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Abstract: In today’s manufacturing environment, most enterprisesfacing fierce competition from the pressure of the increpsi
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explores some vendor-buyer inventory models with tradditfamancing under suppliers’ credits linked to the ordeauity. The
main purpose of this paper is to adopt and apply the rigorcethods and tools of mathematical analysis to develop thelsienand
concrete solution procedures for integrated vendor-bageperative inventory models. The theoretical resultsgmied in this paper
are shown to improve some of the existing results in eartigzles.
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1 Introduction income, while suppliers lose the interest income during
the same time. Goyal7] developed the economic order

The integrated inventory models usually have theduantity model under conditions of permissible delay in

advantage of reducing the total cost. In the modern globaP@yments. Chen and Kandl[ first incorporated the

competitive market, the supplier and the retailer should béaforement'ioned works of Goyal@Jand [7]) in.ord.er to
treated as strategic partners in the supply chain with £stablish integrated vendor-buyer cooperative inventory

long-term cooperative relationship. Goya#] [ was mode_ls with permissible Qelay in payments. .In addltllon,
probably the first researcher to develop theKhouja and Mehrez g first explored supplier credit

seller-customer inventory model. On the other hand, inPolicies where the credit terms are linked to the order
the real world, suppliers usually provide a delay period induantity. Tenget al. [12] combine the investigations by

payment to encourage retailers to buy more ordef<houja and Mehrez § and Chen and Kangl] to
quantity. During the trade credit period, the retailers canconsider vendor-buyer_lnvgntory models with trade credit
obtain the interest from the nonpayment and saledinancing under suppliers’ credits linked to the order
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qguantity. Basically, the integrated inventory models If the order quantity is greater than or equalQ@g,

discussed in Tengt al. [12] are sufficiently interesting. then the delay in payments upkbis permitted. If the
However, the solution procedures to locate the optimal permissible delay is granted, then the buyer invests
solutions in Tenget al. [12] are full of shortcomings such the revenue and earns an annual return lggbgy time

that their solution procedures can and should be further M. When payment is due at timd, the buyer pays

improved. The main purpose of this paper is not only to  off all items sold to the vendor, and starts paying

remove those shortcomings, but also to provide the interest charget} on all unsold items as collaterals.

complete and concrete solution procedures for the models 3 The vendor produces an integer multiple amount of

considered by Tenget al. [12. Finally, numerical the buyer’s order quantity at one setup and ships to the

examples are given to illustrate the theoretical results  pyyer over multiple deliveries of.

presented in this paper. The literature review in 4 candh. > h

connection with this paper, the reader can refer to many .p'> T =TV

of the closely-realated earlier works cited by Tesicl. 5.Time horizon is infinite.

[12]. Additionally, several other related works on the |n this paper, we assume that neitlpég > clc norle > Ig

subject of this paper include (for example) the recentin order to generalize the work by Tergal. [12]. We also

papers 2] to [5], [9] and [10]. just explore the integrated inventory model only, in which
case both the vendor and the buyer form a single firm.

2 Notations and Assumptions
3 The Mathematical Model to be Investigated
The following notation and assumptions are adopted
throughout this article. Based upon the above notations and assumptions (see
A the buyer's ordering cost per order Section 2), Tenget al. [12] divide discussions of the
S the vendor's set up cost per production run integrated annual total inventory coSt€(n,T) for both

F the vendor's fixed process cost for handing eachthe vendor and the buyer into two possible cases: (1)
Tg <M, and (2)Tyg > M in which bothn andT are two

order - .
h, the vendors holding cost per unit per year excluding 9€cision variables.
interest charges Casel. Ty < M. In this case, theTC(n,T) can be
h, the buyer’s holding cost per unit per year excluding expressed as follows:
interest charges
c the buyer's procurement cost per unit TCi(n,T) (n21,0<T<Ty) (1a)
p the buyer’s selling price per unit with > c TC(N,T)=4¢ TC(n,T) (n=1;T4<T < M)1b)
D the buyer's annual demand rate TCT) (=1 M<T, (1c)

R the vendor’s annual production rate wigh> D
T the buyer’s replenishment cycle time in years (awhere

decision variable) s
M the permissible delay period in years offered by the TCi(nT) = A+F+3 n D(hp+clc)T

vendor T 2
Q the buyer’s order quantity Dh,T D D
Qq the minimum or_der quantity at which the delay in + 2 (n—=1)(1- R + R’
payments is permitted 2)

lg the buyer’s annual investment return rate per $
Ic the buyer’s annual interest rate to be paid per $ in
stock to the bank A+F+§ D D) D
. TCy(n,T) = +=qh+plag+h [(n-1)(1-S )+ | T
Iy the vendor’s annual investment return rate on the ’ T 2 { o [ ( R> R]}
opportunity loss due to the delay payment +(cly—plg)MD O
n the vendor’s integral number of lots per production and
run (a decision variable)
TC(n,T) the annual total inventory cost for both the vendor TesnT)= ATEFR +g {hﬁhv [(nfl) (179> +9]}T

and the buyer T R
N Dele(T—M)?  DplgM?

The following assumptions are used in order to 2T 2T
develop the model which we consider here. i
Equationg2) to (4) reveal the fact that

1.The lead time is zero. Demand rate is constant over
time. Shortages are not allowed.

+DclyM. ()

TC]_(n, Td) - TCZ(na Td)

2.1f the order quantity is less tha@y, then the payment _ D(hp+cle)Tq _
must be made immediately after receiving the items. 2 + (plg —¢lyMD ®)
(@© 2016 NSP
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and 4 The Convexity of TCi(n,T) (i=1,2,3)

TCo(n,M) =TCs(n, M). 6) Equations 2) to (4) yield the first-order and the second-
In generalTCy(n, Ty) # TCo(n, Ty). Hence, for any given order partial derivatives with respectToas follows:

n, TC(n, T) is continuous except whéh= Ty. aTCINT)  A+F +3
Our problem is to determine the optimal vendor’s integral al b T2 b b
number of lots per production run* and the optimal 4= {hb+clc+hv {(n—l) (1_ 7) + ,} }
buyer’s replenishment cycle tim&* which minimizes 2 R R
TC(n,T). So, the equationda) to (1c) imply that 1s)
: 2TCy(nT) 2(A+F+3
TC(n*, T*) = min{TCy(nj3, T11), TC2(N34, T51), TCa(n3y, T31) } » 1(2’ ) = ( 3 n) >0, (16)
7 oT T
where OTConT) _ A+F+3
TC(N}y, Ty) = min{TCy(n,T) :n=1and 0< T < Ty}, JaT T
(8) -I—E hp+plg+hy | (n—1) 1—9 +9
2 R R|J’
TCo(y, Ty) = Min{TC2(n,T):n > LandTy < T <M}, (7
(9) 9*TC(nT) _2(A+F+9) -0 18)
, aT2 T3 ’
TC3(n3;,T37) =min{TC3(n,T):n=1andM =T},
(10) 2(A+F + )+ DM2(cle— pl
where (ni;, T7y), (W, T3y) and (%, T3 are assumed to~ 9TG(0VT) [ ( “> (cle pd)]
exist ot 212
' D D\ D
— <hp+cle+ 1-— —
Case2. Ty > M. 2{b+ ‘ hv{( )( R)+R”
(19)
> .
TCMN.T) = { TCy(n,T) (n=21,0<T<Ty) (11la) and
TC3(n,T) (N1, Ty<T). (11b)
32TC3(n,T)  2(A+F+2)+DM?(cle— plg) )
Equationg2) to (4) reveal the fact that T2 - T3 - (20)
For simplicity, Tenget al. [12] assumed that
D(plg — clc)M?
TCl(and) - TC3(n7Td) = % S
d 2<A+F+ﬁ>+DM2(cIC—pId)>0f0ral|n>1. (21)
In general, _ o
TC(n, Ty) # TCs(n, Ty). Equation 21) implies that

2
Hence, for any givem, TC(n,T) is continuous except 2(A+F)+ DM?(clc— plg) = 0.

whenT = Ty. However, in order to make the equation (43) in Tehgl.

