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Abstract: In this paper we attempt to study singular submodules andi&dimension of modules in graded case. We investigate
various aspects of graded torsion submodules and gradgalairsubmodules of a graded moduleMfis graded module over a ring

R then it is seen that under certain conditidgéM), the graded torsion submodule Kif coincides withZg(M), the graded singular
submodule oM. We establish some characteristics of graded singular sdbles. Defining graded singularity rank functen pr(M)

as the Goldie dimension &f moduloZr(M). We prove thas— pr(M) = s— pr(K) +s— pr(M/K), whereK is a graded submodule

of M andM a graded righR- module with finite Goldie dimension showing thereby thatdgd singularity rank function is additive.
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1 Introduction s— pr(M) as the Goldie dimension &l moduloZg(M)
over R we prove that
s— pr(M) = s— pr(K) + s— pr(M/K), where K a
raded submodule dfl andM a graded righR- module
ith finite Goldie dimension showing thereby that graded
singularity rank function is additive.

In the theory of modules, the concept of torsion
submodule, singular submodule and Goldie dimensio
are well known. The notion of a rank for a suitable kind
of module was introduced by Goldie in 1964. This
module can be reduced to the usual notion of rank for an

abelian group or dimension of a vector space. Moreoverp pDefinitions and Notations

reduction of the study of arbitrary rings to singular and

nonsingular cases helps to investigate more about th&hroughout our discussidR is G graded ring wher& is
properties of the rings. Because of its useful anordered abelian group abMia gradedr-module.
consequences the importance of the study of rings and A gradedR moduleM is said to have finite graded
modules with associated graded structures is increasin@oldie dimension if it doesnt contain a direct sum of an
day by day. As a result the graded analogues of variousnfinite number of non-zero graded submodules. Here
algebraic concepts like Goldie dimension, primary dimM will mean Goldie dimension d1. The graded rank
decomposition, Jacobson radicals, essentiality, simgula of M, denoted bypgr(M), is defined as the Goldie
and non singularity etc are widely discussed. Motivateddimension oM overR.

by these facts, in this paper our aim is to study some A graded uniform module means a graded module
aspects of graded versions of Goldie dimension, torsiorthat does not contain a direct sum of two non-zero graded
submodule and singular submodule. The objective of ouisubmodules. IM has finite graded Goldie dimension then
work is to investigate various aspects of graded torsiorevery graded submodule & contains a graded uniform
submodules and graded singular submodules. It is seesub module. The graded singular submoddgM) is
that under certain conditioffg(M),the graded torsion defined as follows Zg(M) = {x € M|Ix =
submodule of a graded modul coincides with the 0O, wherel is an essential left graded idealRj.

graded singular submodule bf, that isTyg(M) = Zy(M).

We establish some characteristics of graded singular We define the graded singularity ranksrank ofM,
submodules. Defining graded singularity rank functiondenoted bys— pr(M) as the Goldie dimension of
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M/Zr(M) over R. An elementc € h(R) is called right Lemma 3.3. The torsion submodul&g(M) is a graded
regular homogeneous if(c) = 0 and left regular submodule of M.

homogeneousif(c) = 0. cis called regular homogeneous

if T(C) _ |(C) — 0. We write CG(O) for the set of all Proof.Letx,ye TQ(M). Thencx = O,dy: 0. ,.for somec,d
regular homogeneous elements Rf A homogeneous regular homogeneous elements of positive .dggreg. Now,
elementx of M is called a torsion element iic = 0 for ~ RC<eR Rd<¢R ThereforeRcnRd<e R This implies
some regular homogeneous elemenf positive degree. R Rd contains a regular homogeneous elemesrday,
We define Ty(M) _ XMcx = with dege> 0. Then, e(x —y) = ex—ey = 0 which
0, for some regular homogeneous elemgutege> 0}. impliesx—y € Tg(M). , ,

Note: LetM be anR-module andN be anRe submodule  Also, letr € h(R). Then3r € h(R),s € Cg(0) such that
of M. We denote bjN* = NRyN whereg € G. ThenN*is st =r'c. Now, (Sr)x= (r'c)x=r'(cx) = 0= s (rx) =0

the largesR submodule oM contained irN. impliesrx € Tg(M). Thus,Tg(M) is submodule oM.
Next we showTg(M) is a graded submodule &f. Let
0 # x € Ty(M) such thatx = xo71 + ........ -+ X0On, Where
3 Preliminaries Xg; € Mai,xo; # 0 andoy < ...... < Op. Then, for some

regular homogeneous elementve havecx = 0 implies
In this section we discuss some preliminary resultsc € Anrg(x). Thus, ¢ € Anrr(xon) [since
needed for the sequel. Following the same line of proof adAnmk(x) C Anrgr(xan)]. This gives cxan = 0. Hence,
inlemma 1.1, {] we get X0n € Tg(M).

