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1 Introduction which no separation axioms are assumed unless explicitly
mentioned. For a subseA of X, 1 — CI(A) (resp.

The study of bitopological spaces was first initiated by 1; — Int(A) ) denotes the closure (resp. interior)Afvith

J.C. Kelly [B] and thereafter a large number of papersrespect tot; for i = 1,2. However, T; — CI(A) and

have been done to generalize the topological concepts tg, — Int(A) are briefly denoted byCli(A) and Intj(A),

bitopological setting.Maheshwari et a] introduced and  respectively, fori = 1,2 if there is no possibility of

studied the notion of almost feebly continuous functionsconfusion.

between topological spaces as a generalization of almost . .. . .

continuity Pn tﬁe segse of Sin%allﬂ and feeble sDeflnltlon 1.A subset A of a bitopological space ( X,

continuity []. In 1988, Noiri [17] defined the notion of 1172 is said to be: o .
almost a-continuous functions and proved that the (@)(TTj)- regular-open B] (briefly (i, j)-regular open) if
concept of almosta-continuity and almost feeble A= Int (Cli(A)).; . . . .
continuity are equivalent. Quite recently, Duszynski, (0)(Ti,Tj)- semi-open 10] (briefly (i, j)-semi-open ) if
Rajesh and Balabigai2] have defined the concept of ~C Cli(Inti(A)); . . .
b-continuous functions in bitopological spaces. The(G)(Ti:Tj)- preopen fi] (briefly (i, j)-preopen ) if
purpose of the present paper is to extend the concept C Inti(Clj (A); . . .
almost feebly continuous functions to the setting of ((Ti.7i)-a-open W]  (briefly — (i.j)a-open) if
bitopological spaces. The fundamental properties of C INt(Cli(Inti(A)), where iz j,i,j=1,2.
pairwise almost feeble continuity are investigated as aDefinition 2.A subsetA of a bitopological space (%, T»
generalization of feebly p- continuous due lelic [4] ) is said to be:
and pairwise almost continuous due to Bose and Sinha (a)(T, 1j)-feebly open4] (briefly (i, j)-feebly open) if
[2]. there exists a Tt-open set U such that
U Cc Ac (j,i)—sClU) where(j,i) —sCI(U) denotes the
semi closure 10] of U in topology tj, for i # j; and
2 Preliminaries i,j=12
(b)(ti,7j)-0- open [g] (briefly (i, j)-6- open) if for
Throughout the present paper, the spaCesri, 12) each xe A, there exists alfi, j)-regular open set W such
and (Y,01,02) always mean bitopological spaces on thatxe W C A, where i j; and i, j =1,2.
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The complement of ari,j)-regular open (resp.
(i,])-feebly oper,j)-06-open) set is said to be
(i, ])-regular closed (resp. (i, ])-feebly
closed(i, j)-6-closed). The collection of alli, j)-regular
open (resp(i, j)-feebly operij, j)-d-open,(i, j)-preopen,
(i,])-a- open)sets of a spad¥, 11, T2 )will be denoted by
(i,i) — ROX)(resp. (i,j) — FO(X),(i,j)-8 O(X),
(11)—~POXX). (1. }) —a (X).

Theorem 1For a function g(X, 11, T2) —
following are equivalent:

(a) g is pairwise a. f. c.;

(b) For each xe X and eachgi-open set V of Y
containing dx), there exists aii, j)-feebly open set U of
X containing x such that@®@) c Intj(Cl;(V)) for i # |

andij=1,2
(c) gfl(F) is closed in X

(Y,01,07), the

(i, ])-feebly for

A subset A is said to be pairwise feebly open (resp eacl“(l j)-regular closed set F of Y;

pairwise feebly closed) if it ig1,2)-feebly open (resp.
(1,2)-feebly closed) and(2,1)-feebly open (resp.
(2,1)-feebly closed). Pairwise regular

pairwise-d-closed sets are similarly defined.

Definition 3.LetA be a subset of a bitopological
spacéX, 11, T2 ), the intersection of alli, j)-feebly closed
(resp. (i, ])- o closed)sets ofX, 11, T2 )containing A is
called the(t;, 7j)-feeble closure (respT, 1j)-6- closure)

of A and is denoted by(t,Tj)-fCI(A) (briefly
(i,])-fCI(A)) (resp. (1,7)-0CI(A) (briefly
(i,j) —oCI(A))).