. . . . 12] valid, we further assume that
Our problem is to determine the optimal solutigri, T*) [12] valid, we fu .

which minimizes TC(n,T). So, clearly, the equations 2(A+ F)—I—DMZ(Clc— plg) > 0.
(119 and (L1b imply that ) )
Hence, TCi(n,T) is convex onT > 0O for any givenn and

TC(N',T%) = min{TCy(nip, T13). TCa(nip Tp)} . (12) 1= 1,23
where Upon solving
ATC(n, T .
TC1(Nip, Ti5) = min{TCy(n,T):n>1and 0< T < Ty} % =0 (i=123), (22)
(13)
and we obtain
TCa(Ny, Toy) = MiN{TCs(n,T):n=1andTy < T}, T (n) = 2(A+F+3)
(14) D {hy+clc+hy[(n—1) (1-]) + ]}’
where @73,, T;) and @3,, T3,) are assumed to exist. (23)
(@© 2016 NSP
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Equations 82) to (34) imply that
Ty (n) = 2(A+F+3) Axz(MM) = Aa(n, Tg) if Ty<M 35
2 D{hb+pld+hv[(n—1)(1—%)4-%} 23(N,M) = Az(n, Tg) if Tg = M, (35)
(24)
and A3(n,Ty) = Da(n, Ty) if Ty > M, (36)
Ti(n) = \/ 2(A+F+§)+DM2(C|C—pId)
5(n) =
D {hp+cle+hy[(n—1) (1—%)+%]}(25 Aos(n+1,M) > Apg(n M) if n> 1 37)
as the respective roots of the equati@g)( Furthermore, and
the convexity of the functio@Ci(n,T) for T > 0 implies . _
that (see, for details1{L]) Ai(n+1,Tg) > Ai(n,Tg) if n=1andi =1,2,3. (38)

<0 fO0O<T<T*n), (26a)
0"’%‘7&”5) { =0 if T=T"(n), (26h)
>0 if T>T*(n). (26c¢)

Equations 263 to (260 reveal the fact thaTCi(n,T) is
decreasing orf0, T;*(n)] and increasing ofil;*(n), ) for
any givenn andi = 1,2, 3. Equations 15), (17) and (9)
yield

JdTC1(n,Tg)  A1(n,Ty)

FAE) @
0T02(n7Td) AZ(and)
or 212 (28)
dTC3(n, Tg)  A3(n,Ty)
oT 212 29)
dTCz(n,M) . dTC3(n,M) . Azg(n,M) (30)
oT o oT To2M2

A1(n,Tg) = —2 (A+ F+ ?)

+DTdZ{hb+CIc+hv {(n—l) <1— %) +%”7
(31)

Do(n,Tg) = —2 (A+ F+ ?)

+DTdZ{hb+ plg +hy {(n—l) <1— %) +%”7
(32)

A3(n,Tg) = —2 (A+ F+ 1:) +Dcle(TZ —M?) + DM?ply

+DTd2{hb+hv {(”_1) (1_ %) + %} }
(33)

and

Axz(nM) = -2 (A-I— F+ §>

+DM2{hb+pId+hv{(n—1) (1—%)+%}}

(34)

Based on the above arguments, we have the following

results.

Lemma 1For any given n, the following two cases would
occur.

Casel. Ty S M.

(A) If A1(n,Tyq) > 0O, then TCy(n,T) is decreasing on
(0,T;(n)] and increasing on [Ty (n), Tg).

(B) If A1(n,Ty) < 0, then TCy(n,T) is decreasing on
(0,Tg).

(C) If Ax(n,Tq) > 0O, then TCy(n,T) is increasing on
[Tg,M] and TC3(n, T) isincreasing on [M, «).

(D) If Az(n,Tg) < 0 < Azz(n,M), then TCy(n,T) is
decreasing on (0,T;(n)] and increasing on
[T3(n).M).

(E) If Az3(n,M) < 0, then TC3(n,T) is decreasing on
[M, T3 (n)] and increasing on [T5 (Nn), ).

(F) If Azz(n,M) > 0, then TCs(n,T) is increasing on
[M, o).

Case2. M < Ty.

(A) If A1(n,Tyq) > 0O, then TCy(n,T) is decreasing on
(0,T;(n)] and increasing on [Ty (n), Tg).

(B) If A1(n,Ty) < 0O, then TCy(n,T) is decreasing on
(0, Ty

(C)If A3
[Ta, 00

(D) If A3(n,Tyq) < 0O, then TCs(n,T) is decreasing on
[Ta, T3 (n)] and increasing on [T5(n), o).

n,Tq) > 0, then TCg(n,T) is increasing on

~_ A~ —

5 Theorems for the Optimal Solution (n*, T*)
of T(n,T)

Let
TCy(n) =TCy(n, T (n)), (39)
TCz(n) =TCy(n, T3 (n)) (40)
and
TCs(n) =TC3(n,T3(n)). (41)

(@© 2016 NSP
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Then the equations (31), (37) and (42) in Teagl. [12]
reveal that

TCi(n) = /2D (A+F + §) {hy+cle+hy [(n—1) (1-B) + B},
(42)

TCo(n) = ¢2D <A+F+§> {hb+ pla+hy [(nfl) (k%) +%]}

+ (cly — plg)MD (43)

and

TCs(n) = \/D {2 (A+ ot §> +DMA(dle - pld)}

Jinseeen]on(i-2)+2])

+¢(ly—Ic)MD. (44)

Taking the first-order derivatives afCi(n) (i = 1,2,3)
with respect ta, we have

dTCi(n) _ D{(A+F)(1-R)~ $ [ho+clc+h( R -1)]}
dn \/ZD(A+F+§){hb+clc+h\,[(nfl)(17%)+%]} ’
(45)
dTCy(n) _ D{ (A+F)h(1-B)~ 5 [ho+pla+hv( R -1)]}
dn \/2D(A+F+2) {hp+plg-+hv[(-1)(1-B)+ B]}
(46)
dTCs(n)
dn

D{h (1- ) [2(A+F)+DM2(cle — pla)] — 5 [y +cle+hy (R 1)) }

(47)
We now let
S[hy+cle+hy (2 -1
n = [b+CC+ V(RD )}’ (48)
(A+F)h, (1-3)
Slhy+plg+hy (2 -1
My = [ho + plg + v(RD )] (49)
(A+F)h, (1-3)
and
2S[hy+cle+hy (2 1
N = Siho tcle t (R -] g0
h\,(l—ﬁ)[Z(A+F)+DM (cle— plg)]
Combining the equationg) to (50), we obtain
— <0 if0O<n<n, (51a)
dT;‘(”){ —0 if n=n, (51b)
>0 if n>n, (51c)

R
\/DI2(A+F +3) + DMZ(cle — pla)] {hy +cle +h, [(n—1) (1~ B) + 8]}

fori=1,2,3. Equations§19 to (519 imply that TCi(n)
is decreasing orf0, n;] and increasing offin;, ) for i =
1,2,3. Let

Nig = |ni| := the greatest integet n; (52)

and
TC(n) =min{TCi(n):n=1}. (53)

Then we have
TCi(n) =min{TCi(np), TCi(np+1)}  (54)

fori = 1,2,3. Based upon the above arguments, we have
the following results.

