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1 Introduction Theorem 2Let f: 1 Cc R — R be a convex function on an
interval | and let ab e | with a< b. Then

It is well known [L2] that modern analysis directly or a+by /P b

indirectly involve the applications of convexity. f (T)/a POJdx < /a F)px)dx
Several generalizations have been introduced in recent f(a)+ f(b) [P

years and extensions of the classical notion of convex S5 /a (x)dx,

function and in the theory of inequalities are produced ) . . .

important contributions in this regard. This researchsleal WN€€ P: [a.bl — R is non negative, integrable and

with some inequalities related to the renowned works, orSYMMetric with respect @+ b)/2.

classical convexity, of Charles Hermite5]] Jaques

Hadamard 4] and Lipbt Fejér B]. The inequalities of L

Hermite-Hadamard and Fejér have been object of intens€ Preliminaries

investigation and have produced many applications. In , )

this paper we establish the notion of relative strongly!n [11] Noor introduced and studied a new class of

h-convex function, properties and some results relatecOnVex set and convex function with respect to an

with these inequalies mentioned above. The arbitrary function; which are called relative convex set

Hermite-Hadamard inequality gives us a estimate of the2nd refative convex function respectively, as follows.
(integral) mean value of a convex function; more LetK be a nonempty closed set in a real Hilbert spaces
H

precisely:

)

Definition 1([11]). Let Kg be any set in H. The set Kg
Theorem 1([4]). Let f be a convex functionda,b], with s said to be relative convex (g-convex) with respect to an
a<b. Then arbitrary function g: H — H such that
(1-t)u+tg(v) € Kg, Yuve H:ug(v) eKg, te

b
f(%b) < (bfa)/a f(x)dx< w. @ [01].

Note that every convex set is relative convex, but the
In [3], Fejér established the following Fejér inequality converse is not true.

which is the weighted generalization  of o , , )

Hermite-Hadamard inequalityL) as follows: Definition 2([11]). A function f: Kg — H is said to be
relative convex, if there exists an arbitrary function
g:H — H such that
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Definition 4.Let (X, - ||) be a real normed space, D

stands for a convex subset of X; (0,1) — (0,) is a
f((1-tu+tg(v)) < (1—t)f(u)+tf(g(v)) given function and c is a positive constant. We say that a

function f: D — R is strongly h-convex with module if

forallu,ve H :u,g(v) € Kg andte [0,1]. f(tx+ (1-t)y) <ht)f(x) +h(1-t)f(y) —Ct(l—t)HX—YH(ZS)
Clearly every convex function is relative convex, but forall x,y e Dandte (0,1).

the converse is not true. The reader interested in the

relative convex functions can consult the referen@s [ Theorem 5Let h: (0,1) — (0,) be a given function. If a

11]. In [10 Noor established some Hadamard’s type function f:1 C R — R is Lebesgue integrable and strongly

inequality for relative convex functions as follows: h-convex with module = 0, then
Theorem 3([10)). Let f:Kg={[a,g(b)] — R be arelative 1 f a+b +£(b—a)2
convex function. Then, we have 2h(%) 2 12
1 bf( )d
b < / x)dx
f<a+g(b>) .1 /9< )£ () b—ala
S e < (1@ + (b)) [ htydt— (o—a? @
a ——(b—a)",
SRCEALCL) = 0 6

: ) . foralla,bel,a<h.
Noor in [8] introduced the class of relativ@convex

functions and also discussed some special cases, in
addition established some Hermite-Hadamard tYPe3 Main results
inequalities related to relatiieconvex functions.

Definition 3([8]). A function f: Kg — H is said to be In this section, we present the class of relative strongly
relative h-convex function with respect to two functions h h-convex functions and discuss some important
[0,1] — (0,+) and g: H — H such that Kg is a relative ~ properties, in addition discuss some

convex set, if Hermite-Hadamard-Fejér type inequalities related to

relative stronglyh-convex functions.
f((1-t)u+tg(v)) < h(1-t)f(u)+h(t)f(g(v))

Definition 5.A function f: Kg — H is said to be relative
VuveH :ug(v)eKg, te(0.1). strongly h-convex function with module-c0 with respect
,veH:ug(v)eKg, te(0,1) to two functions h [0, 1] — (0,+) and g: H — H such
Theorem 4([8]).  Let f: Kg— R be arelative h-convex thatKgis a relative convex set, if
function, such that(r%) # 0, then, we obtain F((1—t)u+tg(v))

1 a+ g(b)) 1 g(b) < h(1—t)f(u)+h(t) f(g(v)) —ct(1—t)[lu—g(v)|?, (5)
f < f(x)d
2n(%) ( 2 )= <g<b>—a>/a (dx VuveH ug() € Kg, te (0,1).

