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Abstract: In this paper, we have established the recurrence relafiwrsingle and product moments of generalized order siist
from Chen distribution. The result includes as particuses of recurrence relations for moments of order statjstequential order
statistics, progressive type Il censored order statisticik!" records. Further, using the recurrence relation for singbenents, we
have obtained the characterization result for Chen disgidh.

Keywords: Generalized order statistics, order statistics, upperds; recurrence relations, Chen distribution, charetéon.

1 Introduction

The concept of generalized order statistigesf was introduced by7] as below: LetF() be an absolutely continuous
distribution function (df) with probability density function (pdf) f(). Further, let n € N, k > 0,
M= (m,mp,...my_1) € R"™L M = z’j‘;rlmj, such thaty =k+n—r+M, >0, forallr € 1,2,...n—1. Then

X(1,n,m k), X(2,n,MmK),...,X(n,n,mk) are said to be thgosif their joint pdf is given by

n-1 n-1 _ .
k ( m) (ﬂ[F (I fw) F O] o) (L.1)

on the cond ~1(0+) < x3 <% < ... < ¥y < F~1(1) of R". HereF (x) = 1— F(x) denotes the survival function.
Choosing the parameters appropriately, models such asaoydbrder statistics

(m=0k=1liey=n—i+1), K" record value (m=-1 keNie y=Kk), sequential order statistics
[y =(n—i+1)6;B1,B2, .., Bn > 0], order statistics with non integral sample sige= (8 —i+ 1); 8 > 0], Pfeifer record
values(y = Bi;B1,B2,...,Bn > 0) and progressive type |l censored order statistioss N,k € N) can be obtained as
particular cases ajos. For simplicity we have assumed thet =mp=... =m,_1 =m.

Thepdf of rth gosis given by ]

C-1 = 1
fenmig () = 57 (FOO e H(FO)F(, —eo <x <o (12)
and the jointpd f of X(r,n,m,k) andX(s,n,m,k), 1 <r <s<nis given by
Cs1

fX(r7n7m,k)7X(sn7m,k) (X, y) = (r — 1)! (S— r— 1)! [F_(X)]mgrrn_l(F(X))

X [n(F (y)) = hm(F ()] HF ()] (0F(y), —o<x<y<o (1.3)

where
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r _ (-xml m+£ -1
1= , hm(x) = mtl
Cr1=[]%: (X {—In(l—x), m=—1

gm(X) = hm(X) —hm(0), x € (0,1).

Recurrence relations are quite useful in computing the nmbsnd he result given in present paper can be used to
compute the moments of order random variables if the pamgmilation follows Chen distributions. There are sulfficient
literature available regarding the recurrence relatidrdigiributions based ogos and the characterization result based
on these recurrence relation. For the review of literatane may refer to1,3,8,9,10]. For the textbook reference, the
readers are referred t8,[4, 7]. In this paper, we have established the recurrence raekfar single and product moments
of gos from the Chen distribution. Results for order statisticsl &% upper record values are also deduced. Further,
characterization of Chen distribution based on recurregle¢ion for single moments gps is also investigated.

and

A random variableX is said to have the Chen distribution if its probability dignfunction (pdf) is of the form

f(x) = ABxP 1€ expA (1—e®)], xA,B >0, (1.4)
and the distribution functiofdf) is given by
F(x)=1—expA(1-€%)], xA,B>0. (1.5)
From equation(1.5) and (1.6), the relation betwedh anddf is given by
_ Xl_ﬁe_xﬁ

The Chen distribution given in (1.5) was introduced By This is a two-parameter lifetime distribution with batbt
shape or increasing failure rate function.The correspandiilure rate functiorn(x) of this distribution may have a
bathtub shape wheh < 1 and the distribution has increasing failure rate functiilen3 > 1. At 3 = 1, Chen distribution
reduces to Gompertz distribution havipdf

f(x) =Ae’expA[1—€)], %A >0 (1.7)

The paper is divided into four section. In the section 2, weehazbtained the recurrence relation for single moments
of gos for Chen distribution. In section 3, we have deduced therreoge relation for product momentsgds for Chen
distribution. In section 4, the characterization resulidzhon the recurrence relation for single momenigosffor Chen
distribution is given.

2 Recurrencerelation for single moments of gos from Chen distribution

In this section, the recurrence relation for single momentgpos from Chen distribution has been deduced. Further, the
recurrence relation for single moments of order statistio$ record values are obtained as a particular casgssof

Theorem 2.1: Let X be a non-negative continuous random variable and followsnGfistribution given in (1.5).
Suppose that for any> 0 and 1< r < n, E|[e@(X(r,n,m,k))]| is finite, then

j

EXI(rnmK)) - Ep(r - Lmk)] = 3o

Elo(X(r,n,mKk))], (2.1)

whereg(x) = xi-Be¢.

Proof. We have

£ (rn.mi) = 7 [ IF 00 gl Y (0] (9

Integrating by parts takinff- (x)]¥-1 f (x) as the part to be integrated, we get
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(. nm] = R [ e (9l
e [ F OO PR )
which implies that
E[XI(r,n,m k)] —E[X)(r —1,n,m k)] = (rJ_Cfil‘)}y /Oooxj‘l[F_(x)]Vfg,';l[F(x)]dx (2.2)

Now in view of equation (1.7), we have
E[XJ (ra n,m, k)] - E[XJ (r - 17 n,m, k)]

— g o X P O R 0]

Thus we get,
E[XJ (ra n,m, k)] - E[Xj(r - 17 n,m, k)] = 3.

and hence the result.