For the element — xo,, repeating the same argument we

Lemma 3.1. Let M be graded right R-module. Let m be 8btain by induction thatay, ..... X0n € Ty(M).

a nonzero homogeneous element of M. Let N be a grade
essential submodule of M, then there is an essential graded
right ideal | of R such thaml # 0 andml C N. Note: Tg(M) is called graded torsion submoduleMf

As in the ungraded case proposition 133, [we get the
ProofWe takelg = {rq € Rg|mrg € N,for somege G}. We  gjiowing:

claim thatl = @lqis a graded ideal dR.
Letr 1 such thgr — g1t ... +TgkWith rgi # 0. We want Lemma 3.4. LetY be a graded submodule of a gradd

to show thatrg; € I, for eachi wherei € {1,....,k}. Now, ~moduleX andY; be graded submodule o such thatv;

rel is maximal with respect to the propefynY; = 0. Then
—mreN, Y @Y <e X.[Such submodule¥; always exist by Zorns
= M(rgr+ ... +Tg) €N, Lemma and we calY; graded relative complement fit

= Mgy +.... +Mrgk € N, Lemma 3.5. Let M be a non-zero right graded R-module.
= mrgi € N, (sinceN is graded submodule ) If M has finite Goldie dimension then each non-zero
=rgiclg=rgel. graded submodule of M contains a graded uniform

So, | is a graded ideal oR. SinceN is graded essential submodule and there is a finite number of graded uniform
submodule ofM, we must havenRN N # 0. For some  submodules of M whose sum is direct and is a graded
r € R, we must have & mr € N. Thus, we have €1 so  essential submodule of M.

thatmr # 0 and hencenl # 0. LetL be a nonzero graded . N

ideal of R. We need to show thdtnL # 0. If mL= 0, ProofAs in ungraded case [proposition1.9]][

thenmL C N. Then, from definition ofl, we must have )

L C I and hence, we obtain the required result.ré&t# 0. I,:leinm,v? ?_.r?e.nLgitnl]\le:edai\n?I(/laded R-submodule of M and
SinceN is graded essential submodulévbfwe must have =& '

mLNN # 0. For some G4 x € L, we have O£ mxe N ProofLet dimN = k. Then 3 uniform submodules
which implies thak € |. Thus, we havénL # 0. Up, Uz, ....,Ux such thatu; +up + .... + ux is direct and
Lemma 3.2. Let R be a graded ring with finite Goldie ﬂi+—zzlf++lj<;:N iee MN:'> ulilrl:zi...N—F ufegem

dimension and c be a regular homogeneous element of Rrhus graded uniform submodules Uy, ...., Uy of M such
Then cR is graded essential ideal of R. that U + Uy + oo + U is  direct and

Prooflt is clear thatcRis graded ideal oR. To prove the Ut + U2 + ... + Uk <e M = dimM = K. So,
essentiality oER First we assume a nonzero graded idealdimN = dimM.
| of R Suppose ,if possiblencR= 0. Then, the sum

| +cl+ c?l +....is direct and sinceR has finite Goldie Theorem 3.7. Let G be an abelian group and R be a

dimension, there exists some indesuch thatc’l =0 _graded prime, graded Goldie ring. Then any essential

which implies thatl C ann(c")and hence C ann(c) =0 graded ideal | of R contains a homogeneous regular
asc is regular homogeneous element. So we Hawe0, element.

which is a contradiction. SbN cR # 0 implies thatcRis
graded essential ideal 8¢ Proof.Theorem 4, §].
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4 Main Results Thus, 0# dy € Ryn K + Zg(M). This implies
K+ Zg(M) <el.
We now prove our main results.
If dy = 0 then

Theorem 4.1. Let G be an abelian group and R be a
G-graded prime, graded Goldie ring. Let M be a graded
-module. Then the graded torsion submodule of M

coincides with the graded singular submodule of M, that

is Ty(M) = Zg(M).

ProoflLet x € Zg(M). Then,Kx = 0,K <¢ R, for some
essential graded ide&l of R. ThenK contains a regular
homogeneous element,c (say). This implies
cx=0=x€ Tg(M) = Zyg(M) C Ty(M).

