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Abstract: In this article, some well-known fixed point theorems likecontraction and Reich type contraction are establishetden
frame work of dislocated quabHmetric space. Several corollaries are deduced from th@ehes which extend and generalize some
well-known results in the literature. Examples are givenritder to validate our main results.
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1 Introduction Motivated by the above work, we have proved
¢-contraction and Reich type of contraction in the setting

Fixed point theory is one of the most important topic in Of dislocated quas-metric space which generalize and

the development of non-linear analysis also fixed point®xténd Banach contraction principle and convex type

theory is widely applicable in many branches of sciencecontraction in dislocated quabtmetric space.

such as Chemistry, Biology, Economics, Computer

Science and Engineering etc. Lo .

One branch of generalizations of celebrated Banact? Preliminaries

ggg::ggggz Eg:g;ﬁ(l)en I?msgzgg 8% :tk;? _r)eg(l?cve\zlhmeergt OfE/S\;]e need the following definitions which may be found in

X,d) is a complete metric space. The weaker condition*>~" . . .

éesc)ribed by Browder] as, d(Tx, Ty) < ¢d(x,y) for all Definition 1. Let X be a n.on?empty set arid; 1 be a

x,y € X, whereg is a comparison function introduced by '€@! number then a mapping: X x X — [0, ) is called

Berinde P]. Reich [3] generalized the Banach contraction dislocated quas-metric if V.X’ Y,2€ X )

principle by introducing a new type of contraction  (d1) d(xy)=d(y,x) =0implies thak =y;

condition which were given the name of Reich type . (02) d(xy) = kld(x.2)+d(zy)]. o

contraction. In similar direction Istratescd] [introduced The pair(X,d) is cqlled dislocated quasmetric space

the convex type contraction and generalized Banac r shortly @q b-metric) space.

contraction principle for such a type of contraction emarl_<. In the def!nmon of dislocated quabwnetnc .
condition. space ifk = 1 then it becomes (usual) dislocated quasi

The notion of b-metric space was introduced by ;nztglg ?spagies'lOEZ?;?”%;;Z“%'SSC:;? ;nudasgvn;retrlc
Czerwik [B] in connection with some problems P d P Y

concerning with the convergence of non-measurablep'metr'c space IS dislocated qu@metr|c space with
functions with respect to measure. Fixed point theoremg oM coeﬁwmnk and z?ro ?elf d'ﬁtaﬁle' However, tlhe
regardingo-metric spaces was obtained ] pnd [7]. In ConverTe IS not true as Cdear rom the following example.
2013, Shukla 8] generalized the notion ob-metric Example 1.LetX =R and suppose

spaces and introduced the concept of pariahetric d(x,y) = |2x—y|2+|2x+y|2.

spaces. Recently, Rahman and Sarw@&t further

generalized the concept &Fmetric space and initiated Then(X,d) is a dislocated qua&i-metric space with the
the notion of dislocated quabHmetric space. coefficientk = 2. But it is not dislocated quasi-metric
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space nob-metric space. for all x,y € X where¢ is a comparison function. Théeh
Remark. Like dislocated quasi metric space in dislocated has a unique fixed point iX.

quasib-metric space the distance between similar pointsProof. Let xy be arbitrary inX we define a sequende,}
need not to be zero necessarily as clear from the abovi X as following

example.

Definition 2. A sequencex,} is calleddg-b—convergent  Xo,X1 = TXo,Xo = TX1, ..ccoooeue. Xny1=TXy forall neN.
in (X,d) if for n > N we haved(xn,X) < € wheree >0 ) . .
thenx is called thedg-b-limit of the sequencéx, . Now to show tha{x,} is a Cauchy sequenceXhconsider

Definition 3. A sequence{x,} in dg-b-metric space
(X,d) is called Cauchy sequence if for> 0 there exists
no € N, such that fom,n > ng we haved(xm,xn) < €.

Definition 4. A dg-b—metric spacegX,d) is said to be

d(Xn, Xn+1) - d(TXn_l,TXn)

Using ) we have

complete if every Cauchy sequenceXnconverges to a d(Xn, Xne1) < 9d(Xn_1,Xn). (3)
point of X. N
The following well-known results can be seen @j.[ Similarly one can show that
Lemma 1. Limit of a convergent sequence in dislocated
quasib-metric space is unique. d(Xn-1,%1) < @d(Xn-2,%1-1)- (4)
Lemma 2.Let (X,d) be a dislocated quabHmetric space . .
and{x,} be a sequence iigb-metric space such that Putting @) in (4) we have
d(%n, Xn41) < ad(Xa-1,%) 1) d(Xn, Xnt1) < $%d(Xn-2,%-1).

for n=1,2,3,... and 0< ak < 1,0 € [0,1), andK is Proceeding in similar manner we get

defined indg-b-metric space. Ther{x,} is a Cauchy

sequence iiX. d(Xn—1,%) < ¢"d(x0,X1). (5)
Theorem 1. Let (X,d) be a complete dislocated , ,
quasib-metric space. Lefl : X — X be a continuous 10 Show that{x,} is a Cauchy sequence considger> n
contraction witha € [0,1) and 0< ka < 1 wherek > 1. ~ and using ) we have

ThenT has a unique fixed point iX.