Theorem 1. Supposethat Ty £ M.
1. 1T A1(nfg, Ta) > 0, Ax(N5p, Tg) > 0and Axz(ngy, M) > 0,
then

_ { TCi(nio 7 (M), TC1 (NG + 1, T1' (Mo + 1)), }
TC(n*,T*) =ming TCy(n5g, Ta), TCa(N5p+ 1, Tg), .
TC3(n3, M), TC3(N3p+ 1, M)
(55)
2. Supposethat
A1(nfo, Ta) S0 < My(Njg+ 1. Tg), Az2(n5p,Ta) >0 and  Aza(ns,M) > 0.
If

_ TCi(njo+ 1T (njp+ 1)),
TC1(Np, Ta) 2 mMing TCo(N5, Tg), TCo(N5o+1,Tg), ¢,
TC3(N50, M), TC3(n3+ 1,M)

then

TC3(N5, M), TC3(ng+ 1,M)
(56)

TCi(Njp+ 1, T (n5o+ 1)),
TC(n*,T*) =ming TCy(n5y, Ta), TCo(N5p+ 1, Tg), -

Otherwise, (n*, T*) doesnot exist.
3. Supposethat

A1(np+1,Tg) £0, Ax(ng,Tg) >0 and Apz(nzg,M)>0.

If
min{TCl(”iOa Td)aTCl(niO—’_ 17Td)}
> min TCZ(nEO,Td),TCZ(HEO—I— 1,Td),
= TC3(N5p,M), TC3(N50+1,M) [~
then

TC(n*,T*) = min { TCa(Mgo, Ta), TCo (Mo + 1, Ta), } :

TC3(N50, Ta), TC3(Ngo+ 1, M)
(57)

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

160 %N S

K.-J. Chunget al.: A Two-Warehouse inventory model with quantity ...

Otherwise, (n*, T*) does not exist.
4. 1If

A1(njo, Tg) >0,  Ax(ng, Tg) =0 < Ap(nzp+1,Ty),

A23(n§0, M) >0 and A23(n§0, M) >0,

then

{ TCy(nio, 17 (Nfg)), TCa(N1p+ 1, Ty (N1 + 1)),
TC(n*, T*) =min{ TCa(N5g, Tg), TCo(N5p+ 1. Tg),
TCs(n50,M), TCa(no+ 1,M)

(58)
5. Supposethat

A1(n1g, Ty) <0< Ay(njp+1,Ty),

Dp(Mg, Tg) = 0 < (N +1,Ty),
Do3(Myo,M) >0 and  Azz(n3p,M) > 0.

TCi(Mo+1, Ty (N +1)),
TC(“?{O? Td) z min TCZ(n§O7 T;(”;O))vTCZ(nEOJ'_ 17Td)7 )
TCa(nso, M), TCa(N5p+ 1, M)

then

TCi(nfo+1, T (njp+1)),
TC(n*, T*) =min{ TCy(n5g, T; (N5g)), TCo (N5 + 1, Ta),
TC3(n5, M), TC3(n3p+1,M)
(59)
Otherwise, (n*, T*) does not exist.
6. Supposethat

Al(n§0+ 1,Td) <0, Az(nﬁo, Td) <0< Az(n§0+ 1, Td),

A23(n§03 M) >0 and A23(n§03 M) > 0.

If
min{TCl(”iOa Td),TCl(ni()"‘ 17Td)}
| TC(n5e, T3 (M),
Zming TCy(n5y+1,Ty), ,
TC3(n§O7 M),TC3(n§0+ 1LM)
then

* T H TC2(n§07TZ*(n*ZO))vTCZ(nEO+laTd)a
T T*) = 2 "
Cn,T7) mm{TCg(n307M),TC3(n30+l,M)
(60)
Otherwise, (n*, T*) does not exist.
7. 1f

Al(nim Td) > 07
Do (a0, Ta) = A23(Myp,M) <0< Az(nzo+1,Tg)

and
A23(n307 M) > Oa

then
TC(n*, T%)
. { TCy(M, Ty (7)), TCa(nj+ 1, T (Nfp + 1)), }
=min .

TCz(nEO, M),TCg(nEO—i— :I.,Td)7
TC3(H§O, M)7TC3(n§O+ 1,M)

(61)
8. Suppose that
A1(njp, Tg) S0 < A1(Njp+1,Tg),
(N0, Tg) = A23(Nop,M) = 0 < Ap(yg+1,Ty)
and
A23(n§0,M) > 0.
If
TC1(no, Ta)
> min TCi (Mo +1, T (Mg + 1)), TCo(n5y, M),
= TCo (5o +1,Tg), TC3(N3p,M), TC3(ngo+1,M) |~
(62)
then
TC(n*, T%)
—min Tcl(nio—i_ 17Tf(n10+ 1))7TC2(n§07 M)7
TCo (5o +1,Ty), TC(N39, M), TC3(n3o+1,M) [~
(63)

Otherwise (n*, T*) doest not exist.
9. Suppose that
A1(njp+1,Tg) =0,

Ap(Mp, Ta) = A3(My, M) = 0 < Ap(Mo+1,Tg)

and
A23(n§0, M) > 0.
If
min{TCy(n1g, Ta), TCa(N1o+ 1, Tg)}
> min TCg(nzo,M),TCZ(ﬂzo-F 1,Td),
= -|-C3(rl§07 M),TCg(n§O+ LM) |7
then

« *\ . Tcz(nzmM)aTCZ(nEO+17Td)7
(v, 70) —min{ 720 W S0 ) 4. (o

Otherwise (n*, T*) does not exist.
10.1f
A1(njo, Ta) >0,

Az(n§0+ 1, Td) § 0< A23(n50> M) and Agg(ngo, M) >0,
then

(@© 2016 NSP
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TC(n*, T%)
TCy(Myp, Ty (N5)), TCa (N5 o+ 1, T (N + 1)),
=minqg TCy(n5g, Ty (N5g)), TCo(N5g+ 1, T (N5 + 1)),
TC3(FI§0, M)7TC3(n§0+ 1,M)
(65)

11. Suppose thaf\; (N, Tq) < 0 < Ay(Njo+ 1, Tg), Ax(nbg+
17Td) é 0< A23(n’§0, M) andﬂgg(n’gm M) > 0. If

TCy(nio: Ta)
> min TCl("‘?lO+ 1, Tl*(niOJF l)),TCz(ﬁ;O,T2*<n§0)), (66)
= TCo(nso+ 1, T, (Mo +1)), TCa(N5,M), TC3(N5e+1.M) [

then

TC(n",T")

TCy(nfo+ 1Ty (Njp+1)),

— min 2(MNo, T3 (No)),
TCo(nzo+ 1, T3 (Mo + 1)),

TC.
TCa(Nig M), TCs(no-+ 1,M) } 67)

Otherwise (n*, T*) does not exist.
12. Suppose that
Al(n’{0+ 1,Ty) <0, Az(n§0+ 1,Tq) <0< Azg(nzo, M)

and
A23(n§0, M) > 0.

min{TCy1(no, Ta), TC1(N1o+1,Ta) }

(
{ TCa(3g, T; (N30)), }
= min{ TCy(n 20+1 TS (n59+1)), )
(

TC3(n3y, M), TC3(ngy+ 1, M)
then

TCa(N50: T (M),
TC(n*, T*) =ming TCy(n5y+1,T; (n55+1)),

TC3(n§07 M)aTC3(n§O +1, M)
(

68)
Otherwise (n*, T*) does not exist.
13. If

A1(nig, Tg) >0, Ax(n5g+1,Tg) <0< Agz(nsg+1,M)

and
Agg(néo, M) > 0,

then

Tcl(n?lf_Oﬁ Tf(nio))ﬁ-rcl(n9£0+ 17Tf (n10+ l))’
TC(n*, T*) =ming TCa(n5g,M), TCo (5o + 1, T5 (N30 + 1)),

