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Abstract: The paper presents two new generalized integral formulamviimg product of generalized Bessel function of the firisick
wy (2) and general class of polynomie8'[x] which are presented in terms of the generalized Wright lggmmetric function. Some
interesting special cases of the main results are alsodemesl. The results presented here are of general charadterasily reducible
to new and known integral formulae. The results are obtaivittthe help of an interesting integral due to Oberhettinge
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1 Introduction For this we recall following known functions.

The general class of polynomia&[x] defined by (cf.
In view of importance of the Bessel function a large [13)):
number of integral formulae involving this function have
been developed by many authors. For example, Choi and (2]
Agarwal [8] derived unified integrals involving Bessel S = (=M A (n=0,1,2,...) (1)
functions. Further, Ali 5] gave unified integrals k;) k! ’ A
associated the hypergeometric function. Recently, many
useful integral formulae associated with the generalizedvhere m is an arbitrary positive integer and the coefficient
Bessel functions have been studied by Agarvi[B], Ank(n,k > 0) are arbitrary constants, real or complex.
Agarwalet al. [4] and Choi and Agarwalf]. The polynomial family & [x] gives a number of known
Many integral formulae involving products of Bessel polynomials as its special cases on suitably specializing
functions have been developed and play an important rolghe coefficients Ax.
in several physical problems. In fact, Bessel functions area yseful generalization w(z) of the Bessel function has
associated with a wide range of problems in diverse areageen introduced and studied #][The generalized Bessel
of mathematics. These connections of Bessel functionsunction of the first kind, w(z) is defined foz € C\ {0}
with various other research areas have led manyand bC,V c C with D(V) > -1 by the fo”owing series
researchers to the field of special functions. Among many(12]):
properties of Bessel functions, they also have investifjate
some possible extensions of the Bessel functions. . |12Vl
In this paper, two generalized integral formulae have been Wy (2) = Z (-1)¢ (2)
established involving product of generalized Bessel S I (v+1+ 152)
function of the first kind w(z) and general class of
polynomials §'[x], in terms of the generalized Wright wherel (z) is the Gamma functiorld] andC denotes set
hypergeometric function. of complex numbers.
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A unification of the generalized hypergeometric series2 Main Results

Fq (.) is due to Wright [L6]-[18] and Fox [LO] who gave
the generalized (Wright) hypergeometric functidslf

W (a1,A1),..., (ap.Ap) ;2| _
P (BlaBl)a"'v(BQan);
o I'ij:1 I (oj+Ajk) z_k @)
&o MiLal (B+Bjk) K7
where the coefficients A... A, and By,...,Bq are real
positive numbers such that
q p -
1+Y Bi—) Aj =0 4)
2% %
A special case 0of) is
(a1,),..., (ap,1) ;Z}
LIJ =
( )7 (BQ7 1) )
ﬂjp=1 I (aj) a,...,0p;2 (5)
NLr B) " 0L Buoe o

whereyFq(.) is the generalized hypergeometric serfed [
defined as:

(ap)n z"

il aln
Z (Bg )pnt

as,..

F
BL

(6)

where(a), is the Pochhammer symbol defined (fore
C) by [12Z]:

1, =0
(a)n:{a(a+1)---(a+n—1)v (neN(i{l,%,---})
—%(UEC\ZO) ()

andZ, denotes the set of non positive integers.
We also take the following integral formula given by
Oberhettinger11]:

/ XY (x+a+ V/x2 + 2ax) A dx
0

ZZAa_A(g)“F(Zu)F(A —H)

rA+A+up)
provided 0< O(u) < O(A).

: (8)

In this part, two generalized integral formulae involving
product of generalized Bessel function of the first kind
Wy, (z) and general class of polynomial§][x] are
established, which are expressed in terms of the
generalized Wright hypergeometric function.

Theorem 2.1 LetA,b,c,v,u € Cwith R (v) > -1, x>
0,n,k>0,and 0< R (i) <R (A +V). Then we obtain

“ i1 X+ a+ /X2 + 2ax) A < y )
/o ( ) X+ a4+ VX2 + 2ax
y
X W dx
V(x+a+ \/x2+2ax)

r’r‘kAnkykJrvzl H=VgH— A—k— VI_(ZIJ)

OM EE

(A+k+v+12)
1+ u+A+k+Vv,2),

: ~y’c
(A+k+Vv,2); 4a2 |

Theorem 2.2 LetA,b,c,v,u € C with R (v) > —1,
x>0,n,k>0,and 0< R (1) <R (A +V). Then we have

(A+k+v—p,2),
V+l+b 1

9)

/ XM (x4 a+ /%2 + 2ax
0

s <x+ a+t T/yM)

Xy
X W dx
Y (x+ a+vx2+ 2ax)

rT‘kAn yk+V21[,1k2vau )\I—(/\ IJ)

OM EE

(2u+ 2k +2v,4),
(V+ 1+b )’

(A +k+v+1,2)
(14 H+A +2k+2v,4),

. _ 2C
(A +k+Vv,2); 16 }

Proof. By making use of product oflj and @) in the
integrand of §) and interchanging the order of integral
sign and summation, which is verified by uniform
convergence of the series, we find

%[

(10)