1

<[f(@+f (g(b))]/ h(t)dt. Remark. 1.If we takeh(t) =t in (5), then we have the
0 definition of relative strongly convex function with
Strongly convex functions have been introduced by = modulec.

Polyak in [L3]. Since strong convexity is a strengthening 2.If we take h(t) = t° in (5), then the definition of

of the notion of convexity, some properties of strongly  relative stronglyh-convex function with modulec

convex functions are just stronger versions of known reduces to the definition of relative stronghconvex

properties of convex functions. Strongly convex functions  function with modulec.

have been used for proving the convergence of a gradient 3.If we takeh(t) =t~ in (5), then the definition of

type algorithm for minimizing a function. These functions relative stronglyh-convex function with modulec

play an important role in optimization theory and reduces to the definition of relative strongly

mathematical economics7([14]). In [1] H. Angulo, J. Godunova-Levin function with module

Giménez, A. Moros and K. Nikodem established some 4.If we takeh(t) =1 in (5), then we have the definition
Hadamard's Type inequality for stronglhh-convex of relative stronglyP-convex function with module.
functions, this result generalizes the 5.If we takeg(x) = xin (5), then we have the definition

Hermite-Hadamard-type inequalities obtained by N.  of stronglyh-convex function.
Merentes and K. Nikodem in6] for strongly convex 6.If we takeg(x) = x, h(t) =t in (5), then we have the
functions, as follows: definition of strongly convex function with modude
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We will present some properties for the class of relativeProofSince f is relative stronglyh-convex function with

stronglyh-convex function.

Theorem 6Let h : [0,1] — (0,4), i = 1,2 be any two
functions,a > 0. If f; : Kg — H, is relative strongly |
convex function with module & 0, then

(a)f1 + f2is strongly h-convex function with module-®
where h=maxh;,ho} y c=c1 + Co.

(b)afy is relative strongly k-convex function with
module ¢ where e ac;.

Proof(a). Since eaclii : Kg — H is relative stronglyn;-
convex function with module;, thenvVu,ve H :u,g(v) €
Kgandt € (0,1) we have
(f1+f2)(1-t)u+tg(v)
= h((A-tu+tg(V)) + f2((1-t)u+tg(v))
< hy(1-t) F(U)+hy (8) F(9(V)) — cat (L 1) Ju—g(v)[|?
+ha(L-1)f(U) +ha(t) F(g(V)) — cat (1 —t) [u—g(v)|?
< h(1—t)(f1+ f2)(u) +h(t) (f1 + f2)(9(v))
—(eL+e2)(t(L 1)) Ju—g(v)[|?
< h(L-t)(f1 + f2)(u) +h(t)(f1+ f2)(9(v))
—c(t(1-t)lu—gW)|?
whereh = max(hy,hy} andc = ¢ + co.
(b). Leta €R. Asf;:Kg— H is relative strongly

h;-convex function with module; Yu,ve H :u,g(v) € Kg
andt € (0,1) we have

(af)((1-t)u+tg(v))
= afy((1-t)u+tg(v))
< a (ha(L-0T(W) + MO T(g) - cat(1- 1) Ju—g()|?)
< hy(1-t)af(u)+h(t)af(gv) — acit(l—t)[u—gv)|>.
Thereforea f; is relative stronglyh;-convex function
with modulec wherec = ac;.

Proposition 1If f
function with module c- O and h: [0, 1] —

: Kg — H, is relative strongly convex
(0,+), h(t) >

t, then f is relative strongly h-convex function with module

C.