TC3(n5p,M), TC3(N3,+ 1, M)

(69)

14. Suppose that

A1(nfo, Tg) £0< A1(nfo+1,Tg),  Aa(nzp+1Ty) =0,

A3(N50,M) <0< Apz(nsg+1,M) and

If
TC1(nfo, Ta)

> mind TCu(Mio+ 1Ty (nig +1)), TCx (5o, M),
= TCa(Mso+ 1, Ty (Nyp+ 1)), TC3(N30, M), TCa(ngo +1,M) [~

Agg(ﬂéo, M) >0.

then

TC(n',T)

— mind TCu{Mio+ 1Ty (njo+ 1)), TCx(ni, M), . (70)
TCo(No+ 1, T, (N5g+ 1)), TCa(Njg, M), TC3(N5+ 1, M)

Otherwise (n*, T*) does not exist.
15. Suppose that

A1(njo+1,Ty) 0, Do(Myp+1,T4) 0,

Az3(n50,M) < 0 < Azz(Nzg+ 1, M)

and
A23(n§0, M) > 0.

min{TCy(n1p, Ta), TC1(Njp+ 1, Tq)}

TCo(n5p,M,)
Zming TC(nzy+ 1, Ty (n50+ 1)), ,

TC3(n3,M), TC3(n3p+ 1, M)
then
TC(n*,T")
_ minJ TCa2(50,M), TCo(n3o+ 1, T (n3o+ 1)),
TC3(”§OaM)7TCB(n§0+ 1,M) :
(71)
16. If
A1(Mg, Ta) >0, Ax(nyp+1,M)=0
and
A23(n§07 M) > Oa
then
TC(n*, T*)

=min TCl(nIO?Tf(”;o))?TC1<n;0+ l!Tf<n;0+ 1)>7T02(n£07 M)v (72)
TCo(N5e+1,M), TCs(N%o, M), TC3(n%o+ 1, M) ’

17. Suppose that
A1(Njo, Tg) S 0< Ar(njp+1,Ty), Axz(N5g+1,M)<0

and
A23(n§0, M) > 0.
If
TCl(n’iO,Td)
> mind TCu(Nio+ 1Ty (Mo + 1)), TCo(50, M),
= TCZ(n§0+ 1,M),Tcg(n§0,M),Tc3(n§0+ 1ILM) [’
then
TC(n*, T*)
_ min] TCi(Mio+1.T7 (nfg+1)), TCa(nzo, M), 73)
TCa(Nso+1,M), TC3(n30,M), TC3(n3 +1,M) [~

Otherwise (n*, T*) does not exist.
18. Suppose that
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D1(Mip+1,Ty) S0, Aga(Msy+1L,M) S0 and  Ans(njo,M) > 0.
If

min{TCl(”iOa Td)aTCl(niO—’_ 17 Td)}

2 M0\ TG, (nig M), TCa(nig-+ LM) [

then

O, T*) = min{ TCa(N30, M), TC2 (3o +1,M), } .

TCs(no, M), TCs(n%o+ 1,M)
(74)

Otherwise (n*, T*) does not exist.
19. If
Al(niw Td) > Oa AZ(”;Oa Td) >0

and
A23(n§03 M) é 0< A23(n§0+ 1a M)a

then

TC(n,T*)

— mind TC1(nio, T1 (Ng)), TC1(Nfp+ 1, Ty’ (N + 1)), TCa(o, Ta),
TCa(n5o+1,Tq), TCa(N3g, T4 (N3g) ), TCa(N5g + 1,M) |
(75)

20. Suppose that

A1(njo, Tg) S0<Ar(njp+1,Tg),  Az2(ngp, Tg) >0

and
Ap3(n3o,M) < 0 < Apz(ngp+1,M).

TC1(no, Ta)

> mind TC1(Mig+ 1,77 (njo+ 1)), TCa (N30, Ta),

= TCa(Mso+ 1, Ta), TCa(No, T4 (%)), TC(Nso+ 1, M) [
then

TC(n",T")

_ mind TCu(nio+ 1,7 (nfo+1)), TCx(i, Ta), e
TCa(No+1,Ta), TCs(Ns, T3 (M0)), TCa (N30 + 1, M)

Otherwise (n*, T*) does not exist.
21. Suppose that
Al(”io*‘ 17Td) g Oa AZ(”EOde) >0
and
A23(n§0, M)S0< A23(n§0+ 1LM).

min {TCl(niO, Td),TC]_(nio—l- 1, Td)}

> mind TC2(N30, Ta), TCa(ngo + 1, Ta),
= TC3(N30, T3 (N30)), TC3(N3o+ 1, M) [~

then

(77)

TC(n*, T") :min{ TCo(M3, o), TCa(N3g + 1, Ta), }

TCs(n3o, T3 (Nz0)), TCa(zp+ 1, M)

Otherwise (n*, T*) does not exist.
22 If

A1(Njp, Ta) >0,  Da(n5g, Ta) = 0 < Da(nz+1,Ta),

A23(n§0, M) >0

and
A23(n§03 M) § 0< A23(n§0+ 17 M)v

then

TC(n",T")

— mind TCu(Mio, T7 (M), TC1 (Mo + L, Ty (Mg + 1)), TCa (N30, T3 (M30))
TCa(n3o+1,Ta), TCa(Ngg, T3 (M), TCa(Njo+1,M) :
(78)

23. Suppose that
Al(njo, Td) <0< Al(n§0+ 1 Td),

Dp(Mg, Tg) = 0 < Ap(Np+1,Ty),
Az3(No,M) >0

and
A23(n§05 M) § 0 < A23(n§0+ 17 M)

TC1(nio. Ta)
> mind TCu(Mio+ 1Ty (N + 1)), TCa(M0, T (M),
= TCa(no+1,Ta), TCs(N30, T (o)), TCs(Ngo + L M) [

then

TC(n",T%)
_ i ] TCa(io + 1.5 (nfo+ 1)), TCa(so, T3 (n), )
TColno +1,Ta), TCs(nio, T3 (N4o)). TCs(i + 1.M)

Otherwise (n*, T*) does not exist.
24. Suppose that

A1(n5p+1,Tg) 20, Ay(Nbo, Ty) £ 0< Ax(nbg+1,Ty),

A23(n;0, M) >0

and
A23(n§0, M)S0< A23(n§0+ 1L,M).

min{TCy(njp, Ta), TC1(n1o+1,Ta)}

> min Tcz(nzo’TZ*(nEO))vTCZ(nEO—F 1,Td),
N TC3(n§0,T;(n;o))7TC3(n§0+ 1, M) ’

then

£ T*) — mi TCZ(n§07TZ*(nEO))?TCZ(nEO+laTd)a
o) = min{ rei O TG LT |
(80)
Otherwise (n*, T*) does not exist.
25. If
Al(ni@ Td) >0,

Do (N30, Ty) = A23(Mzp,M) <0< Az(ngo+1,Tg)
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and
A23(n§0, M) § 0< A23(n§0+ 1, M),

then
TC(n*,T*)

_ mind TCa(Mio.T{ (M), TCo (N + 1Ty (i + 1)), TCo Mo, M). | g
TCo(N59+1,Ta), TC3(ngo, T3 (Ndp)), TCa(Ngp+1,M)

26. Suppose that
D1(N1o, Ta) =0 < M1(no+1,Ta),

Az (50, Ty) = A23(Nz0,M) <0< Azx(no+1,Tq)

and
A23(n§03 M) § 0< A23(n§0+ 17 M)

