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in the literature.

Keywords: Complete dislocated quakimetric space, Cauchy sequence, self-mapping, fixed point.

1 Introduction is Kannan type of mapping. Kannad] [provide a new
direction for the researchers to work in the area of metric

In 1906, Frechet introduced the notion of metric space fixed point theory. Almost similar type of contraction
which is one of the cornerstones of not only mathematicscondition has been studied by Chetterjgayhose result
but also several quantitative sciences. Due to itsmay be stated as following:
importance and application potential, this notion has beenSuppose(A;, ¢) is a complete metric space a mapping
extended, improved and generalized in many differentr, : A, — A; satisfying
ways. An incomplete list of the results of such an attempt
is the following: quasi-symmetric spacé4], A-metric ¢(Thay, Thap) < 8-[¢(a1, Tia) + ¢(az, Tray)]
space 15], S'metric spacel6] and so on.

_ Ir.1. the field of metric fixed point theory the first | ih 0<d< % and¥ aj,a € A;. ThenT; has a unique
significant result was proved by Banach in completefqaq noint”. The mapping satisfying the above condition

!’”netric space WhiCh may .be stated as foIIowing:_ is known is Chetterjea type of mapping. Dass and Gupta
'Every contraction mapping of a complete metric SpACe [g] generalized Banach contraction principle by
into itself has a unique fixed point”. introducing rational contractive conditions in metric

Most of the work done in the field of metric fixed spaces.

tphoémcé?ﬁ.?]rytafffr SBS?_%:: c%nt;a?g?n d'?fgrr]glnptlet 'ng()lc\)’f The notion of b-metric space was introduced by
contractitl)nusI ¥I’herefore eﬁglra?l anatulral uestiyoprearis Czerwik [7] in connection with some problems
: 9 y q concerning with the convergence of nOn-measurable

wetheri the conditi_on of Cont.inuity c.’f mappings ?S functions with respect to measure. Fixed point theorems
essential for the existence of fixed point. This quesuonregarding)-metric spaces was obtained & nd [9]. In
has been affirmatively answered by Kannah In [4], 2013, Shukla 10] generalized the notion ob-metric

Kam.‘a”. establishgd Fhe following result in Whi.Ch the spaces and introduced the concept of partiahetric
continuity of mapping is not necessary at each point. spaces. Recently, Rahman and Sarwad] [further

"It ?.mappmg ed?ﬁ _]Z I?l Where(%¥£.C) Irs1 zljldcomplete generalized the concept dmetric space and initiated
metric space and the foflowing condition holds the notion of dislocated quabHmetric space.

¢(6by, 6by) < p-[¢(by, Bby) + ¢(b2, 6by)] In the present work, we have proved some fixed point
theorems for generalized type contraction and for rational

V by,by € Bywith 0 < u < % Then8 has a unique fixed type contraction conditions in the setting of dislocated
point”. The mapping satisfying the above axiom is known quasi b-metric spaces which improve, extend and
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generalize similar type of fixed point results in dislocated Theorem 1. Let (X,d) be a complete dislocated

guasib-metric spaces. quasib-metric space. Lefl : X — X be a continuous
contraction witha € [0,1) and 0< ka < 1 wherek > 1.
ThenT has a unique fixed point iX.

2 Preliminaries Remark. Like b-metric space dislocated qudsimetric
space is also continuous on its two variables.

We need the following definitions which may be found in Rémark. In dislocated quasb-metric space the distance

[11]. between similar points need not to be zero like usual

Definition 2.1. Let X be a non-empty set arld> 1 be a  dislocated quasi-metric space.

real number then a mappim: X x X — [0,) is called

dislocated quadi-metric if V x,y,z€ X ]

(dy) d(x,y) = d(y,x) = 0 implies thatx =y; 3 Main Results
(dZ) d(X, y) < k[d(X7 Z) + d(Z, y)]

The pair(X,d) is called dislocated quasHmetric space Theorem 3.1.Let (X,d) be a completelg-b-metric space

or shortly @g b-metric) space. with coefficientk > 1 andT be a continuous self-mapping

Remark. In the definition of dislocated quabimetric T : X — X satisfying the condition

space if Kk = 1 then it becomes (usual) dislocated

quasi-metric space. Therefore every dislocated quasi d(TXTy) <a-d(xy)+B-[d(x,Tx)+d(y, Ty)|+

metric space is dislocated qudsimetric space and every

b-metric space is dislocated qudsimetric space with M- [d(x Ty) +d(y, TX)]

same coefficienk and zero self distance. However, the vy y e X, wherea, 8, u > 0, withka + (1+ k)3 + 2(kK2 +

converse is not true as clear from the following example. ), < 1. ThenT has a unique fixed point.

