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Abstract: This article concerned with the issue of solving a nonlireguation with the help of iterative method where no deneati
evaluation is required per iteration. Therefore, this wooktributes to a new class of optimal eighth-order Ste#artype methods.
Theoretical proof has been given to reveal the eighth-ocdavergence. Numerical comparisons have been carriecbaltaw the
effectiveness of contributed scheme. Furthermore, we aoenthe performance of our proposed method by the basingrattébn
with some existing eighth-order Steffensen-type methods.
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1 Introduction research papers is available on the higher-order iterative
methods agree with the Kung-Traub conjecture. In order

During the recent past, a wide collection of iterative to compare different iterative methods of same order the

methods has been presented in many journals, one catlassical efficiency index of an iterative process 8 [

see, [5]-[;0] and the _references j[herein. In order to fjnd iven byp%, wherep is the rate of convergence ands

the solution of a nonlinear equation Newton has providedihe total number of functional evaluations per iteration.

the following iterative formula More recently, many researchers have focused to make
(%) existing iterative methods free from derivatives, inf[wds
Xnil = Xn — /—” (1) researcher can followlp]-[18] . In many of the science
f/(%n) and engineering problem, the evaluation of derivative is

difficult and time consuming. Therefore, the
Steffensen-type methods have become very popular in
terms of solving nonlinear equations. This study is
f (Xn) summarized as follows: Firstly, we provide a brief review
Xn+1=Xn—W,Wn=Xn+f(Xn), n=0,1,2.. (2)  of available literature to reveal the development of
o different derivative-free iterative methods. In the next
both schemes possess the quadratic rate of convergenggction, we design a new optimal eight-order
and same efficiency index 1.414. Although both the Steffensen-type iterative method for finding simple roots
methods have the same order of convergence an@f nonlinear equations . In section 4, we employ some
efficiency index, but Steffensen method is derivative free.numerical examples to compare the performance of the
In order to increase the rate of convergence and efficiencf/ew method ~ with some  existing  eight-order
index of iterative methods the number of function derivative-free methods. Section 5, reveals the graphical
evaluations may increase. Kung and Trauh_] [ Comparison by basins of attraction. Fina”y, in the last
conjectured that a multipoint iteration without memory section brief conclusion will be given.
consumingn evaluation per full iteration can reach the
maximum convergence ratd"2. A large collection of

SteffensenZ] was the first who furnished the derivative-
free form of Newton’s scheme given by :
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. . . . . f(Yn f(yn f
2 A brief review of the available literature whereinB € R\ {0}, A= {30}, B = {3 [ = {{&,

f f : .
In this section, we give the overview of some recentd = % E= % This method has the eighth-order
derivative-free methods. Soleymani et all9[ have  convergence and efficiency index682. Inspired from all
improved the efficiency index of following method in these papers we also improve the order of convergence as

terms of making it derivative-free well as the efficiency index of one existing seventh-order
(%) method in the next section.
Yn = Xn X, W] Wh = Xn+ BT (%), B € R\ {0},
2 = Yo f(yn) f(wn) 3 Main method and convergence analysis
(f(wn) = F(yn)) f[Xn,¥n]’ , ) _ . :
f(zn) First we give some definitions which we will use later.
Xn+1 = Zn— )
F'(z0) Definition 3.1: Let f(x) be a real valued function with a

where f[,] denotes the usual divided difference. This Simp|e roota and |e'[xn be a sequence of real numbers

method has the eighth-order convergence abd@las its  that converge towards. The order of convergenaa is
efficiency index. To improve its efficiency index the given by