Remark 2.1: At 3 = 1in (2.1), we get the recurrence relation for single momehggeneralized order statistics from
Gompertz distribution.
Remark 2.2: Puttingm= 0 andk = 1 in (2.1), we obtain a recurrence relation for single mommefirder statistics of
the Chen distribution as

E[xrj:n] - E[er—l:n] = AB(n J E[@(Xrn)] (2.3)

—r+1)
Remark 2.3: Puttingm= —1 andk > 1 in (2.1), we get a recurrence relation for single moment&'bfipper record
values from Chen distribution as

E[X)(r,n,—1,k)] —E[X)(r —1,n,—1,k)] = j kE[qo(X(r, n,—1,k))| (2.4)

ABk

3 Recurrence relation for product moments of gosfrom Chen distribution

In this section, the recurrence relation for product momengos from Chen distribution has been deduced. Further, the
recurrence relation for product moments of order statistind record values are obtained as a particular caggs.of

Theorem 3.1: Let X be a non-negative continuous random variable and followsnGfistribution given in (1.5).
SupposeE |[@{X(r,n,m k)X (s,n,m,k)}]| is finite for anyi,j > 0 and 1<r < s < n, then the recurrence relation for
product moment is

E[Xi(r, n,m, k)Xj (s,n,m k)] — E[Xi(r, n,m, k)Xj (s—1,n,mK)] (3.2)
o
= Vs)\BE[qJ{X(r’ n,m,k)X(s,n,m,k)}
wherey(x,y) = Xyl Be ¥
Proof. In view of (1.3), we have
E[X'(r,n,m Kk)XJ(s,n,m,k)] = = 1)!C(SS—_1 ) /O ) [F()]™f (x)ghy 2 [F (x)]1 (x)dx

wherel (x) = [ y! [im(F (y)) — hm(F ())]>"H[F ()] f (y)dy

solving the integral (x) by parts and substituting the resulting expression in (3v&)get
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E[X'(r,n,m,k)XJ(s,n,m,k)] — E[X'(r,n,m,k)X) (s—1,n,m k)]

S el A I G

Bey

AB

< [m(F () — (OO HE %Lt y)dyeix

this implies that

E[X'(r,n,m,k)XI(s,n,m,k)] — E[X'(r,n,m,k)X) (s— 1,n,m,k)]
i
yA B

E[@{X(r,n,mK)X(s,n,m,Kk)}]

and hence the result.
Remark 3.1: At B =1in (3.1), we get the recurrence relation for product momenigeneralized order statistics from
Gompertz distribution.
Remark 3.2: Puttingm = 0 andk = 1 in (3.1), we obtain recurrence relations for product motsienorder statistics
of the Chen distribution as
E[Xrlznxsjzn] - E[Xrl:nxsjfl:n] = mE[W(XﬂnX&n)] (3-2)

Remark 3.3: Puttingm= —1 andk > 1 in (3.1), we get the recurrence relations for product mamehuppek" record
values from Chen distribution in the form

E[X'(r,n,—1,k)X)(s,n,—1,k)] — E[X'(r,n,—1,k)X) (5— 1,n, —1,k)] (3.3)

)\Bk W’{X( 17 k)X(s,n,—l, k)}]

4 Characterization of Chen distribution

In this section, applying the generalization of themiz-Szsz Theorem §], we have established a characterization
result of Chen distribution based on single momentgosf

Theorem 4.1: Form > —1, the necessary and sufficient condition for a random verdélto be distributed withpd f
given in (1.6) is that

E[@(X(r,n,mk))] = E[X!(r,n,m k)] — E[X)(r — 1,n,m k)] (4.1)

ABW%
if and only if
F(x)=1—expA(1—€)), xA,B>0.

Proof: A necessary part follows immediately from (4.1). On theeothand if the recurrence relation (4.1) is satisfied,
then

g eWIF e 0l

=y XIFOO g I <rcl‘11>! 2 [ X1 e F 0]

onF(9] (1 — F O™
F() v H

= ok [ g 20

Let
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then - DE

V() = [F el 2F (9] oo [ 9] - = EO]
Thus ic c .

iCr 1)\3/ o(x g 1(F (%)) f (X)dx = (rl_11)!/o X1V (x)dx (4.2)
Now integrating RHS of (4.2) by parts and using the value(gf, we get
e A G R el W L R O
which reduces to i P01
1G-1 [ r i x) f(x B
o [ IR0 a0l [t - ST a0 @3)

Applying a generalization of the Mhtz-Szasz Theorem#] to
equation(4.5), which states that on a spa@eb) of all summable functions defined on the interfalb), a sequence of
functionsf,(x) is complete or{a,b) if for any g € L(a,b) the equalities

/fn Xdx=0 n=1,2,.

imply thatg(x) = 0 almost everywhere ofa, b), then we get

x) xt-BeX

) AB
which implies that
F(x)=1—expA(1—€%)), xA,B>0.
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