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Abstract: This study investigates the multiple attribute decisiorkimg under intuitionistic fuzzy environment in which therdiutes
and the decision makers are in different priority levelshis paper, we first propose two new intuitionistic fuzzy @ggation operators
such as the intuitionistic fuzzy Einstein prioritized wieigd average (IFEPWA) operator and the intuitionistic juginstein prioritized
weighted geometric (IFEPWG) operator for aggregatingitionistic fuzzy information. These proposed operators capture the
prioritization phenomenon among the aggregated argumé&hes properties of the new aggregation operators are studidetails
and their special cases are examined. Furthermore, bagbeé proposed operators, an approach to deal with multipiéate group
decision making problems under intuitionistic fuzzy eoniment is developed. Finally, a practical example is preditb illustrate the
multiple attribute group decision making process withitidaistic fuzzy information.

Keywords: Intuitionistic fuzzy sets, intuitionistic fuzzy numbemsjoritized weighted average operator, intuitionistizZy prioritized
weighted average operator, intuitionistic fuzzy priaétil weighted geometric operator

1 Introduction the intuitionistic fuzzy weighted geometric (IFWG)
operator, the intuitionistic fuzzy ordered weighted

Intuitionistic fuzzy set (IFS), as a generalized form of geometric (IFOWG) operator, the intuitionistic fuzzy
fuzzy set B8], was introduced by Atanassod][ It is  hybrid geometric (IFHG) operator and developed an
characterized by three functions expressing the degree gipplication of IFHG operator to multiple attribute
membership, the degree of non-membership and thé&lecision making with intuitionistic fuzzy information. Xu
degree of hesitancy, respectively. Fuzzy sets are IFSs, b3 developed some arithmetic aggregation operators,
the converse is not necessarily true. Over the last fewsUch as the intuitionistic fuzzy weighted averaging
decades, IFS theory has been extensively investigated b§fFWA) ~ operator, the intuitionistic fuzzy ordered
many researchers and applied in a variety of fieldsweighted averaging (IFOWA) operator, and the
including decision making 10,12,16,17],[19-[38],[42, intuitionistic fuzzy hybrid averaging (IFHWA) operator.
44,45 and [52,53] medical diagnosisg, 18] and pattern  Motivated by Yager 41], Zhao et al. 1] proposed the
recognition B,6,8,9,11,13 etc. generalized intuitionistic fuzzy weighted averaging
Information aggregationlb] iIs an important and (G”:WA) Operator, the generaliZEd intuitionistic fUZZy
useful research topic in intuitionistic fuzzy set theory, ordered weighted averaging (GIFOWA) operator and the
which has received quite some attention from researchergéneralized intuitionistic fuzzy hybrid averaging
and practitioners in the last couple of years. To aggregatéGIFHA) operator. Further, Xia and Xu8(] developed a
intuitionistic fuzzy information, Xu and Yager3p]  number of generalized intuitionistic fuzzy point
proposed some geometric aggregation operators, such &gregation operators such as the generalized
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intuitionistic fuzzy point weighted averaging (GIFPWA) intuitionistic fuzzy environment. Further, Yu 4§
operators, the generalized intuitionistic fuzzy pointintroduced a new generalized intuitionistic fuzzy
ordered weighted averaging (GIFPOWA) operator, andprioritized geometric aggregation operator based on
the generalized intuitionistic fuzzy point hybrid averagi  Archimedean t-conorm and t-norm. Recently, YA7|
(GIFPHA) operator and studied their properties with also proposed two new generalized prioritized
some special cases. We2q proposed some induced aggregation operators such as the generalized
intuitionistic fuzzy geometric aggregation operators andintuitionistic fuzzy prioritized weighted average
studied their applications in group decision making under(GIFPWA) operator, generalized intuitionistic fuzzy
intuitionistic fuzzy environment. Based on the ordered prioritized weighted geometric (GIFPWG) operator and
weighted distance (OWD) operato8]], Zeng and Su discussed their applications in multi criteria decision
[49] proposed the intuitionistic fuzzy ordered weighted making. However, it seems that there is no investigation
distance (IFOWD) operator to aggregate the intuitionisticon prioritized aggregation technique using Einstein
fuzzy information. Xu and Yager3p] investigated the operations with IFNs. Therefore, the focus of this paper is
dynamic intuitionistic fuzzy multiple-attribute decisio to develop some intuitionistic fuzzy prioritized weighted
making problems and developed the dynamicaverage operator based on Einstein operations. The paper
intuitionistic fuzzy weighted averaging (DIFWA) operator is organized as follows: In Section 2 some basic concepts
to aggregate dynamic intuitionistic fuzzy information. related to intuitionistic fuzzy sets, Einstein operatiams
Also, Wei [26] proposed the dynamic intuitionistic fuzzy intuitionistic fuzzy sets and prioritized average operato
weighted geometric (DIFWG) operator and applied it to are briefly given. In Section 3 we introduce two new
dynamic multiple attribute decision making with prioritized weighted aggregation operators such as the
intuitionistic fuzzy information. intuitionistic fuzzy Einstein prioritized weighted avee