2
Remark. Like b-metric space dislocated quasimetric d(%n,Xm) < K-d(Xn, Xn11) + K- d(Xns1,%2) +
space is also continuous on its two variables. 3. g

Theorem 2[10]. Every ¢-contractionT : X — X where 1042, X48) o

(X,d) is a complete metric space, is a Picard’s operator. Using ) the above equation become
Definition 5.[2]. A map ¢ : R, — R, is called
comparison function if it satisfies: d (X, Xm) < k- ¢"d(xo,%1) + k- ¢"1d (%0, X1 )+

1.¢ is monotonic increasing;

3 n+2
2.The sequencép"(t)}n_, converge to zero for atl € K977 d (X0, X0) 4 oo

R, where¢" stand for nth iterate a. Since¢ is a comparison function so takimgm — o we
If ¢ satisfies: get

3.3 ¢X(t) converge for alt € R, n‘mmd(X”’Xm) =0.
k=0 ’

Which show that{x,} is a Cauchy sequence in complete
dislocated quadd-metric spaceX. So there existg € X
such that, — zasnh — co.

Now to show thatis the fixed point off . Sincex, — z
p(t)=at teR, 0<a <1 ash — oo using the continuity o we have

Theng is called(c)-comparison function.
Thus every comparison function is-comparison
function. A prototype example for comparison function is

Some more examples and properties of comparison rLiLTImTXn =Tz
andc-comparison function can be found ig] [
which implies that

3 Main Resullts lim xni1 =Tz
Theorem 3.1.Let (X,d) be a complete dislocated qudsi- ThusTz=z Sozis the fixed point ofT .
metric space. LeT : X — X be a continuous function for Uniqueness:Suppose thal has two fixed pointgand
k > 1 satisfying w for z=£ w. Consider
d(Tx, Ty) < ¢d(x,y) ) d(zw) =d(Tz Tw).
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Using ) we have Simplification yields

d(zw) < ¢d(z,w). a+

(&) < pd(zw Ao Xos2) £ T 1.5,

Since¢ is a comparison function so the above inequality
is possible only ifd(z,w) = 0 similarly one can show that Let
d(w,z) = 0. So by ¢h) z=w. HenceT has a unique fixed he 0B _1
pointin X. 1-y "k

Remark. Theorem 3.1 generalize the Banach contractiong tne above inequality become

principle and the result established by Matkowslg][in
dislocated quadb-metric spaces.
Example 3.1.Let X = [0,1] andT : X — X is defined as

X
Tx=—=- VxeX
6

with complete dislocated quabtmetric space is given by

d(x.y) = [2x—y[*+ [2x+Y|* V X,y € X.

Yy (X Y X, Yo

s 1376 T13T6
Xy 1

ATy =5 Y) = o (2x-y+ ey

< Z(12x =y + 2+ yP).

Hence
d(Tx,Ty) < ¢d(x,y) whereg(t) = ;[—1 wheret € X.

ThusT has a unique fixed point®@ [0, 1].
Theorem 3.2.Let (X,d) be a completelg-b-metric space
andT : X — X is a continuous self-mapping satisfying

(6)

forall x,y € X anda, 3,y > 0 withka + kB + y < 1 where
k> 1. ThenT has a unique fixed point iX.

Proof. Let xg be arbitrary inX we define a sequende}
in X as following

d(Tx,Ty) < a-d(x,y) +B-d(x, Tx) +y-d(y, Ty)

X0, X1 = TXg, X2 = TX, evvvnnnn.. JXne1 = TXp.
Now to show thafx,} is a Cauchy sequence consider
d(Xn, Xn+1) = d(TXp—1, TXn).
Using (6) we have
d(Xn, Xn+1) = d(TXp—1,TXn) < o -d(Xp_1+ Xn)+

