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Abstract: In this paper, we have established the recurrence relationsfor single and product moments of generalized order statistics
from Chen distribution. The result includes as particular cases of recurrence relations for moments of order statistics, sequential order
statistics, progressive type II censored order statisticsandkth records. Further, using the recurrence relation for singlemoments, we
have obtained the characterization result for Chen distribution.
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1 Introduction

The concept of generalized order statistics (gos) was introduced by [7] as below: LetF() be an absolutely continuous
distribution function (d f ) with probability density function (pd f ) f (). Further, let n ∈ N, k > 0,
m̃ = (m1,m2, ...,mn−1) ∈ R

n−1, Mr = ∑n−1
j=r m j, such thatγr = k + n − r + Mr > 0, for all r ∈ 1,2, ...,n−1. Then

X(1,n, m̃,k),X(2,n, m̃,k), . . . ,X(n,n, m̃,k) are said to be thegos if their joint pd f is given by

k

(

n−1

∏
j=1

γ j

)(

n−1

∏
i=1

[F̄(xi)]
mi f (xi)

)

[F̄(xn)]
k−1 f (xn) (1.1)

on the coneF−1(0+)< x1 ≤ x2 ≤ ...≤ xn < F−1(1) of Rn. HereF̄(x) = 1−F(x) denotes the survival function.
Choosing the parameters appropriately, models such as ordinary order statistics
(m = 0,k = 1 i.e. γi = n− i+1), kth record value (m =−1, k ∈ N i.e. γi = k), sequential order statistics
[γi = (n− i+1)βi;β1,β2, ...,βn > 0], order statistics with non integral sample size[γi = (β − i+1);β > 0], Pfeifer record
values(γi = βi;β1,β2, ...,βn > 0) and progressive type II censored order statistics(m ∈ N,k ∈ N) can be obtained as
particular cases ofgos. For simplicity we have assumed thatm1 = m2 = ...= mn−1 = m.

The pd f of rth gos is given by [7]

fX(r,n,m,k)(x) =
Cr−1

(r−1)!
(F̄(x))γr−1gr−1

m (F(x)) f (x), −∞ ≤ x ≤ ∞ (1.2)

and the jointpd f of X(r,n,m,k) andX(s,n,m,k), 1≤ r < s ≤ n is given by

fX(r,n,m,k),X(s,n,m,k)(x,y) =
Cs−1

(r−1)!(s− r−1)!
[F̄(x)]mgr−1

m (F(x))

×[hm(F(y))− hm(F(x))]s−r−1[F̄(y)]γs−1 f (x) f (y), −∞ ≤ x < y ≤ ∞ (1.3)

where
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Cr−1 =
r

∏
i=1

γi, hm(x) =

{

− (1−x)m+1

m+1 , m 6=−1
− ln(1− x), m =−1

and
gm(x) = hm(x)− hm(0), x ∈ (0,1).

Recurrence relations are quite useful in computing the moments. The result given in present paper can be used to
compute the moments of order random variables if the parent population follows Chen distributions. There are sufficient
literature available regarding the recurrence relations of distributions based ongos and the characterization result based
on these recurrence relation. For the review of literature,one may refer to [1,3,8,9,10]. For the textbook reference, the
readers are referred to [2,4,7]. In this paper, we have established the recurrence relations for single and product moments
of gos from the Chen distribution. Results for order statistics and kth upper record values are also deduced. Further,
characterization of Chen distribution based on recurrencerelation for single moments ofgos is also investigated.

A random variableX is said to have the Chen distribution if its probability density function (pd f ) is of the form

f (x) = λ β xβ−1exβ
exp[λ (1− exβ

)], x,λ ,β > 0, (1.4)

and the distribution function(d f ) is given by

F(x) = 1−exp[λ (1− exβ
)], x,λ ,β > 0. (1.5)

From equation(1.5) and (1.6), the relation betweenpd f andd f is given by

F̄(x) =
x1−β e−xβ

λ β
f (x) (1.6)

The Chen distribution given in (1.5) was introduced by [5]. This is a two-parameter lifetime distribution with bathtub
shape or increasing failure rate function.The corresponding failure rate functionh(x) of this distribution may have a
bathtub shape whenβ < 1 and the distribution has increasing failure rate functionwhenβ ≥ 1. At β = 1, Chen distribution
reduces to Gompertz distribution havingpdf

f (x) = λ ex exp(λ [1− ex)], x,λ > 0 (1.7)

The paper is divided into four section. In the section 2, we have obtained the recurrence relation for single moments
of gos for Chen distribution. In section 3, we have deduced the recurrence relation for product moments ofgos for Chen
distribution. In section 4, the characterization result based on the recurrence relation for single moments ofgos for Chen
distribution is given.