ProofGiven that f is relative strongly convex function
thenVu,v e Kg: u,g(v) € Kgandt € (0,1) we have

f((1-t)u+tg(v))
< (10T (W) +f(gv) —ct(L—1)u—g(v) 2
< (L—1)f (W) + () F(g(v)) — ct(L—t) Ju—g(v)|.

Thereforef is relative stronglyh-convex function with
modulec.

Proposition 2If f : Kg — H, is relative strongly h-convex

modulec thenVu,v € Kg: u,g(v) € Kg andt € (0,1) we
have

(1-tu-+tg(v))
1-t)F(U) +h(t) f(g(v)) —ct(L—t)|ju—g(v)|?
(L=t)f(u)+tf(g(v)) —ct(L—t)[Ju—g(v)|*.

Therefore f is relative strongly convex function with
modulec > 0.

Proposition 3Let h : [0,1] — (0,4), i = 1,2 be any
function such that ht) < hy(t) for t € [0,1]. If
f : Kg — H is relative strongly h-convex function with
module g then f is relative strongly ficonvex function
with module c witlD < ¢, < c.

ProofGiven thatf is relative stronglyh;-convex function
with modulec; thenvu,ve Kg: u,g(v) € Kgandt € (0,1)
we have

F(1—t)u+tg(v))
< hy(1—0) F(U) +he (1) F(g(V)) — Crt(1—1)]|u—g(v) 2
< hp(1— ) (u) +ha (1) F(9(v)) — ct(L— ) Ju—g(v) 2

Thereforef is relative stronglyh,-convex function with
modulecwith0 < ¢, <c.

Proposition 4If f, : Kg — H, is a sequence of functions
which pointwise converge to f Kg — H and
hn : [0,1] — (0,+), is a sequence of functions which
pointwise converge to h[0,1] — (0,+) so there is a
k > 0 such that § is relative strongly h-convex function
with module g for n > k, then f is relative strongly
h-convex function with module c, wher&cn I_moc Cn.

ProofAs eachf, is relative stronglyhy,-convex function
with modulec, thenvu,v e Kg: u,g(v) € Kgandt € (0,1)
we have

f((1-t)u+tg(v))
= lim fr((1-t)u+tg(v))

N—+o0
< lim_ (P(21=1) fa() + () fn(g(v)) — ent(1— 1) Ju—g(v)1?)
< h(1—t)f(u) +h(t) f(g(v)) — ct(L—t) |u—g(v) .

Thereforef is relative stronglyh-convex function with
modulec, wherec= lim c,.
n—-o

Proposition5Llet f : Kg — H,g : H — H,
hi : [0,1] — (0,+), be with i=1,2. If f; is relative
strongly h-convex function with modulg avith i = 1,2

function with module ¢ and h[0,1] — (0,+w), h(t) <t,  then f(x) = maxfi(x),f2(x)} is relative strongly
then f is relative strongly convex function with modufe ¢~ h-convex  function ~ with ~ module ¢,  where
0. h(t) = max(hy(t), ha(t)).
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ProofSince eacHj is relative stronglyhj-convex function
with modulec; thenvu,v e Kg: u,g(v) € Kgandt € (0,1)
we have
fi((1-t)u+tg(v))
< hi(1-1)fi(u)+hi (1) fi(g(v) — Gt(L—t)u—g(v)[?
< h(1—t)f(u)+h(t) f(g(v)) —ct(L—t)Ju—g(V)||°.
This implies that
f((1—-t)u+tg(v))
= max f1((1-t)u+tg(v)), f2((1-t)u+tg(v))}
< h(1-t)f(u) +h(t) f(g(v)) —ct(1—t)Ju—g(v)|*.
Thereforef(x) = max f1(x), f2(x)} is relative strongly
h-convex  function with  module ¢, where

h(t) = max{hy(t), ha(t)}.

Proposition6Let h: [0,1] — (0,4c) be a given
function. If g: H — H, is invertible and f: Kg — H is

relative strongly h-convex function with module c, then f

is strongly h-convex function with module c.

ProofSincef is relative stronglyh-convex function with
modulec thenVu,v € Kg: u,g(v) € Kg andt € (0,1) we
get

((1-t)u+tv)

(1-tu-+t(g(g*(v))
(L-t)f(w)+ht)f(g(g*(v))) —cat(L—t)Ju—g(g™
(L=t)f(U) +h(t)f (v) —ct(L—t)[u— (V)||.

