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Abstract: In this paper, we introduce and investigate some definitrmhmoperty of self-similar group and strong self-similangp
of Kannan contraction. These groups are found as the aitratt Kannan iterated function system (KIFS). This papegriwes the
Hutchinson-Barnsley theory in the sense of KIFS. Fractataa be constructed by self-similar and strong self-singl@up in the
sense of KIFS of compact topological group. Finally, we prdive relation between profinite group and strong self-singfoup of
Kannan contraction.
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1 Introduction places; it refers to a set of concepts related to the change

of a mathematical model depending on the change of the
5 observation scale7]. The renorm group is a cyclic group
jor a continuous one parameter group, such as the group
generated by the adding machine or a group of specific
transformations of a partial solution of a mathematical
problem. As very often these transformations do not have
an inverse, so it is a semigroup 8].

Fractal Analysis was introduced by Mandelbrot in 197
[1] and popularized by various mathematicians. A fracta
is an object which appears self-similar under varying
degrees of magnification. Mathematically, sets with
non-integral Hausdorff dimension which exceeds its
topological dimension, are called Fractals by Mandelbrot.

_Hutchinson 12]. introduced the formal definition of The class of groups, self-similar groups lies behind
iterated function systems (IFS). Barnsley3,4,5]  the non-cyclic renormalization group. There are many
developed the theory of IFS called the y,ys (o define self-similar groups. One way is, to define
Hutchinson-Barnsley (HB) theory. In order to defme andihem as groups generated by Mealy type automata. This
construct the fractal as a compact invariant (Ormakes self-similar groups suitable for the needs of
self-similar) subset of a complete metric space ge“erateeomputer science 7. Another way to defining the
by the IFS of Banach contractions. That is, Hutchinsonge|t_gimilar group is via an iterated function system of
introduced an operator on hyperspace of nonempty.,mnpact topological group, which brings them close to
compact sets called as a HB operator, which defines arious topics in dynamical systems.
fractal set as a unique fixed point by using the Banach
fixed point theorem in the complete metric space. Self-similarity is the most fundamental property of
The concept of self-similarity is very suitable for the the fractals. In order to analyse self-similar sets in depth
study of fractals. In order to understand self-similar setswe must realize their group structure. The self-similarity
in depth we must understand their group structbjre[ property of the fractal sets is defined on group structure
There is a natural tendency to think that a compact fractaby S.Kocak and Mustafa Saltan et all]12]. The
space, full of holes, cannot admit an infinite group of classical examples of the fractals are the Cantor set, Koch
motions. The self-similarity is based on the re-scalingcurve and Sierpinski triangle. These sets are found as the
principle and is developed in term of the renorm group.attractor of an iterated function system (IFS) of Banach
The renorm group has made its appearance in differentontraction. We can construct the fractals by using HB
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theory. In general these resulting constructions areDefinition 24 ([2,3]). Let (X,d) be a metric space. Let
self-similar. {X;fh,,n=123,....N;N e N} be an IFS of Banach
On the basis of iterated function system given by contractions. Then the Hutchinson-Barnsley (HB)
Barnsley B], Sahu et al 9] introduced the Kannan operator of the IFS is a function EZ (X) — J# (X)
iterated function system (KIFS) for constructing the defined by
fractal sets. In this paper, we introduce the self-similar
group and strong self-similar group of Kannan
contraction. Moreover, we investigate some properties of
strong self-similar group and we also discuss the relation
between profinite group and strong self-similar group inTheorem 22 ([2,3]). Let (X,d) be a metric space. Let
the sense of KIFS. {X;fn,n=1,2,3,..,N;N €N} be an IFS of Banach
If G is a self-similar group (strong self-similar group) contractions. Then, the HB operatdF) is a Banach
of Kannan contraction, then G is also describable as thegntraction mapping o7 (X),Hg).
attractor of a KIFS and one of the Kannan contractions .
of KIFS is a group homomorphism (isomorphism). The Theorem 23 ([2,3]HB Theorem for !\/Ietnc IFS) Let
image of G under this Kannan contraction map is its proper(x’_d) be a cc?mplete metric _space  and
subgroup H being homomorphic (isomorphic) to G. This 1 fn, n= 1,23,...N;N € N} b.e an IFS of Banach
paper improvesthe HB theory in the sense of KIFS. FractaFontr.aCt'ons' Then, there exists only one compact
set can be defined as a self-similar and strong self-similafvariant set A € ' (X) of the HB operator(F) or,
group in the sense of KIFS of compact topological space. €auivalently, F has a unique fixed point namely
A € H (X).
Definition 25 ([2, 3]Metric Fractal) The fixed point & €
i 2 (X) of the HB operator F described in the Theorem
2 Preliminary 23 s called the Attractor (Fractal) of the IFS of Banach
i contractions. Sometimes.Ac ¢ (X) is called a Metric
2.1 Metric Fractals Fractal generated by the IFS of Banach contractions.