Recently, Wang and Liul[9] introduced some new (IFEPWA) operator and the intuitionistic fuzzy Einstein
operations on IFSs, such as Einstein sum, Einsteirprioritized weighted geometric (IFEPWG) operator and
product, Einstein exponentiation etc. and developed somdiscuss their particular cases. Some properties of
new intuitionistic fuzzy aggregation operators such as thdFEPWA and IFEPWG operators are also studied here. In
intuitionistic fuzzy Einstein weighted average (IFEWA) Section 4 we develop a method for multiple attribute
operator and the intuitionistic fuzzy Einstein ordered group decision making based on the proposed operators
weighted average (IFEOWA) operator. Wang and lA0][  under intuitionistic fuzzy environment in which the
further proposed some new geometric intuitionistic fuzzy attributes and decision makers are in different priority
aggregation operators, such as the intuitionistic fuzzylevels. In Section 5 finally, a numerical example is
Einstein weighted geometric (IFEWG) operator and thepresented to illustrate the proposed approach to multiple
intuitionistic fuzzy Einstein ordered weighted geometric attribute group decision making with intuitionistic fuzzy
(IFEOWG) operator. They also established some usefuinformation. Our conclusions are presented in Section 6.
properties of these operators such as commutativity,
idempotency and monotonicity, and developed a decisior2 Preliminaries
making method for solving multiple attribute decision
making problem under intuitionistic fuzzy environment. We briefly review some basic concepts related to
Zhao and Wei $Q] introduced some intuitionistic fuzzy intuitionistic fuzzy sets and prioritized weighted
Einstein hybrid aggregation operators and discussed theiveraging operator, which will be needed in the following
applications in multiple attribute decision making. Xu et analysis.
al. [3]] introduced a new aggregation operator called
induced intuitionistic fuzzy Einstein ordered weighted Definition 1. Intuitionistic Fuzzy Set [1]: An
averaging (I-IFEOWA) operator for aggregating intuitionistic fuzzy setA in a discrete universe of
intuitionistic fuzzy information and studied its applitat discourseX = (x1,X2,...,%n) iS given by
in multiple attribute group decision making.

One more thing that may be mentioned is that the A= {(ua(X),va(X)) |x € X}, 1)
above aggregation operators for IFNs have assumed that
the attributes and the decision makers are at same prioritj/here pia : X — [0,1] and va : X — [0,1] with the
level. However, in the real life multiple attribute group condition 0< pa(X) 4+ Va(x) < 1. For eachx € X, the
decision making problems, attributes and decision maker§umbers Ha(x) and va(x) denote the degree of
have different priority levels. To imbue this issue, Meémbership and degree of non-membershipcof A
motivated by the idea of prioritized aggregation opera’torsr espectively.
[42,43], Yu [45 developed some intuitionistic fuzzy Further,m, = 1— pa(X) — va(X) is called the degree of
prioritized aggregation operators, such as the intuigibmi  hesitancy or the intuitionistic index afin A.

fuzzy prioritized weighted average (IFPWA) operator, the £ 41 elemenk € X, Xu and Yager 32 and Xu 33

intuitionistic fuzzy prioritized weighted geometric yefined the pair(Ua(X), va(X)) as intuitionistic fuzzy
(IFPWG) operator and proposed two approaches to solveyymper (IFN) and denoted it by = (iq, Va ).
multi-criteria group decision making problems under ’
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Definition 2. Einstein Operations on IFNs [19, 20]: Let
a1 = (Uay, Va,) @and dz = (Uq,, Va,) be two intuitionistic
fuzzy numbers andA > 0, then following Einstein
operations o1 anda, are defined as

Haq +Hap Vay Vaz
(a1 ®e a2 = <1+uu1uu2 14-(1-vay ) (1~ Va2)>
;" _ Hay uuz Vajg +Vag
(il) a1 ®¢ @ *<1 - ““1 = Huz * THvay vay
)
1+IJ 1 1 2v,
(iii) A e 0y = ”1 ay)! ) - )
1“‘D’l ) "(2- "0'1) Vay
2“31 (1“’”1) -(1- V“l))\

() ()" :< p >

Definition 3. Score Function [4]: Let a = (U4, Vq) be an
intuitionistic fuzzy number, the score functi@of an IFN
is defined as follows:

(2t ) iy " (+vay ) +(1-tiay)

S(a) =Hq —Va, S(a)e[-1,1]. )
Definition 4. Accuracy Function [7]: Let a = (g, Va) be
an intuitionistic fuzzy number, the score functibinof an

IFN is defined as follows:

H(a)=pa +Vva, H(a)e[0,1]. (3)
To rank any twoai = {Ug;,Ve;), | = 1,2, Xu and Yager

[32] proposed the following method:

Definition 5. Ranking Method for IFNs[32]: Let a; and
0z be two intuitionistic fuzzy number§(a1) andS(az)
be the scores ofr; and a, respectively andd (a1) and
H (a2) be the accuracy values af anday, then

()If S(a1) > S(az), thenay is larger tham,, denoted
by a1 > a».
(iNlf S(o1) = S(a2), then we check their accuracy values
and decide as follows:
(@)If H(a1) = H(a2), thenay and a; represent the
same information, denoted by = a5.
(b)However, ifH(a1) > H(az), thenay is larger than
o>, denoted by, > a».

It is noted that above defined score functm) ranges
from -1 to 1. Liu [L4] introduced another score function of
an IFN as follows

1+Sa) _

B 14 o —V
S(a)==— :

9 ¢0,1]. (4)
According to Liu [L4], if we replace the score function
S(a) by S'(a), the order relation between two IFNg
andas introduced by Xu and YageBP] is also valid.

The Prioritized Weighted Average (PWA) operator was

originally introduced by Yager2,43] as follows:

Definition 6. Prioritized Weighted Average (PWA)
Operator [42,43]: Let G = {G1,Gy,...,Gy} be a
collection of attributes and let there be a prioritization

the performance value of any alternativender attribute
Gj, and satisfie§;(x) € [0,1]. If

PWA(Gy(x), ®)

whereT; = [1}1Gk(x),j = 2,3,...,n, Ty = 1, then PWA
is called the prioritized weighted average (PWA) operator.

In the next section, we investigate the prioritized weighte
average operator under intuitionistic fuzzy environment
based on Einstein operations and propose the
intuitionistic fuzzz Einstein prioritized weighted avge
(IFEPWA) operator and the intuitionistic fuzzy Einstein
prioritized weighted geometric (IFEPWG) operator.