TCy(nio, Ta)

> minJ TC1(Nio+ 1Ty (Nip+ 1)), TCo(no. M),
= TCamgg + 1,Ta), TCa(n50, T3 (o)), TCa(nio + L)

then

TC(n*,T")

_ minJ TCa(io+ L T; (njo+ 1)), TCa(nzo. M), ©2)
TCa(n+ 1, Ta), TCa(M0, T5 (N30))), TCa(ns + L, M) [~

Otherwise (n*, T*) does not exist.
27. Suppose the

Al(”io*’ 17Td) é 07

Dp(Myg, Ta) = A23(My0,M) = 0 < Ap(Myp+1,Tg)

and
A23(n§03 M) § 0< A23(n§0+ 17 M)

min{TCy(n1g, Ta), TC1(Njp+1,Ta)}
> mind TC2(N30,M), TCa(no+ 1, Ta),
- TCs3(n30, T3 (N30)), TC3(N30+1,M) |~
then
TC(n*,T*)
- TCo(50,M), TC2 (N5 + 1, Tg),
=min * % [k * . (83
I {TC3(n30aT3 (n%g)), TC3(N3p+1,M) (83)

Otherwise (n*, T*) does not exist.
28. If

A1(Njg, Tg) >0, Dr(N5o+1,Tg) <0< Apz(Nyo, M)

and
Ap3(N30,M) < 0 < Azz(nzp+1,M),
then
TC(n*,T*)
~ min { TCi(Njo. Ty (np)), TCu(Mip+ LTy (Mo + 1)), TCo(Mie, T5 (o)), } _

TCa(o+1,T5' (Mo + 1)), TCa(Nso, Ty (N3o) ), TC3(Mz0 + 1, M)
(84)

29. Suppose that
D1(n1o, Ta) =0 < Mi(Mo+1,Ta),

Az (n50+1,Tg) < 0 < Axz(ngo,M)

and
A23(n§0, M) <0< A23(H§0+ 1, M).

TCy(nio, Ta)
[ TCunip+1, Ty (njg+ 1)), TCa(3e, T (N3o)),
Zming TCy(no+ 1, T (N5o+ 1)), TCs(30, T3 (N5)),
TCs(nge+1,M)

then

TC(n",T")
[ TCu(nio+ 1Ty (N0 +1)), TCo(M5g, Ty (o)),
=ming TCy(yy+1,Ty (N3o+ 1)), TCa(N3p, T3 (N3p)), (85)
TCs(n5e+1,M)

Otherwise (n*, T*) does not exist.
30. Suppose that

Al(n’{0+ 1, Td) <0, Az(n§0+ 1,Td) <0< Azg(nzo, M)

and
A23(n§0, M) <0< Azg(n§0+ 1, M).

min{TCy(nip, Ta), TC1(Njp+1,Tq)}

' TCa(n30, T3 (N3g)),
Zming TCy(M5+ 1, Ty (n5p+ 1)), :
TCz(n3, T3 (N3)), TC3(N3g+1,M)

then
TC(n*,T")

= min TCZ(nEO’ TZ*(nEO))vTCZ(nEO‘F 1, Tz*(nE()‘F 1)),
TC3(n§O’ T;(nEO))vTCCS(n;O_'_ 17 M) ’
(86)

Otherwise (n*, T*) does not exist.
31 If
Al(niOa Td) > Oa

Do(Myp+1,Tg) =0,  Az(nze,M) <0< Apz(Nz+1,M)

and
Ax3(N3p,M) < 0 < Azz(nzo+1,M),

then

TCo (o +1,T5 (N0 + 1)), TCa(N30, T (N30)), TC3(N30+ 1, M)
®7)

~min { TCu(jo, Ty (M), TCi(ni + 1Ty (g + 1)), TCo M), } '

32. Suppose that

A1(nig, Ty) S0< Aq(njg+1,Ty), Az (n5o+1,Tgq) =0,
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DAr3(N5p,M) < 0 < Azz(Nzp+1,M)

and
A23(n§0, M) <0< Azg(n§0+ 1L,M).

If
TCy(njo, Ta)

TCi(Njo+1, T (Njp+ 1)), TCo(n5g, M),
2ming TC(Nyy+ 1, T (N5p+ 1)), TCa(ngy, T5(n5g)), ¢,
TCs(N3p+1,M)

then
TC(n*,T%)
TCi(Njo+ 1, T (Mg + 1)), TCo(n5g, M),
=ming TCy(n5o+1, T (N5g+ 1)), TC3(N3g, T3 (M50)), o -
TC3(ngy+1,M)
(88)

Otherwise (n*, T*) does not exist.
33. Suppose that

Al(nio—F 1,Td) <0, Az(n§0+ 1,Td) <0,

Ax3(N5p,M) < 0 < Axz(Nzp+1,M)

and
Ap3(n3o,M) < 0 < Axz(ngp+1,M).

If
min{TCl(niO, Td),TC1(niO+ 1, Td)}

o i TCa(Mg, M) TCo(gg + LTy (g + 1)),
- TC3(N3g, T3 (N30)), TCa(N30+1,M) ’

then
TC(n*,T")

— mind TC2(n0:M), TCo (N3 + 1, T3 (Mo + 1)),
TC3(n30, T3 (N30)), TC3(N3p+ 1, M) :

(89)

Otherwise (n*, T*) does not exist.
34. If

A1(Nfo, Ta) >0, Azz(Nsp+1,M) <0

and
A23(n§03 M) é 0< A23(n§0+ 1a M)a
then
TC(', T
[ TCy(Mo, Ty (M), TCL (Mg + 1, Ty (Mg -+ 1)), TCo (s, M),

:m'n{TCiEn%ﬁﬁlfl\j()]?gl'cg(?‘u(go,lgl'g(ngoi){1’1(0:3(n£3+ 1,2|\</|)2° ) } (90)
35. Suppose that
A1(Nig, Ty) S0< A1(njp+1,Ty), Ap3(nzp+1,M) <0

and
Ap3(n3o,M) < 0 < Axz(ngp+1,M).

If

TCl(”iOv Td)

TCi(n1o+1, Ty (Mo + 1)), TCo (M50, M),
Z ming TC(n3+1,M), TCs(N30, T3 (N30)) :
TCs(n3p+1,M)

then
TC(n*, T")
[ TCu(nio+ 1,77 (n1g+ 1)), TCo(no, M),
=ming TCy(n5y+1,M), TCs(n%y, T3 (N5g)),
TCs(n3p+1,M
(91)
Otherwise (n*, T*) does not exist.

36. Suppose that
Ay(njo+1,Tg) =0,  Apg(nzp+1,M)=0

and
A23(n§07 M) é 0< A23(n§0+ 1a M)

min{TCl(”iOa Td)aTCl(nio—’_ 17 Td)}

> minJ TC2(M50, M), TCa(n3o+1,M),
= TCs(30, T3 (M), TCa(No+ L, M) f7

then

TC(I’]*,T*) :min{TCZ(n%O’M)’TCZ(nEO—’—l’M)a }

TC3(n30, T3 (N3g)), TC3(N30+1,M)
(92)

Otherwise (n*, T*) does not exist.
37.If

Al(ni@-rd) > Oa AZ(”;Ode) > 0
Ap3(nso+1,M) S0,

TCa(Mzo+1,Ta), TCs(N30, T (N30)), TCa(Mzo+ L, T3 (N30 + 1))
(93)

~min { TCu(io, Ty (M), TC1 (Mo + LTy (N + 1)), TCo (i, Ta), } .