N
F(B) = |J fn(B), for all Be % (X).
n=1

In this section, we recall the HB theory to define and _ _
construct the fractals in the complete metric space. 2.2 Attractor of Kannan iterated function

Definition 21 ([2,3]). Let (X.d) be a metric space and OYSt€M
2 (X) be the collection of all non-empty compact subsets

of X. Define, d@xB) = infyegd(x,y) and : : :
d(A B) = sup._,d(x,B) for all x € X and AB & #(X). a Kannan contraction mapping on a metric spdeed),

The Hausdorff metric or Hausdorff distancély) is a if there exists I (0,1/2) such that

function Hy : ' (X) x #(X) — R defined by d((x), f(y)) <Kd(x, (X)) +d(y, f(y))], for all x,yeX.
Hqg (A, B) = max{d(A, B),d(B,A)}. Then H is a metric
on J# (X) and henceg 7' (X),Hy) is called a Hausdorff
metric space.

Definition 26 ([10]). The function f X — X is said to be

Here k is called a Kannan contractivity (K-contractivity)
ratio of f.

. _ On the basis of definition of (hyperbolic) iterated
Theorem 21([2,3]). If (X,d) is complete metric space, function system given by Barnsle][ Sahu et al. §]
then(# (X),Hq) is also a complete metric space. introduce attractor of Kannan iterated function system

Definition 22 ([2,3]). The function f: X —» X is said  (\IFS) as follows,
to be a contraction or Banach contraction mapping on a Definition 27 ([9]). Let (X,d) be a complete metric

metric spacéX,d), if there exists k [0,1) such that spaceandf: X — X, n=1,2,3,...,N (NeN) be N -
Kannan contraction mappings with the corresponding
d(f(x), f(y)) <kd(x,y), for all x,yeX. contractivity ratios k, n=1,2,3,...,N. Then the system
{X;fn, n=1,2,3,...,N} is called a Kannan iterated
Here k is called a contractivity ratio of f. function system (KIFS).

Definition 23 ([2,3]). Let (X,d) be a metric space and Lemma21([9]). Let f:X — X be a continuous Kannan
fr:X — X, n=1,23,..,N (N € N) be N - Banach Mapping on the metric spad¥,d) w!th K-contractivity
contraction mappings with the corresponding atio k. Then . .7 (X) — 7 (X) defined by
contractivity ratios k, n=1,2,3,...,N. Then the system . )

{X;fn, n=1,2,3,...,N} is called an iterated function f(B)={f(x):xeB}, for every Be.#(X)

system (IFS) or hyperbolic iterated function system withis 53 Kannan mapping o (X),Hq) with contractivity
the ratio k= maxX\_; kn. ratio k.
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Lemma 22 ([9]). Let (X,d) be a metric space. Let

Definition 210 ([1213]). A topological group G is

fn, n=1,2,3,...,N be continuous Kannan mappings on profinite, if it is topologically isomorphic to an inverse

(2 (X),Hq). Let K-contractivity ratio for § be denoted
by ky, n=1,2,3,...,N. Define F: .# (X) — £ (X) by

N
F(B)=[J fa(B), for each Be ¢ (X).
n=1
Then F is a Kannan mapping with K-contractivity ratio

k=maxX\_ k.
Theorem 24([9]). If {X: (fo), f1, f2,..., fn}, where § is

limit of finite discrete topological groups. Equivalently,
profinite group is a compact, Hausdorff and totally
disconnected topological group.

3 Self-similar and Profinite groups in the
sense of KIFS of compact topological groups

In this section, we introduce the definition and property of
self-similar group and strong self-similar group of

the condensation mapping, is a KIFS with K-contractivity Kannan contraction. Then, we investigate some properties

ratio k, then F: JZ(X) — 2 (X) defined by

F(B):LNan(B), for all Be #(X).
n=1

of strong self-similar and profinite group.

Definition 31. Let(G,d) be a compact topological group
with a translation-invariant metric d. G is called a
self-similar group of Kannan contraction, if there exists a
proper subgroup H of finite index and a surjective

is a continuous Kannan mapping on the complete metrichomomorphismge : G — H, which is a Kannan

space (. (X),Hq) with contractivity ratio k. If
A € (X) is a unique fixed point of F, which is also
called an attractor, then A obeys

F(A)=A= LNJ fa(A),
n=1

and is given by A= limp_. F°"(B) for any Be J# (X).
F°" denotes the n-fold composition of F.