authors have established two optimal three-step i Xnp1—Q
multipoint derivative-free methods given by am (Xo— o)™ ¢ #0, ®3)
Yn = Xn— fo) W = Xn + BT (Xn), where is the asymptotic error constant amcke R*. _
f [Xn, Wn] Definition 3.2 : Let n be the number of function
f(yn) f(Wn) evaluations of the new method. The efficiency of the new
Zn=Yn— (F(Wn) — F(yn)) f Xn,Yn] method is measured by the concept of efficiency index
f(z)f [[3], [4]] and defined as
Xn+1 = Zn— (@) ()
(f(Wn) = f(yn)) f [Xn, Yn] m*/", (4)
{G(9) xH(1) x Q(0) x L(p)}, wheremis the order of convergence of the new method.
and Consider the following seventh-order method established
Yoo = Yo f(Xn) Wa = X — B (%), by soleymani et al.g] to build a new eighth-order method:
f [Xn, W] IV f(Xn)
20—y )T (Wh) =T )
(f(wn) = f(yn)) f[Xn,¥n]” o fw) Gty
Xnt1 = Zn — f(Zn)f(Wn) o= f[Xnvyn]. "
(f(Wn) — f(yn)) f X0, Yn] N (¢ Hito) )
{G($) x H(1) x Q(0) x L(p)}. 1= 2= gy,
f f f
where B € R\ {0}, ¢ = fE)Z/E; U= f((vz\/.:]>)’ 0= f&'; wheret, = 19 andG(0) = G/(0) = 1, |G"(0)| < +oo;

f(Xn
p= ffm)) These methods have eighth-order convergencg, 0) =1, H’((O)): 0,H”(0) = 2, [H®(0)| < +o.
with efficiency index 1682 under some conditions on the
weight functions given in the same paper.
In [13], Soleymani has accelerated the efficiency index of
the following eighth-order multipoint structure

Now our aim is to develop derivative-free version of the
method(5). For this we approX’(x,) =~ f|zn,Xa|, where
Zzv=Xn + f(%n) in (5). Here we see that the methg8)
under this approximation off’(x,) has fifth-order

f(%n) f(Yn) f(z) convergence and its error expression is given by
=Xn— = T =Yn— 5 Xn1=Zn— 5 -
I wa T T Ty T M) (Greld)d oo
1= )
He has approximated the derivatives by repladifig,) ~ i C%
f [Xn, Wn), f'(zn) =~ f[Xn, Wn] and used the concept of weight 0 (a) .
functions to make it optimal as well as derivative-free. He Wherec = ——,i=1,2,3.... , _
proposed the fo"owing iterative formu'a Now to |mprOVe Its Order Of Convergence W|th0ut USIng
f (xn) any new evaluation, we approX(x,) ~ f[z,,xn], where
Yn = Xn— oo r\‘Nn], Wi = X0+ B (Xn), Zn = Xn + T (Xn)?, then its error expression becomes
2(5-3 2 1" 7
70 = Y 10 [G(A) x H(B), _ S(2eter + 20103+ G(-6+.G'(0)) (A)
f [Xn, W] €nt1 = 1208
_ f(zn) !
X1 = 2= LKD) % L) < P(E) < Q(B) < (A, +o(e),
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Table 1: Nonlinear functions and their roots.

Nonlinear function (f(x)) Root (a)
fi(x) = 10xe X —1 a; = 1.67963..
fg(X) = zex—sin(x) a,=0
f3(x) = sin(3x) + x cos(x) a3 =1.19776..
f4(x) = log(x) — x3 4 2sin(x) as = 1.29799..
f5(x) = cos(x) +sin(2)vVI—x2 +sin(x?) + x4 +x3+ &, a5 = —0.92577..
fo(x) = e X +sin(x) — 1 ap = 2.07683..
f7(x) = (1+x3)cos( L) + VI — A2V a7 = 0.33333..
where Subsequently, we obtain
A= 6cic + 12cic3+ G5(—24+ H3(0)). f(zn) = cren+C2€f + (¢] +Ca)&
In fact, if we approx f'(x,) ~ f[zn,x], where +(5c3c2 + Ca)€n + ...+ O(€n). (10)