Conversely, letx € Tg(M). Then,cx = 0, wherec is a
regular homogeneous element. Thus, we havec= 0.
So Rc is an essential graded left ideal & Thus,
cx= 0= Rcx= 0. Also Rc<¢ R= x € Zg(M). Hence,
Tg(M) C Zg(M). This proves the result.

Theorem 4.2. Let R be a semiprime graded Goldie ring
and X is a graded?r- module of finite Goldie dimension
with a graded submodulé such thaiX /Y is torsion-free,
thendimX = dimY+dim(X/Y).

Proof Given X is a gradedRr-module andY is a graded
R-submodule ofX. Then by lemma 3.43 a graded
submoduley; of X such thaty NY; =0 andY @Y; <e X.
Let x € h(X) such thatx ¢ h(Y). Then3 an essential
graded ideal such thaixl CY @ Y;. [Lemma 3.1] Nowl
contains a regular homogeneous elemeflemma 3.7].
Thenxce Y@ VY. If xceY, thenxc e T(X/Y), which
contradicts X/Y is torsion-free. LetS be a graded
submodule ofX such thatSNY &Y; =Y Letx € Ssuch
that x ¢ Y. Then xc € S such thatxc ¢ Y. Also,
XceY ®Yi. Thus,xce SNY ®Y; =Y, a contradiction.
HenceY =SNowY @Y; <eX =Y @Y1 /Y < X/Y This
implies

rY

€Ty(M) =y e Z4(M) =ye K+Zy(M).

Also y € Ry. Thus,y € RynK + Zg(M). This implies
Ryn K+ Zg(M) # 0. As a consequence, we get
K + Zg(M) <e L. This gives
dimL = dim(K + Zr(M)),M/L = (M/K)/(L/K) =
(M/K)/(Zr(M/K)), so that M/L is torsion free.
Thereforedim(M/L) = dimM— dimL.

As a consequence we get

s — prM/K) dim(M/K)/(Zr(M/K))
dim(M/K)/(L/K) = dim(M/L) = dimM — dimL
dimM —dimZz(M) — (dimL— dimZz(M)).

s — pr(K) = dim(K/Z&(K)) = dim(K/KZg(M))

dim((K + Zr(M))/Zr(M)

dim((K + Zgr(M)) — dimZ(M) [since
(K+2Zr(M))/Zr(M) is torsion free]

Thus, s — pr(K) = dimL — dimZz(M) and hence

s — pr(M/K) = dimM — dimZ(M) — s — pr(K) =
dimM/Zgr(M) — s — pr(K) = s— pr(M) — s — pr(K).
This proves— pr(M) = s— pr(K) + s— pr(M/K).

As in ungraded case - Theorem 2.5] {ve get the
following result:

Theorem 4.4. Let M be a graded R-module with finite
Goldie dimension. N; and N, are two graded
R-submodules of M such thatl = N; NN, is graded

relative complement in M. Then
dimN; + dimN, = dim(Nz + N2) + dimN.

Corollary 4.5. Let M be a graded R-module with finite
Goldie dimension. N; and N, are two graded
R-submodules of M strictly containingz(M) such that

dim(X/Y)=dim(Y®Y1)/Y =dim(Y1/YNY1) =dim(Y1)/(0) =N N, is graded relative complement in M. Then

SinceY andY; are gradedRk-submodules of finite Goldie
dimensiondim(Y @ Y1) = dimY+dimY1.

Also YY) <¢ X = dimX = dimlY & Y1)
dimY+dimY, = dimY+dim(X/Y).

Theorem 4.3. Let R be a semiprime graded Goldie ring.
Let M be a graded right R-module with finite Goldie

dimension and K, a graded submodule of M. Then

s—pPr(M) = s— pr(K) +s— pr(M/K).

ProoflLet L be a graded submodule bf such thakK C L
andL/K = Zg(M/K). ClearlyL/K is a gradedR-module.
We first show thak +Z(M) <c L. Let 0#y € L. Now,
y+KeZg(M/K)

=Yy+Ke Ty(M/K)

S— Pr(NL+N2) = s— pr(N1) + S— pr(N2) — S— pr(N).

Proof From definition ofs-rank of a graded®-module, we
must have

S— Pr(N1 + Np) = dim(Ny + Ny /Zr(M))

=dim(N1 + Nz) — dim(Zr(M)) , [using Theorem 4.2]

= dimN; + dimN, — dimN — dim(Zg(M)), [using
Theorem 4.4]

= dimN, — dim(Zr(M)) + dimN, — dim(Zg(M)) —
dimN+dim(Zg(M))

= dim(Ny/Zr(M)) + dim(N2/Zr(M))dim(N/Z&(M))
=5—Pr(N1) +s— pr(N2) —s— pr(N).