Theorem 25. Let {X;fo, f1,...,fa} be a KIFS with
attractor A. If the Kannan contraction mappings
fo, f1,..., f, are one-to-one on A and

fi(A)Nfj(A) =g for all i,j€{0,1,2,...,n} withi# ],

then A is totally disconnected set.

2.3 Self-similar and Profinite groups in the
sense of IFS

Topological groups can be defined concisely as group
objects in the category of topological spaces, in the same

contraction with respect to d.

Definition 32. Let(G,d) be a compact topological group
with a translation-invariant metric d. G is called a strong
self-similar group of Kannan contraction, if there exists a
proper subgroup H of finite index and a group
isomorphismp : G — H, which is a Kannan contraction
with respect to d.

Proposition 31. A strong self-similar group of Kannan
contraction is the attractor of KIFS.

Proof.

Let G be a strong self-similar group of Kannan
contraction. So there is a proper subgrddipf G with
finite index such that the mapping : G — H is a group
isomorphism and is a Kannan contraction. [@t H] = n
and let X, = e be the identity element of. For all
i,j €{0,1,2...,n—1} andi # j, there are cosets ¢f in
G such that (H = x) N (H * Xj) ¢ and
G=HUMHx*x)U(Hxx2)U...U(Hxxy—1). Define
@:G—Gbya(@ =@ x*x,i=123.,n—1
Now, we show thatg(g) is a Kannan contraction for each
i. Itis obvious that

@(G) =Hxx;

way that ordinary groups are group objects in the categoryecause ofg, is surjective. Sinceg, is a Kannan
of sets. Now we recall the definition of self-similar group contraction mapping with contraction ratioandd is a

of IFS of compact topological space and profinite group.

Definition 28 ([11,12]). Let (G,d) be a compact
topological group with a translation-invariant metric d. G

is called a self-similar group, if there exists a proper

subgroup H of finite index and a surjective
homomorphisnp : G — H, which is a contraction with
respectto d.

Definition 29 ([12)). Let(G,d) be a compact topological
group with a translation-invariant metric d. G is called a
strong self-similar group, if there exists a proper subgrou
H of finite index and a group isomorphisg: G — H,
which is a contraction with respect to d.

translation invariant metric, we obtain that
d(@(9), @a(h)) = d(@(9) X, @(h) *xi)
= d(®(9), @w(h))

< ald(g, &(9)) +d(h, @(9))]
for all g,h € G. Thereforeq is a Kannan contraction
mapping with contraction rati& for i = 1,2,3,....n—1
and
G=HUMH=*x)U(Hx*x2)U...U(Hx%x,—1)

= aG)uUaG)U@(G)U...Um1(G)

-1
G=Ja(G).
n=0

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

3248

N SS ¥

R. Uthayakumar, A. Gowrisankar: Generation of FractalsSe#-Similar Group...

Thus,G is the attractor of the KIF$G; @, @1, ..., ¢h_1}-

Propositior31 explains the reason why the groups definedsuch tha{G; : Hi] =

in definition31 and definition32 are self-similar group.

Proposition 32. Let (G, *,d) and (G, ,d") be compact
topological groups. If G is a strong self-similar group of
Kannan contraction and fG — G is both an isometry
map and a group isomorphism, then 6 also a strong
self-similar group of Kannan contraction.

Proof.

f is surjective and isometry, so there existg, z € G
such thatf (x) =X, f(y) =y andf(z) =Z forallX,y,Z €
G'. d is translation-invariant metric, we compute
d(X+Z,y«7Z)=d(f(x)« f(2),f(y)* f(2)

=d'(f(xx2),f(y*2)

=d(Xxxzyx2)

=d(xy)
= d'(f(x),
=d(X,y)

f(y)

G is a strong self-similar group of Kannan contraction,

there exists a subgroud of finite index and a group
isomorphismg : G — H. Let f(H) =H’. f is a group
isomorphism, it is obvious thatl’ is a subgroup ofG’
with finite index.

Define fiy : H — H' by fiu(x) = f(x) for all
X € H C G Now we prove that
¢ = fuopoft:G — H' is both a Kannan

contraction mapping and a group isomorphidnf,,; and

@ are group isomorphisms, it is clear that is also a
group isomorphismg is a Kannan contraction mapping
with contraction ratik andf, f are isometries, we get

d'(¢' (), ¢ () = d(fuopo fHd), fiy oo F1(N))
= d'(flu(@o F1)(9), flu(@o FH(N))
= d(po fY(g), @0 f ()

< Kd'(f"1(d), o(f1(d)))
+d (F2(0), (2 (M)))]

= Kd'(fyo £, frop(f4(g)))
+d(f‘Hof YW, fig o @(F1(N)))]

Kld'(g, ¢/ (9)) +d' (W, ¢/ ()]

for all g,h" € G'. It gives that¢' is Kannan contracion
mapping ornG'.