Thereforef is stronglyh-convex function with module.

f
=f
<h L)
< h(1

Note that the previous theorem shows us that ifof the Hermite-Hadamard

g: H — H, is invertible then the set of the relative
stronglyh-convex functions with moduleis contained in
the set of the strongll-convex functions with module

Proposition 71f f : [a,g(b)] — R is a relative strongly h-
convex function with module ¢ and [0,1] — (0, +) is

an upper bounded function then f is an upper bounded

function.
ProofFor anyx = (1—t)a+tg(b) € [a,g(b)] we obtain
f(x) < h(1—t)f(a)+h(t) f(g(b)) —crt(1—t)(a—g(b))?

< Mf(a)+Mf(g(b) —ct(1—t)(a—g(b))*

< M(f(a)+ f(g(b))).

Thereforef is an upper bounded function.

Theorem 7Let h: (0,1) — (0,) be a given function. If
a function f: 1 — R is Lebesgue integrable and relative
strongly h-convex with module >0, then

1 g(b)
oD s _a/a f(x)dx

o) [ heat— (ol

foralla,g(b) €1, a < g(b).

b)_a)27

< (f(a)+f

ProofTake (1 —t)a+tg(b) €
strongh-convexity of f implies

[a,g(b)]. Then, the relative

f((1—t)a+tg(b))

< h(1-t)f(a)+h(t)f(g(b)) —ct(1-t)(a—g(b))>

Integrating over the intervdD, 1), we get

/Olf((l—t)a+tg(b))dt

< /(;1 (h(l—t)f(a)+h(t)f(g(b))_ct(l_t)(a_g(b))g) at
1

/O ht)dt

1
< f(a)/o h(1—t)dt+ f (g(b))

~cla—gm)|? [ 11t

By a simple calculation and using the change of the

variable, we obtain

(b)
g(b)l—a/ag f(x)dx
) [ hat— S(aib) - a2

< (f(a)+ f(g(b))

Remarkf g : R — R is right-invertible,
f:Kg=[ag(b)] — R is a relative stronglyh-convex
function andf is Lebesgue integrable thehis strongly
h-convex and we get the following result is a counterpart

()

inequalities for relative

stronglyh-convex functions.

1 a+g(b) c 2
=05 (2552 + fylat -]

2

1 g(b)
Sig(b)—a/a f(x)dx
< (f(@)+ 1(g(b)) [ nodt—£(g(b)~a)?, ®)

and wheng is the identity function then the resulB)(
coincides with the Theorem 4.1 id][

4 A refinement of the Hermite-Hadamard
type inequalities

In this section we present a refinement of the right-hand
side of the Hermite-Hadamard type inequaliti& for
relative stronglyh-convex functions. A similar result for
strongly convex functions can be found B) Theorem 5].

Theorem 8Let h: (0,1) — (0,) be a given function. If
a function f: 1 — R is Lebesgue integrable and relative
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strongly h-convex with module >0, then

1 g(b)
4B a a/a f(x)dx

< 2D (1)« gt [ i
- H /O “h(t)dt + 2—14} c(g(b) —a)?, ©)

forall a,g(b) € 1, a< g(b).

Proof Applying the Theorem 7 in the intervals
{&%g(b)} and [%g(b),g(b)] we obtain

FOEEIA ’ f(x)dx
§<f(a) (a+g ))/h dt——i), (10)

and
2 g(b)
g(b)—a /¢

< (1(*3%) + o) [ e S8 -22,

Summing up these inequalities we get

a(b)
2 / f(x)dx
a

()

g(b)—a
< (f(a)+2f (a+§(b>) +f(g<b>>>/(;lh<t>dt— %CM
Therefore
1 o)
O /a f(x)dx
a+g(b)
f(a)+2f +f(gb) )
<( ( z ) )/Olh(t)dt—gw.