Example 2.1.Let X = R and suppose Proof. Let X be arbitrary inX we define a sequende,}

) ) in X as following
d(x.y) = [2x=y|*+[2x+Y|".

X0,X1 = TXg, X2 = TXq,.unnn. Xne1= TXn forneN.
Then(X,d) is a dislocated quasi-metric space with the " "
coefficientk = 2. But it is not dislocated quasi-metric Consider
space nob-metric space. d(Xn, Xn+1) = d(TXn—1, TXn)-
Remark. Like dislocated quasi-metric space in dislocated . . L
quasib-metric space the distance between similar pointsUSing given condition in the theorem we have
need not to be zero necessarily as clear from the abov
example. y 8(Xnaxn+1) <a-d(Xn-1,%) + B+ [d(Xr-1, TXn-1) +d(Xn, TXn)]
Definiton 2.2. A sequence {xn} is called )
dg-b—convergent in (X,d) if for n > N we have - [d00-2, TX0) + A0, TXo-1)]
d(xn,X) < € wheree > 0 thenx is called thedg-b-limit of d(Xn, Xn+1) < O -d(Xn—1,%n) + B - [d(Xn—1,%n) +d (Xn, Xn+1)]
the sequencéx,}. _
Definition 2.3. A sequence{x,} in dg-b-metric space FH- 001, X012) + A0, X0
(X,d) is called Cauchy sequence if for> 0 there exists  Using triangular inequality in 3rd term we get
no € N, such that fom,n > ng we haved(xm,xn) < €.
Definition 2.4. A dg-b—metric spacegX,d) is said to be (1 — (B + 2ku))d(Xn, Xn41) < (@ + B+ 2Ku)d(Xa—1,Xn).
complete if every Cauchy sequenceXnconverges to a

point of X. By given restrictions on the constants we have
Definition 2.5. Let (X,d;) and(Y,d;) be twodg-b-metric
spaces. A mapping@ : X — Y is said to be continuous if P +B+2ku 1

for each{x,} which is dg-b convergent taxy in X, the 1—-(B+2ku) ~k
sequencg Tx,} is dg-b convergenttdxp in Y.

The following well-known results can be seen iri].
Lemma 1. Limit of a convergent sequence in dislocated
guasib-metric space is unique.

Lemma 2.Let (X,d) be a dislocated quabHmetric space
and{xn} be a sequence igb-metric space such that

Therefore
d(Xn,Xn+1) <A -d(Xn-1,%n)-

Now using Lemma 2 we get thafx,} is a Cauchy
sequence in completdq b-metric space. So there exists
ue X such tha'% limx, = u.

— 00

Now to show thatiis the fixed point off . Sincex, — u
forn=1,23,... and 0< ak < 1,0 € [0,1), andk is ash — oo using the continuity o we have
defined indg-b-metric space. Therx,} is a Cauchy _
sequence iiX. lim Tx, =Tu

n—o0

d(Xn, Xn11) < ad(Xn-1,%n) 1)
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which implies that
r!imoxnﬂ =Tu.
ThusTu = u. Henceu is the fixed point ofT .

UniguenessLet u,v be two distinct fixed points of .
Then

d(u,v) =d(Tu,Tv) < a-d(u,v)+B-[d(u, Tu) +d(v, Tv)]

+u-[d(u, Tv) +d(v, Tu)].

Sinceu, Vv are fixed points off and using given condition
in the theorem one can easily get thiét, u) = d(v,v) =0
so finally we get

d(u,v) < (a+ u)-d(u,v) + pd(v,u). 2
Similarly we can show that
d(v,u) < p-d(u,v) + (a+ p)d(v,u). (3)

Adding (2) and @) we get
[d(u,v) +d(v,u)] < (a+2u)[d(u,v) +d(v,u)].