Zn = Xn +If (XT)nH n> 2, then its order of conviergence IS With the help of equation&)-(10), we obtain the Taylor's
seven. Clearly, here we use four function evaluations. So,., : _ f(z)—f(xn) .
according to Kung-Traub conjecture its maximum series expansion diizn, x| = =5 == as follows:
(optimal) possible order should be eight. To do this, we f[z,,x\] = C; + 2Coen 4 3362 + (Cico + 4c4) €S
consider the following iterative formula +(3¢2(CR + c1C3) + 5¢s)€l

g 0) Fo +O(&). (11)
Flzn. %) By putting the values of equatiori8) and(11) in the first
Wa = yn— Glty). f(yn) step of equatior6), we attain
. yil B Co 2(cZ—c1C3) 5
— f (W) Yo =0+ - Tt
Xnt1 = Wn — H(t2). (6) 1 1

f[Wnayn] ’

C3Co+ 4c§ —T7ciCC3  3c4
wheret; = ]fg”; t, = ;P"’“ y”} andz, = x, + f(x,)3. The ( G T a1 )en+ -+0(en)- (12)
following theorem shows that the conditions on weight o, the other hand, we find

functions under which proposed scheme has eighth- orde

convergence. f(yn) = Co€2 — (_ _¢ )en
l'SfeﬁZirgrr]rzla.ll.Let us. consideo 'e D.be a simple root (?f a (02(01+ 5¢3 — 7¢1C3) N 3c4)eﬁ+ o).
y differentiable functiorf : D CR — R. If Xy is c%
sufficiently close to the rootr. Then the method6) has (13)
eighth-order convergence, when the weight functions )
G(t1), H(tp) satisfy the following conditions: Furthermore, we obtain
f[Xn, Y]

G(0)=1, G(0) =1, ‘G(3>(O)‘ < too, 2
= C1+ Coen+ (C—i +c3)eﬁ

H(1)=1,H (1)=0,H"(1)=2, HO (1) = -12
93
‘H 4) ‘<+oo (7) +(m+c4)eﬁ
. . C1
Proof. W|th help of Taylor serles. and symbolic c§c§+4c‘2‘—8010303+20§(c§+20204) ,
computation we find the error expression of metliég + 3 +c5)en
Furthermore, by Taylor expansion around the simple root 1
a in the nth iteration and by considering, = x, — a, +..+0(e), (14)
f(a) =0, we obtain and
¢ 3¢5+ 2¢1C
f(Xn) = C16n+ C263 + C363 + Cagh + .. + O(€7%),  (8) ) zeﬁ (2713)
[Xnayn]
and Co(C3 +7¢5—10c1C3)  3ca 4
_ 3.3 2. A4 2 5 +( 3 +_)
Zy = o+ e+ cye;+ 3ciC€e, + 3¢1(C5 + C1C3) e c3 C1
+...40(€d). (9) +...+0(ed). (15)
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Table 2: Numerical comparison of different derivative-free By virtue of the above equation, and considelG(@) =