3 Intuitionistic Fuzzy Einstein Prioritized
Weighted Average Operators

On the basis of the definition of PWA operator, we give
the definition of intuitionistic fuzzy Einstein prioritize
weighted average (IFEPWA) operator as follows:

Definition 7. Intuitionistic Fuzzy Einstein Prioritized
Weighted Average (IFEPWA) Operator: Given a set of
intuitionistic ~ fuzzy ~ numbers, aj = (Ua;,Va;),

j =1,2,...,n, the intuitionistic fuzzy Einstein prioritized
}Nﬁighted average (IFEPWA) operator is defined as
ollows

IFEPWA(ay, 0, .. an) = g e

o e 01 ®e o e 02D D

Tn
B m ‘e Un),
(6)

,n, i, =1 and

T
PR

where Tj = nlj(;isk(ak),j =23,...
S*(ay) is the score obry = (U, Vay )-

Next, based on the Einstein operational laws of IFNs, we
have results in the following theorems:

Theorem 1.Letaj = (Uaj,Va; )] =1,2,...,n, be a set of
intuitionistic fuzzy numbers, then the aggregated value by
using the IFEPWA operator is also an intuitionistic fuzzy
number, and

IFEPWA(Qy, 0z,...,0,)
1 T2 Tn
= Yg —=——— ¢ QI e Py ——— o [
(ZTleJ £ 01 De szlTj £ 02D D¢ z'leTj £ n)
T Tj
ST
Miea(1+ He ) B0 — M (1 He )2’ 1l

U U
ST T n
|_|T:1(1+Uaj)ZJ i +|_|T:1(1*Uaj)21:1 I
T
2 1]
2y Vay'~

T 7 >w M
Ni-1(2—va, ) Zi=aTi +M- EJ 1TJ

between the attributes expressed by the linear ordering/here Tj = Miis(aw.j = 2,3.....,n, T = 1 and
Gy = Gz = Gsz--- = Gp, indicating that the attribut&; S(ay) is the score obr = Uy, Vay )-
has a higher priority thay, if j < k. Also letGj(x) be
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Proof: The first result follows directly from Definition 2.

We prove (7) by mathematical induction an

(i) First let n = 2, then fora; and a», according to the
Einstein operational laws of the IFNs, we have

01

2T
T T T
2T 2T >

7<(1+I»1a1)£':1 ! *(1*I»1a1)2':1 ) oy 2i=1 >

= T T T T] )
52T 52T : 57

(1 Hay ) 51T+ (1= pioy) 2T 2y ) 2faTh 00T
®)
and
T2
e O

ST
o o Tz
7 T 7T 52T

[ (4 Hap) T — (1 gy ) BT 2vg)

- T T T Tz '
2T 2T 52T

(1+“02)21:1 ! JF(lff/laz)il:l : (27Va )21 lTJ + Vv, 2' t
©)

Now from Definition 7, we have

1 T2
|FEP\NA<01702) = e 01D —5—— ¢ 02
ST 5T
T T2 T T2
2T 2 T 2T 2 T
(L pay) "= (At ptay) 1= — (1 pay) 1T (1 ) P12

T o T o
2 T 2 T 2 T 2 T
(1 pay) T3 (1t ptay) 32T (1 oy ) 1T (1 i) P12
L .
52T ST
2Va1]71 ] Va J—l ]
T T _ T2

z T 52 2-2: T
(2 V) T2 (2 v )21 Iyt i va,
T T
52T 52T
a3+ o) 527 — [0 (1— o) B2
T T
2T 2T
n]g:1(1+“aj)21:1 j +|_|12:1(1*Haj)2':1 i
T

i
21T
j=
2|‘|l 1Va;
T TJ-

U
52T 52
|—|12:1<2,Vn>21 11+I_I 1"aJ L

This shows that the result (7) holds foe 2.

>. (10)

Next, let (7) holds fon =k, that is

IFEPWA(ay, az,...,0k)

T T

M (e 51T =y (1 iy ) 520
T T
Mia (L o) 2172 4 g (1 g ) 72
T

2i-1Tj

2|‘|J 1 Vg
- ) an

J

Mios (2-ve,) 547 i

21 1Tj

Whenn = k+ 1, by the Einstein operational laws of the
IFNs, we have

Tki1 k+
(LHT‘ A1 De 1 Z]+1TJ e Q2 Dg -+ 2]+1T| e(ax) | & I, ¢ (A1)
T T
7<I‘I.k:1(l+ua,-)zl:1 T (L ) 71T
= - T
. TJfﬂrlT. . TJfﬂrlT.
a1+ P+ 1 (1 )72
Tj
Z 17
2Miyv J
T le
sk ST
n$:1(27va >21 1] +|—| ﬂvaj 17
Teet Tee1 Tktd
2R_++TT. 2R_++1‘T. Ek»iliTj
(At Hay ) 71T — (A py ) 172 iy
SRR SRR kI SRR
<l+l’1°’k+1)2171 ! +<1*“°'k+1)2'71 : (2*Vak+1)2':1TJ +Vail+11 :
T T
/A o) DT A pgy) 2T
Ti T
pures ey
sk KT
A L+ hay) 2T 4 2 ) B2
Tj
Sk I
2|_|k+1 21 17j
T, 7 >, (12)

ST
k pain K1y Siea T
Mi2—va) = 1 +Mf1va”

i.e.,(7) holds forn = k+ 1. Therefore by mathematical
induction (7) holds for alh.
This completes the proof of the Theorem 1.