“ i1 X+ a+ /X2 + 2ax) A < y )
/o ( ) X4 a4 VX2 + 2ax
y
X W dx
V(x+a+ \/x2+2ax)
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&) _ o _1'd v+2l
= ( Ii]l)'T“(A,Ll(y‘(. % (=Dc b (X) Corollary 3.2 Suppose the conditions of Theorem 2.2 be
& < ST (v+1+52) \2 satisfied, then we have
></o T xat Vi + 2097 (1) /mx“*l(x+ at v/x2+2ax)
0
By conditions of Theorem 2.1 xy
XWy [ ——————— | dx
0<R(U)<RA+V)<RA+V+k+2), R (V) > -1, Y <x+a+ \/x2+2ax>
we use the integral formuld) to the integral in {1) and = Y2l HgH=A (A — )
get following expression:
® - _ 2u+2v,4) (A+v+12)
XY (x+a+ v/x2 -+ 2ax) ( y ) (2u+2v,4), ;
/0 ( s X+ a+ v/x2 + 2ax 2% (v+ 3P 1), 1+p+A+2v4),
y : —y%c
X W, dx ' y
Y <x+ a+ \/x2+2ax> (A+Vv,2); 16 } ' (13)
(3] (—n) Indeed, forb = c = 1, the generalized Bessel function
— KA yEVRIH VARV (2p) defined by 2), reduces to the well known Bessel function
& K of the first kindJy [6], defined forze C\ {0} andv e C
. o FA+ktvp+2) with R®(l) > —1 as:
I;;I! r (v+|+1—J2fb) FrA+p+A+k+v+20) e w (_1)|(%)V+2I
)=y ——=——.
(A +k+v+1+2l)(—cy2>v+2' |;'!"(V+'+1>
FA+k+v+2) 4a? Hence, on settingh = ¢ = 1, in above corollaries, we
obtain the following known results due to Choi and
Now we use 8) to get the desired formul®&). Agarwal [7]:
By similar manner as in proof of Theorem 2.1, we can
prove the integral formulal(Q). Corollary 3.3 The following integral holds true

_ /x“‘l(x+a+ X2+ 2ax) A
3 Special cases 0

In this section, we consider some special cases of the X

main results derived in the preceding section.

y
dx
(x+ a+ \/x2+2ax>
_ v21—u—vau—/\—v,— (2[.1)

For example, if we seh = 0O, then we observe that the B
general class of polynomial§l'[x| reduces to unity, i.e. X oUh [()\(—\’/_—\Iil ’154)’ (1$‘ +—|\—//—\’——|]:’5)2)
§'IX] — 1, and we get the following known results due to T H T
Choietal. [9]: . V2
o (A v2): 2z } : (14)
Corollary 3.1 The following integral holds Y
. Corollary 3.4 Let the conditions of Theorem 2.2 be
/ L (x+ at V52 1 2a%) satisfied, then we have
( y ) / XHL(x+a+ /X2 + 2ax)
X Wy dx 0
X+ a+ VX2 + 2ax xy
VT J d
=y H Vet ATV (2p) . V(Hawm) X
A+v—pu,2), (A+v+1,2) = Y2l H= 2l AT (A — )
X243 [ (V+ R 1) (1+p+A+v2),
W 2u+2v,4), (A+v+172)
’ V2 15 2 (v+1,1), (1+u+A+2v4),
(A+v2); 4a2 |’ (12) iy
provided the conditions of Theorem 2.1 be satisfied. A +v2); F} ' (13)
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Further, the polynomial family&'[x] gives a number of
known polynomials as its special cases on suitably

specializing the coefficientdx. To illustrate this, we
give one more example.

If we setm= 2 andA,x = (—1)k
of polynomials

1
KX — XV?Hy (ﬁ) : (16)
where H,(x) denotes the well

polynomials, and defined by

In/2) ol

M= 3 D

(20" 17)

Now, on puttingm = 2, A, = (—1)¥ and taking relation

(2u+ 2k+2v,4),
(v+32.1),

(A +k+v+1,2)
(14 H+A +2k+2v,4),

. _y2C
(A +k+v,2); 16

X 4h

(19)

, then the general class \yhere

Y:

Xy
X+ a+ VX2 + 2ax’

known Hermite - 4 =4ncluding remarks

Various Bessel functions, trigonometric functions and
hyperbolic functions are particular cases of generalized
Bessel function defined by). Therefore, we observe that

our main results can lead to yield numerous other
interesting integrals involving various Bessel functions

(16) into account, Theorems 2.1 and 2.2 yields to theand trigonometric functions by suitable specializatiohs o
following results involving the Hermite polynomial and arbitrary parameters in the theorems. Further, on giving

the generalized Bessel function:

Corollary 3.5LetA,b,c,v,u € Cwith R (v) > -1, x>
0,n,k> 0, and 0< R (U) < R(A 4 V). Then we obtain

/x“*l(x+a+ X2+ 2ax) A7y
0

Hn (%) Wy (X) dx

kyk+v21 H=Vgh— A—k— vr (2[.1)

(A +k+v+1,2)

(v 3P 1), (14 p+A +k+v2),

0
{ (A +k+v—p,2),

a7 | (18)

A +k+v,2);

whereX is defined as:

. y
X+ a+ VX2 +2ax

Corollary 3.6 Let A,b,c,v,u € C with R (v) > —1,
x> 0,nk>0, and 0<% (1) < %R(A +V). Then the
following integral holds:

NIS

/x“*1+5(x+a+ X2+2ax) M2y
0

Hn (%) wy (Y) dx

suitable special values to the coefficigqy, the general
class of polynomials give many known classical
orthogonal polynomials as its particular cases. These
include Hermite, Laguerre, Jacobi, the Konhauser
polynomials and so on.

We conclude with the remark that, using our results
one can find numerous other interesting integrals
involving various Bessel functions, trigonometric
functions and orthogonal polynomials by the suitable
specializations of arbitrary sequences in the theorems.
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