38. Suppose that

A1(n1g, Ty) S0 < Ag(njp+1,Ty), Az (N30, Tg) >0

and

Azg(néo—i— 1, M) g 0.
If
TCl(niOa Td)

| TGi(njo+ 1,17 (njg+ 1)), TCo(Mo, Ta),
2 min TCZ(”;O—’— 17Td)7TC3(n§07T§(n§O))a )
TC3(N3p+ 1, T3 (N30+ 1))
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then

TC(n*,T*)
| TGu(njo+ 1, Ty (njg+ 1)), TCo(M50, Ta),
=min TCZ(”;O—’_ 17Td)7TC3(n307 T;(ngo))a
TCs(ngg+ 1, T5(n50+ 1))

(94)
Otherwise (n*, T*) does not exist.
39. Suppose that
M(Njo+1,Tg) £0, Ax(nzg, Tg) >0
and
Ap3(Nzp+1,M) = 0.
If
min{TCl(nio,Td),Tcl(nioJr 1,Td)}
' TCo(N5g, Ta), TCo(N5p+ 1, Ty),
= ming TCs(n3g, T3 (N30)). )
TCa(n3p+1, T3 (N30+ 1))
then
TC(n*,T%)
~min { TCo(N3g, Ta), TC2(N5p + 1, Tg), } .
TCs3(N30, T3 (N30)), TCa(N3p + 1, T3 (N3o + 1))
(95)

Otherwise (n*, T*) does not exist.
40. If

A1(N10, Ta) > 0, Az(Nz0, Ta) = 0 < A2(nyo+1,Ta)

and
Ao3(Nzp+1,M) =0,
then
TC(,T%)
=min

ind TCu(nio, Ty (Njg)), TC1(No+ 1, Ty’ (Nig + 1)), TCo (50, M), )
TCa (o +1,Ta), TCa(Nso, T (MN30) ), TCa (N30 + 1, T3 (N30 + 1))
(96)

41. Suppose that
A1(nip, Tg) < 0 < Ag(njp+1,Ty),

Az(nﬁo, Ta) <0< Az(n§0+ 1,Ty)

and
Ap3(nzo+1,M) 0.

If

TCl(niOa Td)
| TG(njo+ 1Ty (njg+ 1)), TC(M5o, M),
2 min TCZ(”;O—’— 17Td)7TC3(n§07T§(n§O))a )
TC3(N3p+ 1, T3 (N30+ 1))

then

TC(n*,T%)
[ TCu(nio+ 1, T (Nfp+1)), TCo (N30, M),
=ming TCy(n5y+ 1,Tq), TCa(n3, T3 (N30)),
TCa(N5p+ 1, T3 (N5+ 1))
(97)

Otherwise (n*, T*) does not exist.
42. Suppose that

A1(njp+1,Ty) =0, Dr(N50, Tg) S0 < Ax(nsp+1,Ty)

and
Az3(Nzp+1,M) = 0.

If

min{TCy(njp, Ta), TC1(n1o+1,Ty)}
[ TC(n5p, M), TCo(n50+ 1, Ta),
= minq TCs(n50, T3 (N30)). ,

TCa(n5p+ 1, T3 (N5p+ 1))

then

T(n", T)
:min{TCZ(“;@M)7TC2(n§O+17Td)7 }
TCa(Mg, T3 (M%), TCa(Ngg+ 1, T3 (N5 + 1)) [

(98)

Otherwise (n*, T*) does not exist.
43. If
Al(nim Td) > Oa

Dp(Myg, Ta) = A23(N50,M) = 0 < Ap(no+1,Tg)

and
A23(n§0+ 1, M) é 0,

then

— min TCHN50, T (M), TCx (i + Ty (o + 1), TCo (0, M),
TCa(ni+1,Ta), TCo(Mig, Ts (Mig)): TCo(Mig+ L. T5 (Mg + 1))
(99)

44, Suppose that
Dr(Nzg, Ta) = Az3(Nzp,M) = 0 < Az(Nyp+1,Ta)
and
Ap3(Nzp+1,M) = 0.
If

TCl(niOv Td)
| TG(njo+ 1,17 (njg+ 1)), TC(n50, M),
= min{ TCo(n5y+1,Tq), TCa(nkg, T4 (N30)), ;
TC3(N5p+ 1, T3 (N5+ 1))
(100)
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then
TC(n",T")

TCi(njp+ LT (njp+ 1)), TCa(n5o, M),
=ming TCx(n5p+1,Tg), TCa(N%y, T3 (N5g)),
TCs(njp+ 1, T3 (N5p+ 1))
(101)

Otherwise (n*, T*) does not exist.
45. Suppose
Al(niO_F 17Td) § 07

(Mg, Ta) = A23(N0,M) = 0 < Ap(no+1,Tg)

and
Az3(Nzo+1,M) = 0.

min{TCl(nio, Td),TC1(niO+ 1, Td)}
TCo(n5g, M), TCo(N5+ 1, Ty),

= min¢ TCg(n5, T3 (No)), . (102)
TCa(N5p+ 1, TS (N5+ 1))
then
T(n*,T")
:min{TC2(“§0>M)7TC2(W§O+17Td)> }
TCa(Ng, T3 (%)), TCa(N%y + 1, T3 (55 + 1))
(103)

Otherwise (n*, T*) does not exist.
46. If

Al(n’{o, Td) >0, Az(n§0+ 1,Td) § 0< A23(n§0, M)
and
Ap3(nzp+1,M) £ 0,
then

_ min{ TCu(nio, T (M), TCu(Mi + LT3 (i + 1)), TCo(mio, T (),
TCa(Nyo+1.T; (Ngo-+ 1)), TCalni, T3 (). TCo(mag+1,T3 (sg-+ 1)
(104)

47. Suppose that
M (g, Tg) = 0 < Ag(njp+1,Ta),

Az(n§0+ 1,Td) g 0< Azg(nzo, M)
and
Az3(Nzo+1,M) = 0.
If

TC1(nfg, Ta)
Tcl(n>{0+ 17 Tf(nzo+ 1))7TC2(nEO7T2>k(nEO))7
2ming TC(Nyy+ 1, T (N5p+ 1)), TCa(ngy, T3 (n5g)), ¢
TCa(N3p+1,T5 (N5 + 1))
(105)

then
TC(n*,T%)

[ TCu(n1o+ 1, Ty (nyo+ 1)), TCa(ngg, Ty (o))

=ming TCo(nby+1, T, (N5p+ 1)), TC3(nk, T3 (N5g))
TC3(ngy+1,T5 (nfy+ 1))

(106)

Otherwise (n*, T*) does not exist.
48. Suppose that

Al(nj0+ 1,Td) <0, AZ(”EO"‘ 1, Td) <0< A23(n§0, M)
and
Azg(n§0+ 1L,M) <o0.
If
min{TCy(n10, Ta), TCa(N1o+ 1, Tg)}

> mln{ TCZ(”%WTé:(néo))>-rc2(néo+ 17 TZ::(néO_‘_ 1))7 } ,
= TC3(n30, T3 (Ng)), TCa(N5+ 1, T3 (N3p+ 1))
(107)

then
T(n*,T")

— min { TCa(Nbg, Ty (M), TCo(Msg+ 1, T3 (N3p+ 1)), } '
TCa(n30, T3 (N30)), TCa(N30+ 1, T3 (N30 + 1))
(108)

Otherwise (n*, T*) does not exist.
49. If

Ay(njo, Ta) >0, Ax(nyp+1,Tg) =0,

A23(n§03 M) § 0< A23(n§0+ 17 M)

A23(n§0+ 1, M) <0,

_ mm{ TC1(Mio T (M), TCa(Mig + 1Ty (Mo + 1)), TCo(nio M),
TCa(mgo +1,T; (Mo + 1)), TCs(nio, T (ng)), TCs(ag + 1, T (mg + 1))
(109)

50. Suppose that

A1(Mo, Ta) =0 <Da(no+1,Ta), A2(nzp+1,Ta) =0,

A23(n§03 M) § 0< A23(n§0+ 17 M)
and
Ap3(Nzp+1,M) = 0.
If

TC1(Mo, Ta)
TCi(Njo+1, T (Mg + 1)), TCo(n54,M)),
Zming TCo(nby+1, T (M +1)), TC3(n%g, T3 (N5g)), ¢,
TCa(n3p+ 1, T3 (N5 + 1))
(110)
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then
TC(n*,T%)
TC1(Mp+ LT (np+ 1)), TCo (N5, M)),
=min{ TCy(n5o+1, T (N5g+ 1)), TC3(N3g, T3 (N30)), ¢ -
TCa(nyp+1, T3 (Nsp+1))
(111)

Otherwise (n*, T*) does not exist.
51. Suppose that

Ar(No+1,Tg) £0, Ap(myp+1,Ty) <0,

Azg(ﬂ%o, M) <0< A23(n§0+ 1LM)

and
Ap3(nzp+1,M) = 0.

