition 14Let # be a binary relation over nonempty

set X. We say that X satisfy conditiopZ7) if {x,} is a
Definition 13Let A and B be nonempty subsets of metricsequence in A such tha;%#x,1 for all n and % — x as
spacg X,d) andZ be a binary relation over A. Amapping n — o for some x€ A, then there exists a subsequence
T :A— Bis said to be ageneralized proximal contraction {x,, } of {x,} such that x %x for allk € N.
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Theorem 6Let (X,d) be a complete metric space and A Definition 16Let (X,d) be a metric space and A be
and B be nonempty closed subsets of X such that B isonempty closed subset of X endowed with a gragh G
approximatively compact with respect to A angl @ By We say that A has &ransitive property with respect to
is nonempty set. Suppose thdtis a binary relation over  graphGa if

A and T: A — B satisfy the following conditions:

(A)A satisfies conditio.7);

Xy, z€ A, (X,y) € E(Ga) and(y,z) € E(Ga) = (X,2) € E(Ga).

kind with respect ta7; o then A has a transitive property with respect to graph G
(C)T is proximal monotone mapping with respectzo
(D)there exist elemenand x in Ag such that Definition 17Let (X,d) be a metric space and A and B be

two nonempty closed subsets of X endowed with a graph

d(x1, Txo) = d(A,B) and »%%#xy; Ga and G, respectively. A mapping TA — B is said to

(E)T(Ao) C By; be a generalized proximal contraction of the first kind
(F)A has a transitive property with respect4g. with respect taGa if, for each uv,x,y € A, the following
Then T has a best proximity point, that is, there exists aCOhdItIOﬂ holds:
point X' € A such that (x,y) € E(Ga),
* _ d(u,Tx) =d(AB), » = d(u,v) <d(xy) = @(d(xy)),
d(x*,Tx) =d(A,B). d(v,Ty) = d(A B)

Moreover, if ¥2y for all x,y € Bes{T), then X is a unique ) ) ]
best proximity point of T. wherey : [0,00) — [0, «) is continuous and nondecreasing

such thaty(t) = 0if and only if t= 0 andlimi_. Y(t) =
Proof. The result follows from Theorer (or Theorem .
4) by considering the mappings and 3 given by @.2)
and by observing that conditiofy27) implies condition  Theorem 7Let (X,d) be a complete metric space and A
(). 0 and B be two nonempty closed subsets of X endowed with
a graph Gy and Gg, respectively, such thatpfor By is
nonempty set. Suppose thatA — B satisfy the following
4.2 Best proximity point results on metric conditions:

spaces endowed with graph (A)T is continuous;

(B)T is a generalized proximal contraction of the first
kind with respect to

(C)T proximal preserves edges;

(D)there exist elemenpxand x in Ag such that

Throughout this subsection, leA be a nonempty
closed subset of a metric spacéX,d). A set
{(x,x) : x € A} is called a diagonal of the Cartesian
productA x A and is denoted by\a. Consider a grapBa d(x1, Tx) = d(A,B) and(xo,X1) € E(Ga);
such that the se¥ (Ga) of its vertices coincides witl#\ (E)T(Ao) C Bo;
and the seE(Ga) of its edges contains all loops, i.e., rancit ;

Ap C E(Gy). We assum@, has no parallel edges, S0 we (F)A has transitive property with respect to grap.G
can identifyGa with the pair(V(Ga),E(Ga)). Moreover, Then T has a best proximity point, that is, there exists a
we may treaGp as a weighted graph by assigning to eachpoint X' € A such that

edge the distance between its vertices. A gré&phis .

connected if there is a path between any two vertices. d(x",Tx") =d(A,B).