methods. G/(0) = 1, we acquire
DFg1 DFg2 DFg3 DFg4 DFg5 DFge | OM8
R 2 2 2 2 2 2 1 3 4
11
T b (b b | b | B B |G| 1) = 505 (663~ 2010200 3G (0) )]
?QT)ZIS 3 3 3 3 3 3 3 1 - 4 ) )
TNE 12 12 12 12 12 12 12
|f1] 0.4e-252| 0.1e-243| 0.2e-238| 0.3e-269| 0.3e-329| 0.3e-329| 0.6e-315 +@ (_60102 - 10&:2 + 12031(-3203 - 12C1C3
=, 2 2 2 2 2 2 12 G 2 "
TNE 8 8 8 8 8 8 8
1] 0.8e-79 | 0.5e-79 | 0.9e-78 | 0.3e-82 | 0.9e-82 | 0.9e-82 | 0.1e-100 _12C102C4 + 27CZG (0) - 18C10203G (0)
X =01
4
Lo A O A A N A ~c362(0) )&+ ...+ O(€). (7)
[f,] 0.2¢-107| 0.le-114| 0.le-214| 0.1e-238| 0.1e-231| 0.2e-231| 0.1e-52
X9 =-01 . H
" 3 3 3 3 2 2 2 With help of equation$13), (16), (17) and(8), we have
TNE 12 12 12 12 8 8 8
[fo] 0.4¢-369 | 0.1e-363| 0.2e-362| 0.2e-384| 0.1e-52 | 0.1e-52 | 0.le-74 ) 5
o= 05 (o 2cp(—C5+C1C3)
3
!;rNE iz iz iz iz iz iz iz f[WmYn] =C1+ _Zeﬁ + CZ—
[f,] 0.1e-178| 0.1e-167| 0.5e-162| 0.8¢-189| 0.2-182| 0.2e-182| 0.4e-259 C1 C1
X9 =10
IT - - - - - - 2 1
) . . . . . SA. 2
)szl\z DIV. NC NC DIV. NC DIV. 3.19—58 + ZCE (C2(2C102 14cycaC3 + 601C4
- o 4 4 - - 4 4 3 3 " 4 9
TNE 16 16 - . 16 16 12
[f3] 0.2e-139| 0.7e-194| NC NC 0.3e-310| 0.4e-315| 0.1e-64 _CZ(_ 14+G (0))) €t ...+ O(en)v (18)
X9 =18
ITTNE . . 22 iz 22 iz iz and
|fa] DIV. DIV. 05e-85 | 0.2e-83 | 0.1e-75 | 0.3e-75 | 0.1e-107
X0 =14 3
™e 2 3 2 3 2 3 3 f [Wn’ Xn] =0 + Co€n + C3e% + Ca&y
[14] 0.4e-214| 0.9e-211| 0.8e-237| 0.1e-253| 0.4e-334| 0.4e-334| 0.4e-333 3 4
el IR N P P B B 2@ . (t2excBes — 2cfos + (-
)Tf’:I\E | | Ne Ne Ne Ne ;.Zzerzsa
e, 2 2 2 2 2 2 +G”(O))})eﬁ+...+0(eg). (19)
TNE 8 8 8 8 8 8 8
[f4] 0.3e-153| 0.3e-153| 0.1e-120| 0.5e-133| 0.2e-136| 0.2e-136| 0.1e-161
=092 5 ) ) ) ) ) Now, putting the values of equatio$8), (19) and(17),
L’:I\E 0.40.295| 02e301| 04e57 | 02074 | 06050 | oseso | 0se07 in the last step of equatlc(lﬁ), we find
X0 — —0.93
me | |a |s |s & |&s & 7 (=14+H(1))cx(2c13+ C3(—6+ G"(0)))\ 4
[fs] 03e-61 | 0.6e-61 | 0.1e-65 | 0.5e-70 | 0.1e-70 | 0.1e-70 | 0.4e-98 €ht1 = 3 €
9 3 3 3 3 3 201
TNE - - 12 12 12 12 12 1
|f5] I I 0.1-108| 0.2e-123| 0.8e-104| 0.1e-103| 0.2e-361 [6( —14+H (1))0?(:% + 12( —1+H (1))
R, 3 3 3 3 3 2 6 i
TNE 12 12 12 12 12 12 8
L;s\: - 0.4e-231| 0.6e-236| 0.5e-298| 0.2e-328| 0.1e-301| 0.4e-334| 0.3e-59 ( 2 +c 04) 460, C% Cs (20_ 20H ( 1) _H /(1)
T 3 3 3 3 2 3 2
TNE 12 12 12 12 8 12 8 " 4
L(f)e\: — 0.2e-354 | 0.2e-351| 0.3e-336| 0.1e-357 | 0.6e-54 | 0.2e-301 | 0.4e-60 +3( —1+H (1) ) G (O)) + c (18( —6+6H (1)
T 4 4 3 3 3 3 3 / //
}Tfr\eu‘a 0.6-200| 016244 | 0e172| D6e192 00e-158| 020182 | 07e382 +H' ( )) ( 9+9H ( ) (1))6 (O)
X0 =08 5 9
Lo A N N R R +(~1+H(2)G(0)) | &+ ...+ O(eD).
f] 0.2e-57 | 0.1e55 | 0.2e-72 | 0.2e-82 | 0.3e-98 | 0.7e-202| 0.8e-219
0T, 3 3 3 3 3 3
)TfN7I\E (:;.219—161 é.229—162 3.219—159 é.zle—l72 3.269—202 é.229—301 é?ze—a?s By putting H (1) =1H /(1) =0 H " (1) =2, H 3 (1) =
=04 1 ) ) ) ) ) ) —12, in the above equation the final error expression is
)Tf’\;l\z g.Se-GO g.ee-eo g.le-sz g.7e-55 g.Ze-GZ 3,29-62 g.le-m given by
Here: xg = Initial guess, TNE = Total number of evaluationsand IT = Number of iterations.
1 1"
€1 = (cz 2cic3+c5(—6+G7(0 24c3¢5
1= gy (C2(20105 + (64 6'(0)) (~24ckc;
i i i 202 4 4 8
By using the equationgl5), (13) and(8) in the second +24c2(CR — cpCa) + CH(—96+ H( )(1)))) e