Definition 4.A function g(X, 11,72) — (Y, 01,02) is said
to be pairwise continuoud] (resp. pairwise open) if the
induced functions g(X,11) — (Y,01) and g: (X, 12) —
(Y, 02) are both continuous (resp. open).

Definition 5.A function g(X, 11,72) — (Y,01,02) is said
to be feebly p- continuous 4] (resp. pairwise
a-continuous 9)) if the inverse image of eachropen set
of Y is (i,])- feebly open (resp.(i, j)-a-open) in
(X,11,T2), where i jandi, j =1,2.

Definition 6.A function g(X, 11,72) — (Y, 01,02) is said
to be pairwise almost continuoud][if for each xe X and
eachagi-open neighbourhood V of(X), there exists a;-
open neighbourhood U of x such thath C Int;(Clj(V))
fori# jandi,j=1,2.

Lemma 1.(Je|ic' [4]) Let A be a subset of a bitopological
space(X, 11, T2). Then Aig(i, j)-feebly open if and only if
itis (i, ])-a-open for i jandi, j = 1,2.

3 Characterizations

Definition 7.A function g(X, 11,72) — (Y, 01,02) is said

open sets,
pairwise-0-open sets, pairwise regular closed sets and

(d)yg- ( )is (i, j)-feebly openin X for each, j)-regular
opensetV of Y.

ProofThis is shown by the usual techniques and is thus
omitted.

Theorem 2For a function g(X, 11, T2) —
following are equivalent:
@agis pairwise a.f.c,;

(b) o((i,J) = fCI(A)) C (i,]) —

Aof X;
fCl(g~1(B)) c g ((i, )

(Y, g1, 0'2), the
oClI(g(A)) for each subset
(© (i,j) -

— O0Cl(g(B))); for
each subsetB of Y;;
(d) g *(F) is (i,j)-feebly closed in X for each
(i,])-6-closed subset F of Y ;
(e) g 1(V)is (i, j)-feebly openin X for eachi, j)-6-open
subsetV of Y.

Proof(a) = (b): Let A be any subset ofX. Since
(i,j) — oCI(g(A)) is (i, j) — o-closed inY, it is denoted
by N{Fq : Fq is (i, ]) regular closed ir¥, a € /}. We
haveA C g~((i.]) — 8CI(g(A))) = N{g *(Fa) © (Fa)is
(i,]) regular closed ity, o € v}. Therefore, by theorem
3.1g7*((i,j) — 6CI(g(A))) is (i, ])- feebly closed inX
and hencgi, j) — fCI(A )Cg‘l(( i) — oCl(g(A))). This
implies thata((1. ) 1CI(A)) C (1. ) — 3CI(G(A))

(b) =(c): LetB be any subset of. We haveg((i, j) —
fCl(g4(B)) € (i.]) - &CI(g(g*(B))) C (i,]) ~ oCI(B)
and hencdi, j) — fCl(g~1(B)) c g~*((i, j) — 6CI(B)).

(c) =(d): LetF be any(i, j) — 0—closed subset of.
Then we have
(i,]) — fCl(g~X(F)) ¢ g™X((i,}) — 8CI(F)) = g"X(F)
and hencg(F) is (i, j)- feebly closed irX.

(d) =(e): LetV € (i, j) — 60(Y), then by (d) we have
g XY -V)=X-g}V)is(i,])- feebly closed inX and
henceg (V) € (i.]) — FO(X).

(e)=(a): LetVe( j)—RO(Y). SinceVis (i, j) — o-
openinY, theng=1(V) is (i, j) feebly open inX and hence
by theorem 3.3y is pairwise a. f. c.

The following theorem characterizes pairwise a. f. c.
functions whose proof is immediate from Lemma 2.7 and

to be pairwise almost feebly continuous (briefly pairwise Theorem 2.1 of{J.

a. f. ¢c.) (resp. pairwise almost-continuous (brleﬂy
pairwise a.a. c. ))if for each xe X and eachi, j)-
regular open set V of Y containing>g, there exists an
(i,])-feebly open (resp.(i, )aopen) set U of X
containing x such that@) cV fori# jandi,j=1,2.