The above inequality is possible onlydfu,v) +d(v,u) =

0 which is again possible d(u,v) = d(v,u) = 0. So, by
(d2) u=v. Hence fixed point oT is unique inX.

The following corollaries are deduced from Theorem 3.1.
Corollary 3.1. Let (X,d) be a completelg-b-metric space
with coefficientk > 1 andT be a continuous self-mapping
T : X — X satisfying the condition

d(Tx,Ty) < p-[d(x, Ty) +d(y, Tx)]

V x,y € X, wherey > 0 with 2(k? +k)u < 1. ThenT has
a unique fixed point.

Corollary 3.2. Let (X,d) be a completelg-b-metric space
with coefficientk > 1 andT be a continuous self-mapping
T : X — X satisfying the condition

d(Tx, Ty) < B-[d(x, Tx) +d(y, Ty)]

vV x,y € X, wheref3 > 0 with (1+ k)8 < 1. ThenT has a
unique fixed point.

Corollary 3.3. Let (X,d) be a completelg-b-metric space
with coefficientk > 1 andT be a continuous self-mapping
T : X — X satisfying the condition

d(Tx,Ty) < a-d(xy)+B-d(x, Tx)+y-d(y, Ty)+
p-d(x,Ty)+6-d(y, Tx)

vV xy € X, where a,B,y,u,0 > 0 with
ka + B +ky+2k?u +2kd < 1. ThenT has a unique fixed
point.

Remark.

1.Corollary 3.1 generalize the result of Chetterjgirh
dg-b-metric space.

2.Corollary 3.2 generalize the result of Kanndhif dg-
b-metric space.

3.Corollary 3.3 generalize the result of Hardy-Rogeres
[13] in dg-b-metric space.

Our next theorem is about rational type contraction
conditions in the frame work alg-b-metric spaces.
Theorem 3.2.Let (X, d) be a completelg-b-metric space
with coefficient k > 1 and T be a continuous
self-mappingrl : X — X satisfying the condition

d(y, Ty)[1+d(x, Tx)]
14+d(x,y)
Ay, Ty) +d(y, TX)
14+d(y, Ty)-d(y,Tx)

d(Tx,Ty) < a-d(x,y)+ -

+y (4)

V x,y € X wherea, 8,y > 0 andka + B+ (1+k+k?)y <
1. ThenT has a unique fixed point.

Proof. Let xp be arbitrary inX we define a sequende }
in X as following

X0, X1 = TXg, %o = TXy, Xni1=TXy forall neN.

Now to show that{x,} is a Cauchy sequence K then
consider
d(Xn, Xnt1) = d(TXn—1, TXn)-
Using Eq. @) and definition of the defined sequence we
have
d(%n, Xn+1)[1 + d(Xn-1,%n)]
1+d(Xn-1,%n)
) d (X, Xn+1) +d(Xn, Xn)
1+ d(Xn, Xn+1) - d(Xn, Xn)
(X0, Xn1) [1+ d(Xn—1,%n)]
1+ d(Xn_l, Xn)
4y [d(Xn, Xn11) + kd(Xq-1,%n) + Kd (Xn, Xn41)]-

d(Xn,Xn+1) < o -d(Xp—1,%) + B

+y

d
<a-d(Xn-1,%)+B-

Therefore

o+k
A0 X011) < T 1y A1) =01 %)
Whereh = HB"%('&W with h < } becauséa + B + (1+

k+k?)y < 1. Now using Lemma 2 we get thék,} is a
Cauchy sequence in completg b-metric space. So there
existsu € X such thatn limx, = u.

—00

Now to show thatiis the fixed point off . Sincex, — u
asn — o using the continuity o we have

lim Tx, =Tu
n—oo
which implies that
r!moan =Tu.

ThusTu = u. Henceu is the fixed point ofT .
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Conclusion

Our established results generalize and extend the results
Kannan f], Chetterjea], Hardy Rogeresl3] and many
other several fixed point results in the frame work of
dislocated quasi-b-metric spaces.
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