step of equatiOt(IG) we attain

9
wn=a+(cz_ Cz)e§+ (—2c§+3G(0)c§ +Olen). (20)

Particular Case:
+2¢;03 — 2G(0)c103 — cZG’(O)) e+..+0(e).

16) Let G(t;) = 2tl andH(tp) = 4 — 8t + 7t3 — 2t3, then
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the method 6) becomes

_ f(%n) _ 3
Yn = Xn ]’ Zn = Xn+ f(Xn)
- 1-2t1\ f(yn)
Wn o yn_ (1_3tl) f[Xn,yn]
f(Wh)
wheret; = % andt, = % then its error expression
becomes '
C2C3(C3C3 + 4ch + C2(—C3+ CaCa))
en+1:_23 12 261 3 T bota eﬁ+0(eﬁ).
C1
(22)

Remark 1: By taking different appropriate valuesGit; )
and H(t;) one may get a number of eight-order
derivative-free iterative methods for finding the simple
roots.

Remark 2: In order of removing derivatives from iterative
methods the number of function evaluation usually
increases. But in new scheme we increase the eﬁiciencyig_ 2: Basins of attraction for Example 5.2. First row:
index without increasing more function evaluations. methods DFg ) (left) and OFg ) (right). Second row: methods

(DFg3) (left) and DFg4) (right). Third row: methods [jFg 5)
(left) and OFg) (right). Last row: method@M8).

method. In order to verify the effectiveness of the
proposed iterative method we have considered seven
nonlinear test functions. The test non-linear functiond an
their roots are listed in Table-1. The entire computations
reported here have been performed on the programming
packageMATHEMATICA [8] using 1000 digit floating
point arithmetic using SetAccuraccy” command. It can

be observed from Table 2 that almost in most cases, our
proposed derivative-free scheme is superior than other
methods. In Table 2 DIV. stands for divergent, NC and |
stands for not convergent and indeterminate, respectively
For comparing the number of iterations and total number
of function evaluations, we have used the following
stopping criterion|f(xy)| < 1.E —50. We have taken
three different initial guesses for comparing the
convergence rate of each scheme. Here we compare the
performance of the proposed methd@4) (OM8) with

the methods (2.13)0Fsg3), (2.15) OFg4) of [19]; (4.17)
(DFg1), (4.19) OFs?) of [13) and (33) DFss) and (35)

Fig. 1: Basins of attraction for Example 5.1. First row: (DFge) of [20]. The results of comparison of the test
methods DFg 1) (left) and OFg ) (right). Second row: methods  functions are summarized in Table 2. From Table 2 we
(DFg3) (left) and DFg4) (right). Third row: methods@Fgs)  observe that the new scheme is superior than some
(left) and OFgg) (right). Last row: method@M8). existing methods.