B-d(Xn-1, TXn-1) + ¥+ d(Xn, TXn).
By the definition of the sequence we get

d(Xn, Xn+1) < a -d(Xn—1,%n) + B - d(Xp—1,%n)+

y-d(Xn, Xn11)-

d(XnaXn+1) S h : d(Xn—laXn)-
Also
d(Xn-1,%n) < h-d(Xn-2,Xn-1)-

Thus
d(Xn,%n41) < h?. d(Xn—2,%1—1)-

Similarly proceeding we get
d(Xn, Xn+1) < h"-d(xo,X1).
Sinceh < 1. Taking limitn — o, soh" — 0 and

Amod(Xn,XnJrl) - 0

So by Lemma2 {x,} is a Cauchy sequence in complete
dg-b-metric space so there must exist X such that

lim (Xn,u) = 0.

n—o0

Now to show thatiis the fixed point off . Sincex, —u
asn — oo using the continuity ofr we have

lim Txp, =Tu
n—o0

which implies that
r!mo Xni1 = TU.

ThusTu = u. Souis the fixed point ofT.
Uniqueness:Let T have two fixed points i.@,v with
u # vthen we have

d(u,v) =d(Tu, Tv) < a-d(u,v)+B-d(u, Tu)+y-d(v, Tv)

d(u,v) =d(Tu,Tv) < a-d(u,v)+ B-d(u,u) + y-d(vVv).

Puttingu = v in (6) one can easily show thak(u,u) =
d(v,v) = 0. Thus the above equation become

d(u,v) < a-d(u,v).

The above inequality is possible only d(u,v) = 0
similarly one can show that(v,u) = 0. So by @) we get
thatu = v. Thus fixed point ofl is unique.

Corollary 3.1. Let (X,d) be a completedg-b-metric
space andT : X — X is a continuous self-mapping
satisfying

d(Tx, Ty) < a-d(x,y) + B-d(x, TX)
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forallx,y e X anda, 3 > Owithka + kB < 1 wherek > 1. [3] S. Reich, Fixed points of contractive functiorBullettino

ThenT has a unique fixed point iX. DellUnione Mathematica Italiana, 5(1972), 26 42.

Corollary 3.2. Let (X,d) be a completélg-b-metric space  [4] V. Istratescu, Some fixed point theorems for convex

andT : X — X is a continuous self-mapping satisfying contraction mappings and convex nonexpansive mappings
(1), Libertas Math., 1(1981), 151-164.

d(Tx, Ty) < a-d(x,y) [5] S. Czerwik, Contraction mappings ib-metric spaces,

ActaMath.Inform. Univ. Ostraviensis, 1(1993), 5-11.

forall x,y € X anda > 0 with 0 < ka < 1 wherek > 1. [6] M. Sarwar and M.U. Rahman, Fixed point theorems

ThenT has a unique fixed point iX. for Ciric's and generalized contractions ib-metric

Remark. Theorem 3.2 generalize Reich type contraction  spacesnternational Journal of Analysis and Applications,
and extend Banach contraction principle and convex type  7(2015), 70-78. _ _
contraction in complete dislocated quésinetric spaces.  [7] M. Kir and H. Kizitune, On some well-known fixed point

Example 3.2.LetX = [0,1] andT : X — X is defined as theorems irb-Metric SpaceTurkish Journal of Analysisand
Number Theory, 1(2013), 13-16.

Tx— X Vxe X [8] S. Shukla, Partidb-metric spaces and fixed point theorems,
6 Mediterr. J. Math., June(2013).
. . . . . [9] M.U. Rahman and M. Sarwar, Dislocated quasinetric
with complete dislocated quakimetric space is given by space and fixed pont theoremElectronic Journal of
9 9 Mathematical Analysisand Applications, 4(2016).
d(xy) = [2x—y|["+[2x+Yy|]” VX y € X. [10] J. Matkowski, Integrable soloution of functional etjoas,
Dissertation Math. (Rozprawy), 127(1976).
[11] P.S. Kumari, D. Panthi, Cyclic contraction and fixed ndoi
Yo X Yo theorems on various generating spaéésed Point Theory
gl tlz gl and Applications, 1532015), 2015.
1 [12] P.S. Kumari, On dislocated quasi-metricdournal of
XYy Lo 2 2 Advance Sudiesin Topology, 3(2012), 66-75.
d(Tx Ty) = d(6’ 6) o 36(|2X YIP+[2x+y%) < [13] M.U. Rahman, M. Sarwar, P.S. Kumari, Common tripled
1 fixed point theorem indislocated quasi-metric spa&egih
& (|12x—y]2 4 |2x+y|?). University Research Journal, 47(2015), 1-4.

Then

Hence

d(Tvay) S a- d(xvy)

. ) . Mujeeb Ur Rahman
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4 Conclusion
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