Theorem 4.6. Let G be an abelian group and R be a

= d(y+K) =K for some regular homogeneous elementG-graded prime, graded Goldie ring and M, a graded R

:.>dy+K=K:>dyeK
Assume,dy # 0,dy € Rydy € K = dy € K + Z3(M).

-module. Then
(i) If M is torsion, thens— pr(M) = 0.
torsion free , theis— pr(M) = pr(M).

(ii) If M is
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Proof(i) As M is torsion, we havelg(M) = M. Then
s — pr(M) = dim(M/Zg(M)) = dim(M/To(M)) =
0,[using theorem 4.1].

(i) As M is torsion-free, we hav8g(M) = 0. Then
s — pr(M) = dim(M/Zg(M)) = dim(M/To(M)) =
dim(M/(0)) =dim(M) = pr(M) ,[using Theorem 4.1].

IEall
Theorem 4.7. Let 0o(G)=n and R be strongly G-graded

ring without n-torsion. Thes — prgM) = s— pr(M).

ProofAs R has non-torsion, we have&Zre(M) = Zg(M).
Let us suppose that — pRgM) = m, then there exist
non-zeroResubmodulesA; /Zre(M) such that the sum
A1/Zre(M) + .... + An/Zre(M) is direct modulaZge(M).
This implies that the surA; /Zr(M) +.... + Am/Zr(M) is
direct moduloZg(M). Thus, we havelimM/Zg(M) = m
which gives thas— pr(M) = m. This proves the required
result.

In the lemma 4.8 and the Theorem 4.9, we consRler

to be almost strongly graded ring graded by a finite group

G.

Lemma 4.8. Let M be an R-module. Then M contains an
Re- submoduleZg, (N) = Ne (say) such thalle is maximal
with respect td\g = Z(M).

ProofWe setZg,(Ni) = Ngj, 1 € I, an index set and we
consider the chaifNgj|li € 1} of Re- submodules oM
such that Nj; = Z(M) for eachi. We claim that
(Uier Nei)® = Z(M). If (Ui Nei)* # Z(M) then there
exist anx € (Ui Nei)* such thann(x) is not essential in
R We takex = rgXej Whererg € Ry and Xej € Nei. For
some nonzero graded ideld) of Re we must have a
nonzero graded idealNRyle of R such that
NRgle N ann(x) # 0 = NRyle N ann(rgXei) # 0 =
lenann(rgXei) # 0 = rgXei ¢ Nej Which is a contradiction.
So we must haveJic; Nei)* = Z(M). Now by Zorns
lemma, we can conclude that there exists Rg
submoduleZg,(N) = Ne (say) such thalNe is maximal
with respect td\; = Z(M).

Theorem 4.9. Let M be an R-module such that
S— pr(M) = m. If ZRe(M) = N (say) is an Re-

submodule such that N is maximal with respect to9raded

N* =Z(M), thens— pr,(M) <m.

ProofLet A;/Zr,(M),....,At/Zr,(M) be Re - submodules
of M/Zr, (M) such that the sum
A1/Zr, (M) + ... + At/ Zr,(M) is direct moduloZg,(M).
This gives the sumdy/Zg(M) + ... + A /Zr(M) is direct

which gives
Z_(Aj/ZR(M) NAI/Zr(M))" # Zr(M)
IE4l

as

(Aj/Zr(M)NAI/Zr(M ;A*/ZR )NAT/ZR(M).

So we have

S A4 /2a(M) A/ Ze(M) # Ze (M)
IEA!

and hence we obtain

;Aj/ZRe(M) NAI/Zr(M) # Zr,(M)
A

which contradicts our assumption. Therefsrepr, (M) <
m.

In [2], for any ring R, the authors have considered
R/Z(R) as a rightR- module and have defings(R) to be
the right ideal of R containing Z(R) considering
G(R)/Z(R) = ZR(R/Z(R)). As in ungraded case, we have
seen a similar result for a graded ring.

Theorem 4.10. For every graded ring R,G(R) is a graded
ideal of R such thaZr(R/G(R)) = 0 and Z(R/G(R))=0.

ProofLet G(R) C R such thata € G(R) is homogeneous
element of positive degree. Thar-Z(R) € G(R)/Z(R) =

Zr(R/Z(R)). Thus,annRa+Z(R)) <¢ R.
Also,
anmk(a+Z(R)) = {be h(R)|]ab+Z(R) = Z(R)}

={beh(R)|labe Z(R)}.