The IFEPWA operator has the following properties:
Theorem 2. (ldempotency): Let a; = <uaj,vo,j>,
j =1,2,...n, be a set of intuitionistic fuzzy numbers,
|‘|k 1 S'(ak),j = 2,3,...,n, with T; = 1. Also, let
S*(ak) be the score ofax = (HUq Ve, ). If all the

intuitionistic fuzzy numbersj, j =1,2,...,n, are equal,
i.e.,dj =a = (Uq,Va),Y], then
IFEPWA(Q1,02,...,0,) = 0. (13)

Proof: From Definition 7, we have

IFEPWA(ay, G, ..., O) = IFEP\NA(a,a,...,a)

_ ( T1 a® T A B Tn U)
Z?:lTj 3 Ve XT:J ‘e £ Ve 2?:1Tj £
Tj Tj
M- (L + ) > — (1751 pa) >
T T

]
ST

(1 pa) P12
L

2] 1 l

n Py n
Mi-1(1+ Ha) + =1

2M_1va
TJ Tj

a2 ve) T 4y v 20
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T Proof: We know thatf (x) = }f’; = [0,1] is a decreasing
(e 2 ) v - 04 function ofx. If g, < g, for allj, thenf (pig) < f(1a;)
This proves the theorem. ie., i% < Zﬁgl forall j.
Corollary 1: If aj = (Ha;,Va;), ] = 1,2,...,n, i @ now Ietaj |

collection of the largest IFNs, i.eqj = a* = (1,0),V],
then we|[ T T T '
ST YT ST TS T )

IFEPWA(ay, Qy, ..., ) = IFEPWA(Q*,a",...,a") = (1,0) (15)

. and
Proof: Corollary 1 follows directly from Theorem 2. y ( o T T T )T
Corollary 2. (Non-compensatory):If a1 = (Hay,Va,) iS AT LT LT T
the smallest IFN, i.eqq = a. = (0,1), then be the prioritized weight vectors af; = (Lq;, Va;) and

_ _ . Ti T/
|FEP\NA(G1,G2,...,Gn)—|FEP\NA(G*,02,...,Un>— <Ol> (16) aJ/ — (uaJ{’vai), J — 17 2’. . .’n' Such thatzJ:JJ-TJ , 5 JlTJ/ c

=
Proof: Sincea; = a, = (0,1), then by definition of the [0,1] with the conditiony ™" ( T, ) -1
score function, we have ’ I=I\3T ’

n TN
S (a1) =0. an  2i-1 (leTj’) =L
From the result above, we have

Further,
S (o), j=23 d (18) e i
Ty = ay), j=23,...,n, and Ty =1 1 11—, 7 _ ST
| kl:l k 1 (Hﬁaj)a:m < (Lﬁaj)EJZHJ si=12...n (24)
So that from Equations (17) and (18), we have K a’
i1 Thus
L — ! i T
E ﬂg(m S () xS (az) x xS @) a9 oo (1o \ ST 1\ T
. <
=0xS(az) x---xS(aj_1)=0, j=23....n, (20) Jll l+““f s <1+u,,i>
and n o 2 — —1< 2 —— -1 (25
: J=1\ T Haj 1+Mi 1+uj/
. e as
By Definition 7, we have !
ie.,
(g gy T
IFEPWA(ay, . ... an)f(z?:lTi R R <) . .
- (% £ 01 e 2 e Ao, ... 2 G Gn) HT:1(1+“‘71)21:1TJ _ HT:1(17“01)21:1TJ
T; . Ti .
=a=0a.=(0,1). (22) I'IT:1(1+Ha,-)2j:1T’ +I'IT:1(1*P’aj)2j:1T7’
. . . - . T T
This corollary carries a very significant conclusion. . s sl
; TR o i i i M= (LK) 1710 = (1= pgy ) 172
According to it highest priority attribute in decision - | j 26)
. . . . . . = 7 7
making is not compromised. This amount to saying that if ?Tlﬁ ?T%T
. . . . . n i=1"j n j= i
the highest priority attribute is not met than other M= (T4 Hp) 2T+ T (1= pgy ) 0

attributes even if they are partially/fully met will not
matter. That is, they will have no contribution to the final Next usingg(y) = 2%’ y € [0,1], a decreasing function of

decision. _ _ 2y
y, if Va; > Vg1 forall j, theng(py:) > g(uaj) i.e.,— /J >
Theorem 3. (Monotonicity): Let aj = (Haj,Vo;) and : : “
. - aj -
af = <Han7Van>1 j = 12,...,n, be two sets of “vg forall j.
TR j— Then
intuitionistic  fuzzy numbers, T = }1S (ak),
- j*l L o o T/ 3
T =M1S(ay), j=23,...,n, Ta =T{ = 1. Also let 2V \ T (2 v, s
S'(ak) and S*(ay) be the scores offx = (g, V) and Var =\ v =120 @)
J
ay = <ua&,va((> respectively. Ifaj < aj, i.e., la; < ug,j Thus
andvg; > vg,j for all j, then i T,
n 27VuJ{ T N n vauj m 08
IFEPWA(ay1, 0, ... o) < IFEPWA(Q1, a3, ..., Q). (23) ,ﬂ Va, T\ Vg 9
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2 2
o T > 7 (29)
2-va; \ ST T
()T ()
i=
f
ie.,
T
2j1Tj
2= vg; =
T T
T 2
ﬂ?zl(zfvuj)ilzl D M=ava, 1l
T/
ZI_IJ 1V21 T
> (30)
T/ Tj’

bal 21
njl(z v/> llJ+|‘|J ,J )

Note that (30) also holds evenuf; = Vo = O for all j.
Then, according to Definition 5, we obtain that

IFGEPWA(ay, 0y, an) < IFEPWA(a, b, ... a). (31)

This proves the theorem.