Now, using the relative strorfyconvexity of f, we obtain

)

Lemma 1If f
function, with module ¢ 0, then, for all xe [a,g(b)] C
[0,00) thereisay €

Corollary 1.Under the same hypotheses of theo@nif
h(2) < 3 and 3 h(t)dt > 3 we get

1 g(b)
4B a a/a f(x)dx

(1+2h(1))

/h t)dt —

{ (t)dt+ = } c(g(b) —a)?
< (1(@) + (g) [ hidt— S(aib) -2

Corollary 2.1f we take ¢b) = b, then we get the
right-hand side of the inequality given id][

Remark. 1.If we takec = 0 andh(3) = 1 in the Theorem
9, then we have the right-hand side of the inequality
given in [8, Theorem 16].
2.1f we takeh(t) = t5 with s€ [0, 1] in Corollary1, then
we obtain

e, 1 1
/Otdt—m>§ & 0<s<1,
and
n()=d e A<l
2) 72 23— 2
& 2< 28
& s>1

thus, the theorem is valid only fer= 1.
3.If we takeh(t) =t fort € (0, 1) then the inequalities in
the Corollaryl reduce to

"g(b)
el ek U@+ TN ¢ (go) - a2

these is the hermite-Hadamard type inequalities for
relative strongly convex functions.

5 Fejér type inequalities

Now we will present a bound for the right hand side of
(2). First, we prove the following result which is similar to
Lemmalin [LY].

: [0,00) — R is a relative strongly h-convex

[0,1] such that

1+2h(1 1 f(a+g(b) —x)
= 2 @) (t(a) 1 11010 ALOLL < h(1—ay) f(a)+h(ax) F(g(b) —c(x—a)(g(b) —x).  (12)
1 1
- L—l/ h(t)dt+ ZJ c(g(b) —a) wheredy = g(xb;—aa andl—ay = ZEE; :;
(@© 2016 NSP
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ProofSince anyx € [a,g(b)] can be written as
X = oya+ (1—ay)g(b),

X—a
for some(b)ax € [0,1], where ax = OEEY
_9b)—x
1 ax_g(b)_aand
a+g(b) —x=a+g(b) — axa— (1-ax)g(b) = (1— ax)a+axg(b),
we get
f(a+g(b) —x)

f(a+9g(b) —axa— (1-ax)g(b))
= f((1—ax)a+axg(b))

h(1—ax) f(a) +h(ax) f(g(b)) —c(x—a)(g(b) — ).
The proof is completed.

| /\

Theorem9Let f: [0,0) — R be a relative strongly
h-convex function with module>e 0, which is integrable
in [a,g(b)], where ag(b) € [0,0), a < g(b), and let

p: [a,g(b)] — R be a non negative and integrable

function which is symmetric with respect%gzm, then
/ % ¢ 9 px)dx
g(b)
< /a [h(1— o) f(a) +h(ax) f(g(b)) — c(x—a)(g(b) —x)] p(x)dx

andl—ay = 9(b) -

whereay, = —— g =X
*“gb-a g(b) —a’

a+g (b)

ProofBy the symmetry ofp with respect to==>~ and

Lemmal
g(b)
/ f(x)p(x)dx

a
1 [9(b) 1 [9(b)
- E/ f( a+g(b)7x)p(a+g(b)7x)dx+§/a

- 2/ (x)dx+%/ag(b)

1 [9b)
E/a [h(1—ax) f(a) +h(aw) f(g(b)) — c(x—a)(g(b) —x)] p(x)dx

1 rab)
"2 /

o) o)
@/ﬁg h(lfax)p(x)dxjt—f(gz(b))/: h(

f(x)p(x)dx

fa+g(b

IN

IN

ax)p(x)dx
r9(b)
~5 [ ete-a)latv) -xpodxr

b)
%/: £(x) p(x)dx

thus

}/9<b)
- 2/
+5 /

(
@ /ag(b) h(1—ax)p(x)dx+ @ /ag ’ h(ax) p(x)dx

f(a+g(b) —x)p(a+g(b) —x)dx

IA

RemarkiNotice that ifh(t) = 1 in Theorem® we, indeed,
get

g(b)
/a f(x)p(x)dx

< (f(a) + 2f (g(b))) /;g<b> o0dx

1 r9(b)

—5 ). cx=a)(g(b) —x)p(x)dx

for relative stronglyP-convex functions with module.

We expect that the ideas and techniques used in this
paper may inspire interested readers to explore some new
applications of these newly introduced functions in
various fields of pure and applied sciences.
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