Foranyr € h(R), anrr(a+Z(R)) C anr(ra+Z(R)),
for if x € annr(a+Z(R)), andx is homogeneous, then we
have (a + Z(R))x Z(R)  which  implies
ax + Z(R) Z(R). This gives ax € Z(R). Thus,
rax € rZ(R) = Z(R) gives rax + Z(R) = Z(R). This
implies that (ra + Z(R))x = Z(R). Therefore,
x € anmk(ra+ Z(R)). Sora € G(R). This proves that
G(R) is an ideal ofR. Next, we showG(R) is, in fact, a

ideal. Let 0# x € G(R) such that
X = X01 + .... + Xon where xo; € Ragj, xg; # 0 and
o1 < < On. Then,
ank(x+Z(R)) = {yc h(R)|lyxe Z(R)} <eR.

Also, we have anm(x + Z(R)) C anm(xon + Z(R))
which implies thannk(xon + Z(R)) <e R.
We claim thatxo, € G(R).

modulo Zz(M). Now, for eachi,1 <i <t , we have Suppose xo, ¢ G(R). Then xon ¢ Z(R). So
A*/Zr(M) # Zr(M). If t > m, then for somé, we must O # Xon + Z(R) € R/Z(R) such  that
have anr(xon  +  Z(R)) <e R So
A/ Zo(M) QA /Ze(M) £ Za(M 0 # Xon + Z(R) € Zr(R/Z(R)) which is a contradiction
J; /ZRM)OA/ZR(M) # Zr(M) since xon + Z(R) ¢ G(R)/Z(R). So xon € G(R).
(@© 2015 NSP
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Repeating the same argument, for the elenxenka, by [5] B. Satyanarayana, K. S. Prasad and D. NagarAjliheorem
induction we obtain thatoy, .....,xon € G(R). On Modules With Finite Goldie DimensiprSoochow
Leta+ G(R) € Zr(R/G(R)) and 0# H be a graded right Journal of mathematics, 32 (2,) (2006), 311-315.

ideal ofR. [6] K. R. Goodearl, J.T. Stafford;he graded version of Goldies
If H n  ZzZR) £ 0 and TheoremarXiv:math/9905098v1(math. RA) 17 May 1999.
HNZR) C Z(R) = a(HN Z(R)) C aZ(R)Z(R). S

0 # b € H such that ab € Z(R). Thus
b € {b € h(R)|]ab € Z(R)} = anm(a + Z(R)). This
impliesanrk(a+Z(R)) NH # 0.
SupposeH NZ(R) = 0 and let 0# b € H such that
abe G(R),sob ¢ Z(R). So there exists a nonzero right
graded ideall of R such thatannz(b) Nl = 0. Also
ab € G(R) and G(R)/Z(R) = Zr(R/Z(R)). Therefore
anmz(ab+Z(R)) N1 # 0. So there exists & ¢ € | such
that c € anmnr(ab+ Z(R)) = (ab+ Z(R))c = Z(R) =
abce Z(R).
Now 0 #b e H,0#Acel = 0+# bceH. Then
abce Z(R) = abc+ Z(R) = Z(R) = (a+ Z(R))bc =
Z(Rl = bc € anm(a + Z(R)). Thus,
anmr(a+Z(R))NH # 0. So,anmk(a+ Z(R)) <¢ R. The
)

above impliesa+ Z(R) € Zr(R/Z(R)) = G(R)/Z(R).
Thus,a € G(R). This impliesZz(R/G(R)) = 0.

Let a + G[R € ZR/GR). Then
anrggr(a+G(R)) <e R/G(R).

Let anmggr(@a + G(R) = J/G(R). Then,

J/G(R) <e R/G( R) = J <eR= anrg/gr)(@+G(R)) <e
R= (a+ G(R)) € Zr(R/G(R)) = 0= (a+ G(R)) = 0.
Hence Z(R/G(R)) = 0.

5 Conclusion

The study of Goldie dimension and singularity can be
continued by modifying the notion of singularity and rank
function. One can investigate various aspects of graded
module with finiteness conditions like ACC on graded
essential submodules, ACC on graded supplemented
submodules, chain conditions on graded small
submodules etc. The study of graded modules with
finiteness conditions will lead to the finiteness conditions
of graded socle, graded radical of the graded module and
various related results can be studied in graded case. This
would throw light on the understanding of the theory in a
unified and systematic manner and would also provide
avenue for looking at their applications.
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