2 Recurrence relation for single moments of gos from Chen distribution

In this section, the recurrence relation for single momentsof gos from Chen distribution has been deduced. Further, the
recurrence relation for single moments of order statisticsand record values are obtained as a particular cases ofgos.

Theorem 2.1: Let X be a non-negative continuous random variable and follows Chen distribution given in (1.5).
Suppose that for anyj > 0 and 1≤ r ≤ n, E|[φ(X(r,n,m,k))]| is finite, then

E[X j(r,n,m,k)]−E[X j(r−1,n,m,k)] =
j

λ β γr
E[φ(X(r,n,m,k))], (2.1)

whereφ(x) = x j−β e−xβ
.

Proof. We have

E[X j(r,n,m,k)] =
Cr−1

(r−1)!

∫ ∞

0
x j[F̄(x)]γr−1gr−1

m [F(x)] f (x)dx

Integrating by parts taking[F̄(x)]γr−1 f (x) as the part to be integrated, we get
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E[X j(r,n,m,k)] =
jCr−1

(r−1)!γr

∫ ∞

0
x j−1[F̄(x)]γr gr−1

m [F(x)]dx

+
γrCr−2

γr(r−2)!

∫ ∞

0
x j[F̄(x)]γr−1−1gr−2

m [F(x)] f (x)dx

which implies that

E[X j(r,n,m,k)]−E[X j(r−1,n,m,k)] =
jCr−1

(r−1)!γr

∫ ∞

0
x j−1[F̄(x)]γr gr−1

m [F(x)]dx (2.2)

Now in view of equation (1.7), we have

E[X j(r,n,m,k)]−E[X j(r−1,n,m,k)]

=
jCr−1

(r−1)!γrλ β

∫ ∞

0
x j−β e−xβ

[F̄(x)]γr−1gr−1
m [F(x)] f (x)dx

Thus we get,

E[X j(r,n,m,k)]−E[X j(r−1,n,m,k)] =
j

λ β γr
E[φ(X(r,n,m,k))]

and hence the result.

Remark 2.1: At β = 1 in (2.1), we get the recurrence relation for single momentsof generalized order statistics from
Gompertz distribution.
Remark 2.2: Puttingm = 0 andk = 1 in (2.1), we obtain a recurrence relation for single moments of order statistics of
the Chen distribution as

E[X j
r:n]−E[X j

r−1:n] =
j

λ β (n− r+1)
E[φ(Xr:n)] (2.3)

Remark 2.3: Puttingm = −1 andk ≥ 1 in (2.1), we get a recurrence relation for single moments ofkth upper record
values from Chen distribution as

E[X j(r,n,−1,k)]−E[X j(r−1,n,−1,k)] =
j

λ β k
E[φ(X(r,n,−1,k))] (2.4)

3 Recurrence relation for product moments of gos from Chen distribution

In this section, the recurrence relation for product moments of gos from Chen distribution has been deduced. Further, the
recurrence relation for product moments of order statistics and record values are obtained as a particular cases ofgos.

Theorem 3.1: Let X be a non-negative continuous random variable and follows Chen distribution given in (1.5).
SupposeE|[φ{X(r,n,m,k)X(s,n,m,k)}]| is finite for any i, j > 0 and 1≤ r < s ≤ n, then the recurrence relation for
product moment is

E[X i(r,n,m,k)X j(s,n,m,k)]−E[X i(r,n,m,k)X j(s−1,n,m,k)] (3.1)

=
j

γsλ β
E[ψ{X(r,n,m,k)X(s,n,m,k)}]

whereψ(x,y) = xiy j−β e−yβ
.

Proof. In view of (1.3), we have

E[X i(r,n,m,k)X j(s,n,m,k)] =
Cs−1

(r−1)!(s− r−1)!