5 Basins of attraction

4 Numerical results . _ L .
In this section, we are describing the fractal behavior of

The prime objective of this section is to demonstrate theeighth-order derivative-free methods used in numerical
performance of the new eighth-order derivative-freesection. For the dynamical comparisons, we consider a
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complex rectangl® = [—3,3] x [-3,3] € C and then we [3]1J. F. Traub : Iterative methods for solution of equations
assign a color to each complex pomte D according to Chelsea Publishing, New York, USA (1997).

the root at which the corresponding method starting from [4]W. Gautschi : Numerical Analysis-An Introduction,

7o converges. Here, black color represents the points at __ Birkhauser, Barton Mass, USA (1997).

which the method do not converge. We have used [5IF. Soleymani and B. S. Mousavi : On novel classes
stopping criteria|f| < 10~4 and maximum number of of |terat|v_e methods for solving nonllne_ar equa_tlons,
iterations 100 for each method. The following test Computational Mathematics and Mathematical Physics, 52

. . . (2012), No. 2, pp. 203-210.
polynomials have been considered for comparison [6] J. R. Sharma and H. Arora : An efficient family of weighted-

Newton methods with optimal eight order convergence,

Example5.1: 7' — 107 +9. This polynomial, has roots Applied Mathematics Letters, 29 (2014). pp. 1-6.
3, =3, —1 and 1. According to figure 1, we found that [71p. K. R. Babajee, A. Cordero, F. Soleymani and J. R.
OM8 is best. MethodBFg 1, DFg 2, DFgs andDFg g have Torregrosa : On improved three-step schemes with high
a large number of diverging points. MethoB$g3 and efficiency index and their dynamics, Numerical Algorithms,
DFg 4 show chaotic behavior. 65 (2014), pp. 153-169.

[8] C. Chun and M. Y. Lee : A new optimal eight-order family
Example5.2: Z+47°— 10. This polynomial, has roots of iterative methods for the solution of nonlinear equation
268262+ 0.358259, —2.68262— 0.358259 and Applied Mathematics and Computation, 223 (2013), pp.

1.36523. From figure 2, we observe that again the  506-519. . o .

performance ofOM8 is best and other methods do not [9] F. Soleymani : New class of eight-order iterative zeraiérs

perform well. Based on figures 1 and 2 we conclude that and their basins of attraction, Afrika Matematika, 25 (2014

pp. 67-79.

hm;vtgorﬂz?ggdliv,e?':i?{z ’ I(D)Etg ’(bDIggIﬁ ’arDeI;B)’Sir?nC%IanFg;rison[lo] A. Cordero, T. Lotfi, K. Mahdiani and J. R. Torregrosa

with OM8 Finallygogr IF”)nethod does not show any (I:Dhaotic : Two optimal general classes of iterative methods with
S ’ - . - eight-order, Acta Applicandae Mathematicae, 2014, DOI

behavior and has large basins of attraction. These figures  141007/s10440-014-9869-0.

confirm the numerical results illustrated in Table 2. [11] C. Andreu, N. Cambil, A. Cordero and J. R. Torregrosa :

A class of optimal eighth-order derivative free methods for
solving the Danchick-Gauss problem, Applied Mathematics
6 Concluding remarks and Computation, 232 (2014), pp. 237-246.
[12] F. Soleimani, F. Soleymani and S. Shateyi : Some itezati
In the present study, we have contributed an efficient ~ Methods free from derivatives and their basins of attractio
eighth-order Steffensen-type method. We have also for nonlinear equations, Discrete Dynamics in Nature and
described the dynamical behavior of some eight-order, , SCCiel: 2013, Article ID 301718, 10 pages. :
derivative- . I113] F. Soleymani : Optimized Steffensen-type methods with
erivative-free  methods. New scheme requires fou

. . . . i e . eighth-order convergence and high efficiency index,
function evaluations per iteration, so its efficiency index |yternational Journal of Mathematics and Mathematical

is 84 ~ 1.682. Some numerical examples have been  Sciences, 2012, Article ID 932420, 18 pages.
carried out to confirm the underlying theory of this study. [14] J. R. Sharma, R. K. Guha, P. Gupta : Some efficient
From numerical and graphical comparisons one can  derivative free methods with memory for solving nonlinear
observe that our contributed scheme is superior than some  equations, Applied Mathematics and Computation, 219
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