Proposition 33. If G1,Gy,...,Gy are strong self-similar
group of Kannan contraction, so is

subgroupsHl,Hz, ,Hn of G1,Gy,...,Gy respectively

my, and the mappings
QG — H;

are Kannan contractions with corresponding contraction
ratiosk; and also group isomorphisms foe= 1,2,...,n,
since these groups are strong self-similar in the sense of
Kannan contraction. Define the mapping

Q:G1 xGyX...x Gy — Hy x Ha x ...

®(91,92,--,9n) = (@1(91), ®2(92); - ¢h(Tn))

Itis obvious thatH; x Hy x ... x H, is a subgroup o651 x
Gy X ... xGpand[Gy x Gy X ... x Gp: Hy x Ha X ... x Hp
=mny...M. @1, ®, ..., @ are group homomorphisms, we
compute
@(g+h)

(p((917927 ---7gn) * (h17 h27 s hn))
= @((91*1h1,02%2h2, ..., h(Gn*nhn))
= (@(91) *1 @1 (h1), @2(92) *2 @2(h2), -, ¢h(Gn) *n @h(hn))
= (@(91) - () * (@1(h), ..., h(Pn))
= (p((917927 79n)) * (p((hla h27 seey hn))
= @(9) * @(h).
It is clear thatg is bijective due to the definitions of

X Hn

O, ®,...,h. Hence @ is a group homomorphism. Let
k = max{ky,ko,....kn} for i € {1,2,...,n}. Then, we
obtain that
d(¢(9), @(h)) = d(@(91,92,--,9n) * (M1, hp, ..., hn))
@(g+h)
= (0((91,92,...,9;1)*(hl,hz,...,hn))
= d((@(91); - @h(gn)) * (@r(h1), ..., gh(hn)))
= max{di(@(91), @1 (h1)), ..., dn(¢h(Tn), h(hn))}
< max{ki[di(91, @1(91)) +da(hg, @ (h1))],
*,Ka[0n(Gn, ¢h(gn)) + dn(hn, @h(hn))]}
< maxk[di(g1,®1(01)) +di(hy, @u(hy))]
:K[dn(9n: ¢h(Gn)) + dn(hn, @ (hn))] }
= kmax[di(g1, @1 (91)) + di(h, @1 ()],
*[An(Gn, h(Gn)) + dn(hn, @h(hn))] }
= Kk{[di(91,@1(91)) + da(hy, @u(hy))],
*,[An(Gn, h(n)) + dn(hn, gh(hn))] }
= k{(di(91,¢1(91)),---,dn(In, h(Tn)))

+(d1(hg, @(ha)), .., dn(hn, h(hn)))}
kld(g, @(g) +d(h, g(h))]
Hence,@ is a Kannan contraction with contraction ratio

G1x Gz ... x G k consequently3; x Gy x ... x Gy is a strong self-similar
Proof. group of Kannan contraction.

Since (Gg,*1,d1),(Gp,*2,dp),...,(Gn,*n,dn) are The Propositior33 shows that, the finite product of
compact topological groupss; x G, x ... x G, is a  strong self-similar groups of Kannan contraction is also a
compact topological group. Moreover, there are strong self-similar group of Kannan contraction.
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Proposition 34. A self-similar group of continuous
Kannan contraction is a disconnected set.

Proof.

Let G be a self-similar group of Kannan contraction.
ThenG is a topological group. Propositi@i shows that
G is the attractor of the KIFS@, ..., gh—1}. For everyi =
1,2,...,n—1 the mappings

@:G— q@(G)
are Kannan contractions. Furthermore, we have

G=mG)ua(G)u..Uum-1(G)
® = a(G)Ngy(G)
foralli,j € {0,1,2,....n—1} andi # j. It is well known

4 Conclusion

In this study, we have introduced the self-similar group
and strong self-similar group of Kannan contraction. We
have proved the strong self-similar group of Kannan
contraction is expressed as the attractor of a KIFS and one
of the Kannan contractions of KIFS is a group
isomorphism. There are many ways to constructing the
fractals. In this paper, we have constructed fractals by
KIFS of compact topological groups. In addition, we have
proved the relation between profinite group and strong
self-similar group of Kannan contraction.
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