Theorem 3A function g(X,Tl,Tz) — (Y,01,072) is
pairwise a. f. c. if and only if gX, 77 ,TZ) (Y 01,07)
is pairwise almost continuous wher# = (i, j) — a(X)
fori# jandi,j=1,2.

By Lemma (2.7), afi, j)- feebly open set is equivalent o { emma 2For a bitopological space
an (i,j)- a-open set and hence pairwise a. f. c. is (X,11,T2), if U € 1, then Inf(Cl;(U)) = (i, j) — sCI(U),

equivalent to pairwise ax. c.

fori# jandi j=1,2.
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ProofThe first inclusion is clear. To prove the second ProofLetV € (i, j) — RO(Y). Sinceg is a pairwise a. f. c.
inclusion, let x ¢ Int(Clj(U)). Then then g~%(V) € (i,j) — FO(X) and by Lemma 3.10,
x € X — Int(Clj(U)) = Clj(Int(X — U)) and (gX) 2(V) =g HV)NXo is (i, })-feebly open inXo.
Cli(Int(X — U)) is (i,j) semi- open. Since Thisshows thatg|Xo) is pairwise a. f. c.
U e nu < IngCljU)) and thus, .
@=UN(X—Int(Clj(U)) =UNClj(Int(X —U)). Thus, Theorem 6Let g:(X,11,72) — (Y,01,02) be a function
we havex ¢ (i, j) — sCI(U). Hence the lemma holds. and{Uq : a € 7} a cover of X by(i, j)-feebly open sets
of X. If the restriction §Jg : (Ug,T1|Uq,T2|Ug) —
Theorem 4A function g(X,11,12) — (Y,01,02) is  (Y,01,02) is pairwise a. f. c. for eaclw € v/, then g is
pairwise a. f. c. if and only if for each & X and each  pairwise a.f.c.
V € g; containing dx), there exists ani, j)-feebly open - .
set U of X conta?n?ng); x such that\g) g ({,)j) _ sgI(LBD), Proof.l__?tv be any(l,lj)—regular open_slet |ff. Then we
fori #jandi,j = 1,2 haveg “(V) = XNg (V) = U{UaNg “(V): a €0} =
U{(g|Ua) (V) : a € O}. Sinceg|U, is pairwise a. f. c.,
ProofLet V € gj containingg(x), then by Theorem 3.2, then(glUa) (V) is (1i|Ua, Tj|Uq)-feebly open irlJq for
there exists arfi, j)-feebly open setl of X containingx ~ €ach ale O. It follows from Lemma 3.10 that
such thatg(U) C Intj(Cl;(V)). By lemma 3.5 we have (9|Pa)7 (V) € (i,j) —FO(X) for eacha € O and hence
g(U) C (i,j) —sCI(V). g (V) € (i,]) —FO(X). Thereforeg is pairwise a. f. c.
Conversely, letv € g; containingg(x), there exists an

(i, j)-feebly open setJ of X containingx such that Corollary 1.Let g:(X, 13, Tp) —

- Y,01,0%) be a function and

U) c (i,j) — sCI(V) = Int(Cl;(V)), by lemma 3.5. (Y, 01,07 : SHRITL :
?‘Ewe)refor(e ley Theo(re)m 3.3 ils( pa{i(rw)iie ayf c X=U{Uq € uNTz:a €O} Then g is painwise a. f. c. if
' ~ T and only if the restriction

Remarkcrom Definition 2.4, 2.5 and 3.1, it follows ]9|U0':(EG’T1£U“’T2|U“)_>(Y’al’GZ) Is pairwise a. . c.
immediately that we have the following implications: or eacha € L. ) .
pairwise continuity—feebly p- continuity - pairwise L€t {(Xa,mi{a},2{a} : a € v}} be a family of

almost feebly continuity. bitopological spaces. L€iX, 11, T») be the product space,
However, none of these implications can be reversedVNere X=/MXa, and7 denotes the product topology of
which we can see in the following examples. {mi(a)acO}fori=12.