In this subsection, we give the existence of best .
proximity point theorems on a metric space endowed withV1O"€OVer, if(x,y) € E(Ga) for all x.y € Bes(T), then X
graph. Before presenting our results, we give the'S @ unique best proximity point of T.

following notions and definitions. Proof. Consider two mappings,B : A x A — [0,)

Definition 15Let (X,d) be a metric space and A and B be defined by

two nonempty closed subsets of X endowed with a graph )

Ga and Gs, respectively, and TA — B be mapping. We a(xy) = B(xy) = { 1 if (x,y) € E(Ga); (4.4)
say that Tproximal preserves edges ' ’ 0 otherwise

(x,y) € E(Ga), From condition(D), we geta (Xo, TXo) = B(Xo, TX) = 1.
d(u,Tx)=d(AB), » = (TxTy) €E(Gg) (4.3) It follows from T proximal preserves edges thdtis
d(v,Ty) = d(A,B) a-proximal admissible anfly-proximal subadmissible. A
transitive property with respect to gra@ yield to o is
forall x,y,u,v e A. forward transitive property andf is O-backward
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transitive. SinceT is a generalized proximal contraction Corollary 2Let (X,d) be a complete metric space and A
of the first kind with respect tGa, we getT is a proximal  and B be two nonempty closed subsets of X endowed with
(a,B)y—contraction typeA and is also typ®. Therefore, a graph G and Gg, respectively, such that B is

all the hypotheses of Theorerh (or Theorem3) are  approximatively compact with respect to A angl @ By
satisfied. Now the existence and uniqueness of the bess nonempty set. Suppose that: A — B satisfy the
proximity point of T follows from Theorem1 (or following conditions:

Theoreng). (A)A has Gy-regular property;
In order to remove the continuity of, we need the (B)T is a generalized proximal contraction of the first
following condition: kind with respect to &
(C)T proximal preserves edges;

o ) (D)there exist elemengyand x in Ag such that
Definition 18Let A be a closed subset of a metric space

(X,d) such that A endowed with a grapmGN\e say that d(x1, Tx) = d(A,B) and (xo,x1) € E(Ga);
A has Gy-regular propertyf if {x,} is the sequence in A (E)T(Ag) C By;
such thal(x,,Xn+1) € E(Ga) foralln e Nanditconverges  (F)A has transitive property with respect to graph.G

to the point>e X, then(xn, x) € E(G) foralin € N. Then T has a best proximity point, that is, there exists a

oint X € A such that
Definition 19Let A be a closed subset of a metric spacep

(X,d) such that A endowed with a grapilnG/Ne say that d(x*,TX) =d(A,B).

A has weakly Ga-regular propertyif if {x,} is the

sequence in A such thétn,x,11) € E(Ga) forallne N Moreover, if(x,y) € E(Ga) for all x,y € Bes(T), then x
and it converges to the point& X, then there exists a is @ unique best proximity point of T.
subsequencéx,, } of {xn} such that(x,,,x) € E(G) for

allk & N. Corollary 3Let (X,d) be a complete metric space and A

and B be two nonempty closed subsets of X endowed with
a graph G and Gg, respectively, such that B is
Remark 9If A has Gy-regular property, then it also has approximatively compact with respect to A angl & By
weakly Gy-regular property. Also, if G is connected s nonempty set. Suppose that: A — B satisfy the
graph, then A has gregular property. following conditions:

Theorem 8Let (X,d) be a complete metric space and A (A)Gp is connected graph;
and B be two nonempty closed subsets of X endowed witliB)T is a generalized proximal contraction of the first
a graph Gy and Gg, respectively, such that B is kind with respect to

approximatively compact with respect to A angl @& By (C)T proximal preserves edges;

is nonempty set. Suppose that: A — B satisfy the  (D)there exist elementyand x in Ag such that
following conditions: d(x1, T %) = d(A,B) and (xo, x1) € E(Ga):
(A)A has weakly G-regular property; (E)T(Ao) C Bo:

(B)T is a generalized proximal contraction of the first

kind with respect to @ (F)A has transitive property with respect to graph.G

(C)T proximal preserves edges; Then T has a best proximity point, that is, there exists a
(D)there exist elementpand x in Ag such that pointx° € A such that

d(x1, Txo) = d(A,B) and (xo,X1) € E(Ga); d(x*,TX) = d(A,B).
(E)T(Ao) S Bo; Moreover, if(x,y) € E(Ga) for all x,y € Bes(T), then %

(F)A has transitive property with respect to graph.G is a unique best proximity point of T .

Then T has a best proximity point, that is, there exists a
point X' € A such that
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Moreover, if(x,y) € E(Ga) for all x,y € Bes{(T), then X
is a unique best proximity pointof T.

Proof. The result follows from Theorer (or Theorem
4) by considering the mappings and 8 given by @.4)
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