Theorem 4. (Boundedness):Let aj = (Hq;,Va,),
=12,
T = |'|k 1 ( ax), k=23,...,n, Ty = 1 andS*(ak) be
the score ofx = (lg,, Va, )- Also, let

a = <mjinuaj ,m],':lxvaj >and at = <mjaxuu,j ,n1jin Va, > (32)
Then
a~ <IFEPWA(ay,0z,...,00) < a™. (33)
Proof: It directly follows from Theorem 3.
Relationship between intuitionistic fuzzy Einstein
prioritized weighted average (IFEPWA) operator and

intuitionistic fuzzy prioritized weighted average
(IFPWA) operator [45]:

In the next theorem, we prove a relation between the
IFEPWA operator and IFPWA operator proposed by Yu

[45] as follows

G ® )
2
3T

T o
IFPWA(a1, . ... ):( e
" ST ST

:
:<17ﬂ(17ua1)m,ﬂvfm>. (34)

Theorem 5.Let aj = (Haj,Va; ), j = 1,2,...,n, be a set
of intuitionistic fuzzy numbers,Tj = [} S (aw),
i =23,...,n, T, =1 and S(ax) be the score of

ax = (Hay, Vay )- Then
IFEPWA(Q1,02,...,0n) < IFPWA(a1,0z,...,0n), (35)

with equality if and only ifa; = a; = a3 =--- = an.

,n be a set of intuitionistic fuzzy numbers,

Proof: Using weighted AM-GM inequality 15,41], we
have

n n
gl;( s, (L H )+J ( ST 1T, (1 Ho, )72 (36)
then
T T
ni- 1<1+Nvf )ijlTi -Ni- 1(1*% )XjflTi

T T
- 1(1+ Mo )2‘ 1 + M= (1~ Ha; )2‘ 1]
Tj
S
21)a(1 py ) P2

= T, T,
HT:1<1+l1uj)Ej:1Tj +|_|T:1<]-*Ho:j)Ejlej
n i
ST
glfﬂu—uniﬂlfl L@
where the equality holds if and only if
ual = IJC{Z = ua3 R uan_

In addition, since

: (2— Va;) z1 1TJ - z, 1TJ
Ml ik
n n T
Z (ZJ 1TJ Yaj )+J (Z 1Tj val):Z, 28)
we have
i
pi) T
M1 Ve Ly 11
39
- T 21 (39)
Mi_1(2—vey) 5711 477 VD'JJ .
where the equality holds if and only if
Vc{ —V022V03: ":Vc{n.
Then, according to Definition 5, we obtain that
IFEPWA(ay, 0z, ..., 0y) < IFPWA(Q1,0z,....dp), (40)
with equality if and only ifoa; = o, = a3 =--- = oy.

This proves the theorem.

Special cases of |FEPWA operator:

(i) If the priority levels of the aggregated arguments
reduced to the same level, then the IFEPWA operator
reduces to the intuitionistic fuzzy Einstein weighted
average (IFEWA) operatof B

IFEPWA(a1,0z,...,0n) = (W1 ¢ 01 B Wo ¢ 02 B -+ Be W -¢ O,

) < s (14 )~ T (1 ey )
Mi-1 (1+ Ha; )wj +151 (1*I~lni )Wj

2n7 .

o > (41)
. — ).
s (v ) e
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(ii) If vo; = 1— g, forall j=1,2,3,...,n, and the priority

T = MerS (@), j = 2,3,....n, with Ty = 1. Also, let

levels of the aggregated arguments reduced to the sam® (ay) be the score ofax = (lgVe,). If all the

level, then the IFEPWA operator gives

N (L4 g ) = ™y (1 — g )i
IFEPWA(al,az....,an):<n'71( T Hay) a1 ) J> 42)

M2 (L+ Hay )" + M2 (1~ Ha; )™

intuitionistic fuzzy numbersj, j =1,2,...,n, are equal,
i.e.,0j=a=(Uq,Va),Vi, then

IFEPWG(aq,az,...,00) = d. (45)

which we call the fuzzy Einstein weighted average proof: The proof of Theorem 7 is similar to that of

(IFEA) operator.

Theorem 2.

From the geometric perspective, here we define theTheorem 8. (Monotonicity): Let a; = <I_1aj’vaj> and

intuitionistic  fuzzy Einstein prioritized weighted

geometric (IFEPWG) operator.

Definition 8. Intuitionistic Fuzzy Einstein Prioritized
Weighted Geometric (IFEPWG) Operator: Given a set of

intuitionistic ~ fuzzy  numbers, aj = (Ua;,Va;),
j=1,2,...,n, the intuitionistic fuzzy Einstein prioritized
weighted geometric (IFEPWG) operator is defined by

IFEPWG(0q,0z,...,0n)

= [ (o) e 217111 @ ()8 2111 @ e @ () e Zi=1 T

) . (43)

where Tj = r]lj(js*(ak),j =23,....,.n, i, =1 and
S*(ay) is the score obr = (U, Vay )-

ajf = <Ila1!aVan>’ j = 12,...,n, be two sets of

intuitionistic ~ fuzzy numbers, Tj = ﬂf;is*(ak)-
T =MiiS(ap), j=23,...,n, Ty =T/ = 1. Also let
S'(ax) and S*(ay) be the scores oftx = (g, Vo, ) @and
ay = <ua&,va&> respectively. Ifaj < aj, i.e., la; < u[,j
andvg; > vg,j for all j, then

IFEPWG(0a1,0z,...,0n) < IFEPWG(a1,05,...,a}). (46)

Proof: The proof of Theorem 8 is similar to Theorem 3.

Theorem 9. (Boundedness):Let aj = (Hq;,Va,),

j =1,2,...,n, be a set of intuitionistic fuzzy numbers,
T =MZ1S (), j =2,3,...,n, Ty = 1 andS*(a) be
the score ofx = (lgy, Vay )- Also, let

Next, based on the Einstein operational laws of IFNs, we

have the following theorem:

Theorem 6.Let aj = (Ha;,Va; ), | = 1,2,...,n be a set
of intuitionistic fuzzy numbers, then using the IFEPWG
operator the aggregated value is also an intuitionistizyfuz
number, and

IFEPWG(0q,0z,...,0n)
((Ul)/\s zj:l ! ®Re (a2>A£ ijl ] R -+ Qg (an)AE ijl ! )

Tj
s
Yi_1Tj

_ 2”?:1 “ni
- Ti T
ST 2T
M71(2— oy ) 5= 417 b
Tj Tj
|_|T:1<1+an)21:1 ! *ﬂ?:l(lf"aj)zlzl !