If

min{TCy(njo, Tq), TC1(Njp+1,Tg)}
TCo (N5, M), TCo (5o + 1, T5 (N5g+ 1)),

> min o * (¥ * * (k )

= { TC3(n3g, T3 (N)), TCa(N3p + 1, T3 (N5 + 1)) }
(112)

then

T(n",T7)

—min{ TCH(T0 M) TCa (0 LT3 g 1),
TCa(ngo. T3 (N50)). TCalyp+ 1. T3 (N3 1)
(113)

Otherwise (n*, T*) does not exist.
52. If

Al(n’{o, Td) >0, A23(n§0+ 1, M) <0

and
Ap3(nso+1,M) S0,

then

TCo (o +1,M), TCa(N30, T3 (N30)), TCa (N30 + L, T3’ (N30 + 1))
(114)

~ min { TCu(jo, T (M50)), TCx(Mip + 1Ty (g + 1), TCo (s, M), } '

53. Suppose that
A1(nip, Ta) = 0 < Ar(Mo+1,Ta), Aas(ye+1,M) =0

and
Az3(Nzp+1,M) = 0.

TC1(n1p, Ta)
TCl(niO—i_ 17Tf(n10+ 1))7TC2(n§07 M))7
Z min¢ TCx(n5y+1,M), TCa(N5, T3 (M30)). ;
TC3(N3p+1, T3 (N3p+1))
(115)

then
TC(n*, T%)

{ TCy(no+1, Ty (N[g+1)), TCo (N0, M), }
=ming TCy(nby+1,M), TCa(ny, T3 (ngg)),
TC3(ngo+1, T3 (Ngp+1))

(116)
Otherwise (n*, T*) does not exist.
54. Suppose that

A1(nfg+1,Tg) 0, Axz(Nsp+1,M) <0
and
Azg(n§0+ 1L,M) <o0.
If

min{TCy(njp, Tq), TC1(N1o+ 1, Ty)}

[ TCa(M. M), TCo (e + 1M),
= min 200 g B U e ; 117
=m {TC3(n30=T3 (N5)), TCa(Ngo+ 1, T3 (N3 +1)) @)

then
T(n",T%)
[ TCa(N3g,M), TC(Nhy + L, M), }
=min Eaie " (1 . 118
: {TC3(n30=T3 (N30)), TCa(nzo+ 1, T3 (N3 + 1)) (118)

Otherwise (n*, T*) does not exist.

Proof.Our demonstration of Theorem 1 is presented in

Appendix A.
In view of Lemmal and the equationsl{g and (1b),

the techniques of the analytical arguments applied in the

proof of Theoreml (see Appendix A) can be used to
demonstrate each of the following results.

Theorem 2. Supposethat Ty > M.
1. 1If

A1(Njg, Tg) >0 and Az(N3g, Ty) > 0,
then
TC(n*,T%)

— min Tcl(ni@Tf(niO)LTCl(niO'i_ 1>Tf(n10+ 1))>
TC3(”§07Td)7TC3(n§0+1>Td) ’
(119)

2. Supposethat
Al(nio, Ta) <0< Al(nio+ 1,Ty)

and
Az(n3g, Ty) > 0.

TCy(Nio, Ta)
Zmin{TCy(njp+1, T, (Njo+ 1)), TC3(N30, Ta), TCa(N30+ 1, Ta) }

then

TC(n*,T)
= min{TCy(No+ 1, Ty (Mo + 1)), TCa(M0, Ta), TCa(Nso+ 1, Ty)}.  (120)
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Otherwise, (n*, T*) does not exist.
3. Suppose

Al(n{0+ 1,Td) é 0 and Ag(ngo, Td) > 0.

If
min{TCy(njp, Tg), TC1(Njo+1,Tg)}
= min{TCz(n3p, Tq), TC3(N%y+ 1, Ty)},
then
TC(n*,T)

=min{TC3(n3p, Tg), TC3(N39+ 1, Tg)} . (121)

Otherwise, (n*, T*) does not exist.
4. 1If

Al(n’{oﬂd) >0 and Ag(ﬂéO,Td) <0< Ag(ﬂéo—i- 1,Ty),
then
TC(n*, T")
— min { TC1(NGy, T3 (N1)), TCa (NG + 1, Ty (NG, + 1)), } '
TC3(n3, T3 (N3g)), TC3(N30+ 1, Ty)

(122)

5. Supposethat

Al(nio,Td) § 0< Al(n§0+ 1,Td)

and
A3(n§0, Ta) <0< A3(n§0+ 1,Ty).
If

TCy (N1, Ta)
2 min{TCy(njp+1,T; (njp+ 1)), TCa(nzo, T3 (N30)), TCa(N5o+ 1, Ta) } ,

then
TC(n*,T%)

=min{TCy(njo+1, Ty (N +1)), TCa(no, T3 (N0)), TCa(N3p+ 1, Ta)} -
(123)

Otherwise, (n*, T*) does not exist.
6. Supposethat

Al(nIO_F 15Td) é 0

and
A3(n§0, Ta) <0< A3(n§0+ 1,Ty).
If
min{TCy1(Njp, Ta), TC1(N1o+1,Ta)}
= min{TCs(n30, T3 (N30)), TCa(N30+ 1, Ta) },
then

T(n", T*) = min{TC3(n30, T3 (N30)), TC3(N30+ 1, Ta) } -
(124)

Otherwise, (n*, T*) does not exist.
7. 0f

Al(nio, Td) >0 and Ag(ngo,Td) é 0,

then
TC(n*, T*)

_ min{ TC1(nio T{ (nfo)), TC1(nfo+ 1. Ty (njo + 1),
TCs(Mg, T35 (M3g)), TC3(Ng+ 1, T3 (N + 1)) -

(125)
8. Supposethat
A1(njp, Tg) S0 < Ag(njo+1,Tg)
and
A3(n3p+1,Ty) £ 0.
If
TC(nig, Ta)
2 min{ TE2ipio T T fio 1) T T (%),
then
TC(n,T%)
- (TR T e

Otherwise, (n*, T*) does not exist.
9. Supposethat

Al(niO‘F 17Td) § 0 and A3(n§0+ 17Td) § 0.
If

min{TCy(njo, Tg), TC1(nNjp+1,Tg)}
= min{TCg(n5g, T3 (n3g)), TCa(N5g+ 1, T3 (M5g+ 1))},

then
T(n,T*) =min{TCa(nso, T3 (N30)), TCa(Mo + 1, T5' (N3 + 1))} (127)

Otherwise, (n*, T*) does not exist.