. Lemma 4(Nasef and Noiri 11]) Let Ay be a nonempty

Example YJelic [3))Let X = {a,b,c}, 1= {@. X {a}.},  gypset of ¥ for each a — a(1),a(2),...a(n). Then

= (oXav) Y= (12 o= (o ill o =be 20 s Ha@.al

the indiscrete topology arwd(X, 11, 72) — (Y, 01, 02) suc (Ag 1< k<n}x M{Xe:a#a(k),L<k<n}is

that g(c) = 2 andg(a) = g(b) = 1. Theng is feebly p- ag - - =" ="J 7 o ==

Contigr1(u3)us but no%(pa)lirwiige zzontinuous. ’ TP 17j)- feebly open if and only ifAq(q is (1i, (ar(k)).

Ti(a(k)))-feebly open in ¥, for each k=1,2,....;n. Let

Example ZetX = {a,b,c}, 11 = {¢, X, {b},{c},{b,c}}, {(Xa,Ta(a), 2(a):a e} .

» = {@X/{b},{bc}} Y = {123}, and {(Yq,01(a),02(q) : a € O} be two arbitrary

o1 =1{0,Y,{2},{1,2}}ando, = {9,Y,{2},{3},{2,3}}.  families of bitopological spaces with the same set of

Defineg:(X, 11, 12) — (Y,01,02) byg(a) = 2=g(c),and  indices.

g(b) = 1. Then g is pairwise a.f.c. but not feebly Letds: (Xa,T1(a),12(a)) = (Ya,01(a),

p-continuous, since{2} € o1 and g~%({2}) is not 0z(a)) be a function for eaoh € 0. And let g(X, 11, T2)

(1,2)-feebly open inX. — (Y,01,02) be the product function defined by
_ _ 0({Xa}) = {9a(Xa)} = MXy for eacK Xy} € X, wherer;

Lemma 3Let A and B be a subset of a bitopological space and g; denote the product topologies fosi1, 2.

(X, 11, T2 ).Then the following hold. )

(@) If A€ (i,j)— PO(X) and Be (i, j) — FO(X), thenAn ~ Theorem 7The product function ¢X,7;,12) —

Be (i,j)—FO(A), fori# jandi j=1,2. (Y,01,02) is a pairwise a. f. c. if a}nd iny if g
(b) If A< (i,j)—FO(B) and Be (i, }) —FO(X), then Ac ~ (Xa,T1(@),T2(a)) = (Ya, 01(a),02(a)) is pairwise a. f.
(i,j) —FO(X), fori# jandi j=1,2. c. for eacha € 0.

Proof(a) Follows from Lemma 2.1 and Lemma 3.11 of ProofNecessity. Letr be an arbitrary fixed index andy
(7. a (gi(a),o5(a))- regular open set ofYy. Then
(b)Follows from Lemma 2.1 and Lemma 1.9 &f [ Vo x M{Yg : B € O—{a}} is (ai,0j)-regular open in

MYy and henceg (Vg x MYs) = gz (Va) x MYg is
Theorem 5If a function g{X,11,72) — (Y,01,02) iIs  (1,T))- feebly open in X, and by Lemma 3.14 we have
pairwise ~a. f. - c. Then the restriction ¢ 1,)is (ti(a),Tj(a))- feebly open inXy. Therefore,
g/Xo : (Xo, T1[Xo, T2[Xo) — (Y, 01,02) is pairwise a. f. ¢. g, is pairwise a. f. .
for (i, j)— preopen subsetpof X. Sufficiency. Let{x,} be any point oflT1Xy andW be a
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(i, 0j)- regular open inYy containingf({x, }). There 4 Conclusion

exists a finite subsetly of O such that, is

(gi(A),0j(A))- regular open iy, for eachA € Og and  The study of bitopological spaces generalized most
{9a(Xa)} € M{V) A € Do} x M{Yg:BcO~0o} CW. concepts of near open sets and near continuous functions
For eachA € Oy, there exists &Ti(A),Tj(A))- feebly ~ which is applicable in most areas of pure and applied
open setJ, of X, containingx, such thag, (U,) C V,, mathematics. This study would open up the academic
By Lemma 3.14 flood gates and new vistas in the field of fuzzy topology
U="{Uy : A e o} xM{Xg:B e O-10Dg is andmultifunctions for further research studies.

(1, 7j-feebly open in [MX, containing {xq} and

g(U) C W. This shows thag is pairwise a. f. c.
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