T T

>-, (44)

where T; = ni;is*(ak),j =23,...,n, i, =1 and
S(ay) is the score obry = (U, Vay )-

i
M= (1+ve;) I e Vaj) el

Proof: It can be proved on lines similar to that of
Theorem 1.

Some other properties of the IFEPWG operator are

a = <m,inuaj ;Maxvg, > anda® = <maxuaj ,min Va > (47)
i i j j

Then

a~ <IFEPWG(a1,Qs,...,an) < a™.

(48)

Proof: It directly follows from Theorem 8.

Relation between intuitionistic fuzzy Einstein prioritized
weighted geometric (IFEPWG) operator and
intuitionistic fuzzy prioritized weighted geometric
(IFPWG) operator [45].

Based on the algebraic laws on IFNs, Y4b] defined the
IFPWG operator as follows

T

1 T
STT
21T

a,

2
PEY]
®a,

Tn
YT
anj 1)

IFPWG(ay, 0, .., an) = (

Tj T,
Ty - a-ve) T2 ) a9
= Ua: - — Vg ) %= .
e [0

We have the following additional theorem:

Theorem 10.Let aj = (Ua;,Va;), | =1,2,...,n, be a set
of intuitionistic fuzzy numbers,Tj = []._1S"(aw),
j=23,...,n, i =1 and S(ax) be the score of
ot = (Hay, Vay )- Then

proved in the following theorems: IFPWG(ay, 0. ..., an) < IFEPWG(ay, iz, ..., On), (50)
Theorem 7. (ldempotency): Let aj = <uaj ; Vaj > with equality if and only ifoa; = a, = a3 =--- = .
j=212,...n, be a set of intuitionistic fuzzy numbers,
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Proof: Using weighted AM-GM inequality 14,41], we
have

n
21 1TJ

rlz Ha) 2111 rl
21(21 1T1

n

~ Haj )+Z<zj ;T, o) =

=1

or .
21T T
2 1= n s
LEL et e
T 2 U i
Mi-1(2— Ua)2111+|_| ll]
where the mequallty holds if and only if
Hay = Ha, = Haz = - = Hay-
Additionally, since
n T n T
(2 vo) T = T3 v, T
1= 1=
< (e (L v ) + 3 (e (1= vy ) = 2
B .Zl YT A YT “
or
T T
Mi-2(1+ Vui)ijlTi —Mj-(1 Vaj)zl i
T T

ST
_ 21T
(1= Vgj) )
Tj
ST
2“?:1(1*"&])21:1 !
=1 T 7
ST
Ma(+ve) 21T 0y

N1 21T n
HJ:1< +VDI]) +|_||:1

s
_ 2jaTj
(1= Va;)
T

glfjlj(lfvu,i)ﬂjTj (52)

where the inequality holds if and only if
Va, =Va, = Vaz = -+ = Vqp.
Then, according to Definition 5, we get

IFPWG(a1,0a,...,0) < IFEPWG(ay,qz, ..., dn) (53)
with equality if and only ifoy = a, = az =--- = a,.

This proves the theorem.

Special cases of | FEPWG operator:

(i) If the priority levels of the aggregated arguments are

(i) If va; =1—Hq; Vj=1,2,...,n, and the priority levels
of the aggregated arguments are reduced to the same level,
then the IFEPWG operator gives
oY
2|_||:1qu - >, (55)

= Z*Haj )Wj + H?zl“uj

which we call the fuzzy Einstein weighted geometric
(FEWG) operator.

In the following section, we suggest an application of the
proposed aggregation operators to multiple attribute
group decision making problems with intuitionistic fuzzy
information and give an illustrative example.

4 An Approach to Multiple Attribute Group
Decision Making under Intuitionistic Fuzzy
Environment

Let us consider a multiple attribute group decision
making problem involving a set of options
X = {Xg, X2, ..., Xn} to be considered under a set of
attributes G = {Gy, Gy, ..., Gy} and let there be a
prioritization between the attributes expressed by the
linear orderingG; = G, > --- = Gy (indicating attribute

G; has a higher priority tharGs, if j < s), and let

D = {Dj, Dy, ..., Dq} be the set of decision makers and
let there be a prioritization between the decision makers
expressed by the linear orderiridy > Dy > --- > Dq
(indicating decision makeD, has a higher priority than

i ®— (g — K K
o <o entc (af), = (W),
be an intuitionistic fuzzy decision matrix, and
ai<jk> = < ui(jk), vi<jk)> be an attribute value provided by the
decision makeDy € D, which is expressed in an IFN,

where ui(jk) indicates the degree that the optighe X
satisfies the attribut&; € G expressed by the decision

makerDy, and vi(jk> indicates the degree that the option

X; € X does not satisfies the attribueg € G expressed by
the decision makeDy, such that

€01,  efo, 1,4 +v <1,
=12 ..,

o
mj=12..n (56)
To harmonize the data, first step is to look at the
attributes. These in general can be of different typesl! If al
the attributesG = {G1,Gy,...,Gn} are of the same type,
hen the attribute values do not need harmonizatjon.

reduced to the same level, then the IFEPWG operator (43However if these involve different scales and/or units,
reduces to the intuitionistic fuzzy Einstein weighted there is need to convert them all to the same scale and/or

geometric (IFEWG) operatoRf):

IFEPWG(ay, 0z, .., an) = ((a1)"*" @¢ (a2)" " @ - )M
”
2N Najl

- < M1 (Z*Nui )Wj Jr|_|T:1I~lov;ljj y
w,
w)

M- (HV"‘):.] BRI . > (54)
Mi-a (1+Vuj) J+|_|?:1 (1*Vuj) !