6 An lllustrative Numerical Example

Example.Let A= $5 per orderp = $1 per unitc = $0.5
per unit,hy = $0.5 per unit per yeal = 3,600 units per
year,M = 30/365 yearsh, = $0.25 per unit per yeaF =
$10 per orderS= $120 per production rumg = I, = 0.04,
Ic =0.06,Qq = 200 units per year arld= 7,200 units per
year. Now

0.04=plg > clc=0.03 and Tq=Qy/D <M.
Then we have
np =5.824Q0 np,=5.8787 n3=5.8570Q
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Nig=N3o=N30=5
and
2(A+F)+DM?(cle — plg) = 29.7568024> 0.

According to the equationg g to (10), (25), (31) and 34),
we can obtain
TCy(5,Tq) = 8175, TCy(6,Tq) =758 TCi(5,M)=8125822

TCyi(6,M) = 7530822 TCs(5,T; (5)) = TCs(5,0.13674988 = 5656471,

TCs(6,T; (6)) = TC3(6,0.123037372=5639973 Ay (Mq+1,Ty) <0

and
A23(n§0+ 17 M) = A23(n§0+ 1a M) = A23(67 M) <0.
Hence, clearly, we find that
min{TCy(Nip, Ta), TC1(Mo+1,Ty)}
=min{817.5,758} = 758> 5639973
=min{TCy(5,M),TC,(6,M), TC;3(5,T5 (5)), TC3(6,T5 (6)) } .
The assertio®4 of Theoreml reveals that
(n*, T*)=(6,T5(6)) = (6,0.123037372

and
TC(n*, T*) =5639973

which is consistent with the optimal solution and value in gt g|.

Table 1 of Tenget al. [12]. In addition, if we apply

and
2(A+F)+ DMZ(clc — plg) = 1.9523> 0.

According to the equationg g to (10), (25), (31) and @4),
we can obtain

41(10,Ty) <0, A2(15Tg) <0< A23(14 M) < Az3(42 M),

TC1(9,Tq) = 9465,  TCy(10,Ty) = 919,
TCy(14,T; (14)) = TC,(14,0.064964257 = 5205285
TC(15,T; (15)) = TC,(15,0.063078015 = 5200541,

TC3(42M)=9500872 and TC3(43 M) = 967.233Q
Hence we get

min{TC1(njy, Tq), TC1(Njp+ 1, Ty)}
= 919> 5200541
=min{TC,(14,T,(14)),TC,(15,T, (15)),TC3(42,M),TC3(43 M)} .

Theoreml(12) reveals that
(n*, T*) = (15,0.06307801%

and
TC(n*,T*) =5200541

If Theorem 3 in Tenget al. [12] is used to locate the
optimal solution of this example, then Theorem 3 in Teng
[12] should be executed six times for
n=910,14,1542 and 43. In fact, using Theorem 3 in

Theoremsl and 2 in this paper in order to find the Tenget al. [12] can not decide where the optimal solution
optimal solutions and values of those examples presentech* T*) is located. Consequently, when we apply

in Tables 1, 2 and 3 of Teng al. [12], we find that all of

Theorem 3 in Tenget al. [12] to locate the optimal

the optimal solutions and values obtained by applying oursp|ution, the searching process is rather cumbersome.

Theorems1 and 2 are precisely the same as those

presented in Tengt al. [12].

7 The Shortcomings of Theorems 3 and 4 in
Tengetal. [12]

Shortcoming 1.Let A = $8 per orderp = $50 per unit,
¢ = $10 per unithy = $0.5 per unit per yea) = 3,600
units per yeariM = 30/365 yearsh, = $0.25 per unit per
year,F = $10 per orderS= $200 per production rurg =
Iy =0.04,1c = 0.06,R = 7,200 units per year anQq =
200 units per year. Now

2=plg>clc=0.6

and
Tq = 200/3,600< 30/365= M.

Then we have

n, = 9.8882

np = 149071 nz=424614 njo=09,

néo — 14, n§0 — 42

Shortcoming 2.The validities of Theorems 3 and 4 in the
paper by Tenget al. [12] are based upon the assumption
thatply = clc. If

ply < cle,

the validities of Theorems 3 and 4 in Teegal. [12] are
guestionable. However, Theorethand2 in this paper are
always true without the assumption that

plg = clc.

Hence, naturally, Theorenisand 2 of this paper extend
Theorems 3 and 4 in Terggal. [12].

Shortcoming 3. Equations %19 to (51¢ demonstrate
that the equation54) holds true. However, Tengt al.
[12] do not give the concrete proof for the validity of the
equation $4).

Shortcoming 4. Equation (5) implies that there are the
following three cases that would occur:

Case 1.TC1(n,Td) > TCZ(n,Td);

Case 2.TC1(n,Td) = TCZ(n,Td)
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Case 3TCy(n, Tg) < TCy(n, Ty). Appendix A
Tenget al. [12] assumed that

Here we present the detailed proof of the asserliaf
TCy(n, Tg) > TCo(n, Tg). Theoreml as follows:

Therefore, Theorems 3 and 4 in Teagal. [12] always 1.1f
assure that *(n) exists. However, if
Al(ni@ Td) > Oa AZ(”;Ode) > 0
TCy(n, Tg) = TC2(n, Tq),
and

then Theorems 3(4) and 4(1) in Teegal. [12] are not Az3(nzp,M) >0,

necessarily true. Obviously, if then Lemmal [(A),(C) and )] and the equations6)
to (38) imply that
(L.1)TCy (N3, T) is decreasing on(0,T; (nj,)] and
increasing onT; (njg), Ta).
(1.2) TCy(njp+1,T) is decreasing ori0, Ty (njo + 1)]
and increasing of;" (njy+ 1), Tq).

TCy(n, Tg) < TC2(n, Ty),

thenT*(n) does not exist.

(1.3)TCy(NM5, T) is increasing on [Tq,M] and
8 Concluding Remarks and Observations TCs(n3, T) increasing oriM, ).
(LA)TCy(Myg + 1L,T) is increasing on[Tyg,M] and
: . TCa(n5p+1 T) increasing oM, ).
The main results of Theorems 3 and 4 in Tagl. [12] (1.5) TCa(nso, T) i increasing ofiM, o).

are to determine the optimal replenishment cyEtl&n)
whenn is given. In essence, Theorems 3 and 4 in Teing
al. [12] can notdirectly provide the optimal solution
(n*,T*) of TC(n, T). In fact, Theorems 3 and 4 in Tery
al. [12] do not execute the equation (7) to obtain the . (s . . (s
optimal solution(n*,T*). In order to obtain the optimal Tc(n*,T*)—min{$gizgg:$z)(,r¥€:)2>(7r-1r§§ir(ql,%'d+)}7-rl <n10+1>),}’
solution (n*, T*), Theorems 3 and 4 in Teng al. [12] TC3(N, M), TC3(N30+1,M)

should, in general, be executed to obtain the optimal

(1.6) TC3(njp+ 1,T) is increasing ofiM, o).
In view of (1.1)to (1.6), the equationsl@) to (1c), (5)
and 64), we obtain

solution(n, T*(n)), (n,Tg) or (n,M) when Similarly, by applying Lemma 1, and the equations
(1@ to (10, (5) and 64), the techniques of the
n=nip Mo+l Ny Mo+l nsy and nip+1, arguments used in proving the assertloof Theorem
1 can be employed to demonstrate that the assertions
respectively. Subsequently, the process in Tetraj. [12] 2to 54 of Theoreml hold true.

should make a lot of comparisons among all values of
Finally, by incorporating all of the above-mentioned
TC(n,T*(n)), TC(n,Ty) and  TC(n,M) arguments, we complete the proof of Theorem

for all
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