∫ ∞

0
xi[F̄(x)]m f (x)gr−1

m [F(x)]I(x)dx

whereI(x) =
∫ ∞

x y j[hm(F(y))− hm(F(x))]s−r−1[F̄(y)]γs−1 f (y)dy

solving the integralI(x) by parts and substituting the resulting expression in (3.2), we get
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E[X i(r,n,m,k)X j(s,n,m,k)]−E[X i(r,n,m,k)X j(s−1,n,m,k)]

=
jCs−1

(r−1)!(s− r−1)!γs

∫ ∞

0

∫ ∞

x
xi[F̄(x)]m f (x)gr−1

m (F(x))y j−1

×[hm(F(y))− hm(F(x))]s−r−1[F̄(y)]γs−1 y1−β e−yβ

λ β
f (y)dydx

this implies that

E[X i(r,n,m,k)X j(s,n,m,k)]−E[X i(r,n,m,k)X j(s−1,n,m,k)]

=
j

γsλ β
E[ψ{X(r,n,m,k)X(s,n,m,k)}]

and hence the result.
Remark 3.1: At β = 1 in (3.1), we get the recurrence relation for product moments of generalized order statistics from
Gompertz distribution.

Remark 3.2: Puttingm = 0 andk = 1 in (3.1), we obtain recurrence relations for product moments of order statistics
of the Chen distribution as

E[X i
r:nX j

s:n]−E[X i
r:nX j

s−1:n] =
j

λ β (n− s+1)
E[ψ(Xr:nXs:n)] (3.2)

Remark 3.3: Puttingm =−1 andk ≥ 1 in (3.1), we get the recurrence relations for product moments of upperkth record
values from Chen distribution in the form

E[X i(r,n,−1,k)X j(s,n,−1,k)]−E[X i(r,n,−1,k)X j(s−1,n,−1,k)] (3.3)

=
j

λ β k
E[ψ{X(r,n,−1,k)X(s,n,−1,k)}]

4 Characterization of Chen distribution

In this section, applying the generalization of the M ¨untz-Sz ´asz Theorem [6], we have established a characterization
result of Chen distribution based on single moments ofgos.

Theorem 4.1: For m >−1, the necessary and sufficient condition for a random variable X to be distributed withpd f
given in (1.6) is that

j
λ β γr

E[φ(X(r,n,m,k))] = E[X j(r,n,m,k)]−E[X j(r−1,n,m,k)] (4.1)

if and only if

F(x) = 1−exp(λ (1− exβ
)), x,λ ,β > 0.

Proof: A necessary part follows immediately from (4.1). On the other hand if the recurrence relation (4.1) is satisfied,
then

jCr−1

(r−1)!γrλ β

∫ ∞

0
φ(x)[F̄(x)]γr−1gr−1

m [F(x)] f (x)dx

=
Cr−1

(r−1)!

∫ ∞

0
x j[F̄(x)]γr−1gr−1

m [F(x)] f (x)dx−
Cr−1

(r−1)!
(r−1)

γr

∫ ∞

0
x j[F̄(x)]γr+mgr−2

m [F(x)] f (x)dx

=
Cr−1

(r−1)!

∫ ∞

0
x j[F̄(x)]γr gr−2

m [F(x)] f (x)
[gm[F(x)]

[F̄(x)]
−

(r−1)[F̄(x)]m

γr

]

dx

Let

v(x) =−
[F̄(x)]γr gr−1

m [F(x)]
γr

,
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then

v′(x) = [F̄(x)]γr gr−2
m [F(x)] f (x)

[gm[F(x)]
[F̄(x)]

−
(r−1)[F̄(x)]m

γr

]

Thus
jCr−1

(r−1)!γrλ β

∫ ∞

0
φ(x)[F̄(x)]γr−1gr−1

m [F(x)] f (x)dx =
Cr−1

(r−1)!

∫ ∞

0
x jv′(x)dx (4.2)

Now integrating RHS of (4.2) by parts and using the value ofv(x), we get

jCr−1

(r−1)!γrλ β

∫ ∞

0
φ(x)[F̄(x)]γr−1gr−1

m [F(x)] f (x)dx =
Cr−1

(r−1)!γr

∫ ∞

0
jx j−1[F̄(x)]γr gr−1

m [F(x)]dx

which reduces to
jCr−1

(r−1)!γr

∫ ∞

0
[F̄(x)]γr gr−1

m [F(x)]
[

x j−1−
φ(x) f (x)
λ β F̄(x)

]

dx = 0 (4.3)

Applying a generalization of the M ¨untz-Sz ´asz Theorem [6] to
equation(4.5), which states that on a spaceL(a,b) of all summable functions defined on the interval(a,b), a sequence of
functions fn(x) is complete on(a,b) if for any g ∈ L(a,b) the equalities

∫ b

a
fn(x)g(x)dx = 0 n = 1,2, ...,

imply thatg(x) = 0 almost everywhere on(a,b), then we get

F̄(x)
f (x)

=
x1−β e−xβ

λ β
,

which implies that

F(x) = 1−exp(λ (1− exβ
)), x,λ ,β > 0.
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