®e (0n

unit. Just to make this point clear, let us consider two
types of attributes, namely, (i) cost type and the (ii)
benefit type. Considering their natures, a benefit attribute
(the bigger the values better is it) and cost attribute (the
smaller the values the better is it) are of rather opposite
type. In such cases, we need to first transform the attribute
values of cost type into the attribute values of benefit type.
So, transform the intuitionistic fuzzy decision matrix

Ak = (ai(jk)) into the normalized intuitionistic fuzzy
mxn
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decision matrix@®) = (rfjk)) using the method given to aggregate all the individual intuitionistic fuzzy deois
mxn

i K — .<.k>) - i
by Xu and Hu [40],wherei<jk) _ <“i(jk)7vi(jk)> and matr|c§s R = '(r”' e’ k 1, 2,.... ,.q, into a'
collective intuitionistic ~ fuzzy  decision  matrix
" al, for benefit attributeS; ) R=(rij)mxn, i=1,2,....m j=1,2,....n.
i = #)\C . , 1i=12....m; j=12....n .
(“u ) » for costattributeG; Step 3. Calculate the valuesTj, i = 1,2,....m ;

67 j=1,2,...,n, as follows

c
where (ai<jk>) is the complement ofai(jk>, such that

K\ C K (K
(ai(j)) :<Vij a“i(j)>'
With attributes harmonized and using the IFEPWA /Step4AggregateaII'nt tionistic f oreference values
IFEPWG operator, we now formulate an algorithm to 2P - intuiionistc fuzzy valu
solve multiple attribute group decision making problems"i» § =1:2.-...n, by the IFEPWA /IFEPWG operator:
with intuitionistic fuzzy information:

j-1
T = |'|15*(riv)-, i=12....m j=23...,n, (62)
b

Ti=1 i=12...m (63)

ri = (K, vi)
(k) = |FEPVVA<ri1,fi2, . ,fin)
Step 1. Calculate the values oTiJ- ,k=12...q as T T T
follows = (2” 'fTij e (1) @e 57 I12Tij £ (1) B - e = 'I"Tij . (rin)>
k-1 1= 1= 1=
=TS ). k=23...q (58) s sl
i ﬂ ”1 _ n, (l+uij)21:1TI] 7”?:1(17“”)2]:11]]
T =1 (59) Tj Tij

n ) =i n ) Zi= i
Step 2.Utilize IFEPWA operator: M () 200 () e

Tij

rij = (Kij, vij) 20y () D=
® @ @ T T
= IFEPWA(ri 1 ,....ri) M (2 ) T 4 (v ) T
T T® T@ = i =t
(e < ) e () e e ()
or
700 20 ri= (1, vi)
® ﬁ . ﬁ :|FEP\NG(I’i1,I’i2 ..... rin)
_ M (l+uij )) Bl o (]ﬁui(i )) el ne zﬂLlr-. e zﬂLZT-. nes e
- Ti(jk) Ti(jk> = (rin) “I=F0 @ (rip) ALY @@ (rip) S
q & qa 1k
M <1+Hi(jk)) oo (1* ﬂi(jk)) Bt -
ij
Ti(jk)(k) _ 217 () >N
q 1l = T T 5
2, (v)?) B s s
T(E) - ) ) >= (60) Mj-1 (2*Nij) el (Nij) 2=
ij ij
q K q K Tij Tij
k) Zg=1Tij (K k=1 Tij S S
M (2l B iy (v) e M (1 wy) Ty (1) T
Tij Tij
or the IFEPWG operator: n, (Hvij)ijzlm I, (1,\,”)Tz,-zlm
rij = (Wij, vij) i=12..,m (65)
— @ @ (@) . . . ..
= IFEPWG(r i, - i) to derive the overall intuitionistic fuzzy preference vedu
i e 7o ri,i=1,2,...,m, of the options, i = 1,2,....n.
_ sty @ Agzﬁzlﬁﬂ-k) @ st
= (i) WY Ge@e () ) Step 5.Calculate the score values as follows:
Tij
) 14t —ve
- 20y (w) Ben s*<ri):7+“’é i i—12...m (66)
- Ti(jk) Ti(jk)
M (2- ) ST e, (1) T Step 6.Rank all the options, i = 1,2,...,m, according
- : (k’ : « to the score valueS'(ri), i = 1,2,...,m, in descending
% % order. The leading, with the highest value o' (r;), is
M (1 v BT e, (1-v) Tka T the best option.
W N > o I
0 In order to demonstrate the applicability of the proposed

q Y ST L ma (1 0 ST . ; Y .
Mis (L v?) Bt i (1) 2 method to multiple attribute group decision making, we
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0.3750 06650 06800 03150
. . . . 0.5525 06750 06650 03750
consider below a university faculty recruitment group [ﬂﬂ — | 0.8075 05850 06000 02600 .

decision making problem. 0.6800 07600 06375 03200
0.7600 02250 07600 05600

Example: The department of mathematics in a university Step 3: Using the IFEPWA operator (Equation (60)) to

wants to appoint outstanding mathematics teachers. Th v ‘o s dlk)
appointment is done by a committee of three decisionslggrigg tg) alilm'ghe trlmr:adIVI(?oulﬁalctg/%CISlggciQiqgrtlncﬁat,rix

makers, PresidentD;1), Dean of AcademicgD;) and .
Human Resource Officer(D3). After preliminary R= ( ij)5X4 = (<“rijavri >)5X4, we get the following

J

screening, five teachers , i = 1,2,3,4,5, remain for  (gple:

further evaluation. Panel of decision makers made strict

evaluation for five teacheps, according to the following Table 4: Intuitionistic fuzzy collective decision matrik

four attributes:G,, the past experiencé,, the research o e e o
capability; Gs, subject knowledgeG,, the teaching skill. X, | (0.63150.2934 | (0.80460.0000 | (0.70300.1358 | (0.73830.2197)

¢ 4 . : ) { (
During the evaluation process, the university Presidenf, | (0717300000 | (0.78430.1535 | (0.80460.0000 | (0.60370.3017
(D1) has the absolute priority for decision making, Dean| % 20.8060,0,000 20,715q0.0000 (0.74590.0000 | (0.52400.4130
{ {

i iAriti i i i Xa 0.76380.121 0.79710.0000 | (0.72380.1839 | (0.52050.3846
of Academics comes next. The prioritization relationship (0797100000 | (0535804129 | {0-79870.0000 | (08576 0-1953

for the attributes is as follow§; >~ Gy >~ Gz > G4. The
three decision m%kers evaluatedhthe cagdldal(as
| = 1,234,5 with respect to the attributes5j,  gten 4: Following Equations in (62) and (63) to calculate
i =1,2,3,4, and provided their evaluation values in termsthe%. i=12 g mqj —12 ...(n \)Ne ge§ )

of intuitionistic fuzzy numbers and constructed the I e e

following(k>three intuitionistic fuzzy decision matrices 1 0.6690 06037 04730
k) _ _ . 1 08587 07001 06317
A = (aii )5X4' k=1,2,3, (see Tables 1-3) [Tij] = | 1 09030 07743 06759 .
1 0.8819 07924 06101
Table 1: Intuitionistic fuzzy decision matriA®) 1 0.8985 (5045 04537
: G1 : : G, : : Gs : : [N : Step 5: Aggregating all intuitionistic fuzzy numbers;,”
X 0.5,0.5 0.7,0.3 0.8,0.1 0.9,0.1 H— H
x; (08,01) (09,01) (0.7,03) 0.7,02) (Jj =1, Z’H' -, byﬁhe IFEPWA ofperator (Iquuatlon (ﬁ;‘})) to
e [05.0.0) [05.00) [05.02) [06.03) derive the overall intuitionistic fuzzy preference valiigs
Xa (0.7,0.0) (0.9,0.0) (0.8,0.1) 10.4,0.6) i=1,2,...,mof the teacher¥;, we get
X5 {0.9,0.0) (0.4,05) (08,0.2) (0.7,03)
o N . f; = (0.71480.0000 ,F> = (0.73950.0000 , f3 = (0.7231,0.0000 ,
Table 2: Intuitionistic fuzzy decision matriA®? P4 = (0.72920.0000 ,7s — (0.71060.0000 .  (67)
G Gy G3 Gy . ~
X1 {0.7,02) {0.9,0.0) 0.7,0.0) 10.3,0.6) Step 6:Calculating the score valu&s (fi) of the teachers
X2 (0.6,0.3) 0.7,02) (0.9,0.0) {05,05) Xi,1=1,2,...,m, we have
X5 (08,01 (0.6,0.3) 0.7,02) (0.4,0.6)
Xa (0.8,0.1) (0.7,0.1) 0.7,0.2) (0.7,0.1) B B B
Xs {0.7,0.0) {05,0.5) {0.9,0.0) 0.7,0.0) S (f1) =0.8574S' (F,) = 0.8698S (F3) = 0.8616
S (f4) = 0.8646S" (f5) = 0.8553  (68)
Table 3: Intuitionistic fuzzy decision matriA®) Step 7: Ranking the teachers, i = 1,2,3,4,5, in
- - - - accordance with the score valugs(fi), i = 1,2,3,4,5, in
X 080D 0801 0503 08,01 descending order, we have
% (0.7,0.0) (06,0.2) (08,0.2) {05,03)
X3 {0.6,0.1) 0.7,02) {0.7,0.0) (05,05) Ko Xa = X = Xy = Xs.
Xa (0.8,0.2) (0.7,0.1) (0.6,0.4) (0.6,0.4)
X5 (07,03 (0.9.0) (06.0.3) (0.5,02) ThusX; is the best teacher for this appointment.

Based on the IFEPWA operator, the steps are as follows: )
Based on the IFEPWG operator, the main steps are as

Step 1:Since all the attribute§;, j = 1,2,3,4, are of the  follows:
benefit type, then the attributes values do not need
harmonization, therefore Step 1’: Same as Step 1.

R0 _ Al — ( <k>)5 = (r'('k))m' Step 2’: Same as Step 2.

ij ij
Step 3': Using IFEPWG operator (Equation (61)) to
Step 2: Using Equations in (58) and (59) to calculate aggregate all the individual decision matricé®¥,

theTign, Ti§2> and-rif), we get k = 1,2,3, into a collective decision matrix
R = (ij)sxa = (<urij,vr”. >)5X4, we get the following
1111 0.5000 07000 08500 Q9000 table
1111 0.8500 09000 07000 07500
{Tﬂ =|1111 ,[T”@] — | 0.9500 09000 08000 06500 .
1111 0.8000 09500 08500 04000
1111 0.9500 04500 08000 07000
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Table 5: Intuitionistic fuzzy collective decision matriR

solve multiple attribute group decision making problems

= = = = under intuitionistic fuzzy environment. Finally, a
1 2 3 4 . . . .

X | [0.606403514] (0.78580.1579| (0.67990.1553| (0.59760.328 numerical example is presented to illustrate the given
X, | (0.70730.1500)| (0.74740.1615| (0.78580.1857 (0.58930.331 approach.

X3 | (0.7737,0.0639] (0.70150.1585| (0.74100.1509| (0.5127,0.4404

Xs | (0.75900.1277| (0.77180.0632| (0.71250.2148| (0.49660.4662 .

Xe [ (0.77180.1214| (0481104534 (0.76800.1604| (06a69021a9|  Conflict of Interests

The authors declare that there is no conflict of interests

Step 4": Using Equations in (62) and (63) to calculate the regarding the publication of this article.
T i=1,2,...,mj=12,...,n. We get

1 0.6275 05108 03894
1 0.7768 06160 04928
1 0.8549 06596 05244 .
1 0.8156 06968 05218
1 0.8252 04240 03389
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