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Abstract: Bessel type functions (BTFs), which are one of the types pbegntial type functions (ETFs), are used usually as basis
functions in the multi-center atomic and molecular intégta better understand physical and chemical propertienaiter. As a
general rule, the most promising approach for the cal@nabif multi-center integrals appears to be the called thei€otransform
method (FTM) where multi-center integrals are transforrimed inverse Fourier integrals. In this approach, basisfions have not
simplicity to make mathematical operations, but their Fautransforms are easier to use. In this work, with the hélpToV and
some properties of Bessel functions, we present new matiwheesults for the Fourier transform of normalized BTRgérms of
Gegenbauer polynomials and hypergeometric functionseblar, we compare mathematical results for new equatioagable and
other details of evaluation method are discussed.

Keywords: Bessel type functions, Fourier transform, Gegenbauempotyals, Hypergeometric functions

1 Introduction (STFs), which were introduced by Slater in his article on

. ) ) shielding constants 8], have the simplest analytical
Recently, there is an important interest to the some typegyycture of all exponentially decreasing functions. ®the
of bessel functions and their mathematical applications;ommonly occurring functions of that class, for instance,
that are most frequently used in solving various problems,yqyogen eigenfunctions, can normally be expressed quite
arising in natural sciences (mathematics, physicSeasily as linear combinations of STFs. This implies that
mechanics, astronomy, engineering, etc.). Some of thesg,jii-center integrals of other exponentially decreasing

recent researches can be given in the referende®3  fynctions can be expressed in terms of the basic
4]. BTFs are one of the types of ETFs which are first multi-center integrals over STF§,[0,11].

introduced by Filter and Steinbors][ In the solution of

molecular integrals, multi-center molecular integralgeha Currently, the most promising approach for the
to be computed inab initio quantum chemical linear evaluation of molecular integrals appears to be the so
combination of atomic orbitals (LCAO) and multi-center called Fourier transform method where multi-center
calculations. It is advantageous to use a basis set of BTFmtegrals are transformed into inverse Fourier integrals
have properties of ETFs and, hence, allow to describd12,13,14]. In this approach, it is not the analytical
correctly the nuclear cusps and the large-distancesimplicity of basis function that matters but the analytica
behavior of the atomic wavefunction§][ In this work,  simplicity of its Fourier transform. In case of using
we will focuse on the BTFs which are containing besselanalytical expressions of STFs is not giving a simplicity
functions actually. In the studies of mathematical, atomicin calculations, but Fourier transform of STFs are very
and molecular physics with help of approximation useful for evaluation of multi-center molecular integrals
methods, a suitable basis function must be selected. Aspecially for overlap integrals. Overlap integrals as®al
good basis function for molecular calculations shouldan important intermediate step for the derivation of all
satisfy two basic requirementg]{ first, short expansions other multi-center integrals. The evaluation of overlag@ an
of the atomic in the terms of the basis functions yield aother multi-center integrals over STFs is already today the
good accuracy and second, the molecular multi-centebottleneck of anyab initio calculation in terms of
integrals which occur inevitably and in very large accurate functions which have to satisfy the requirements
guantum numbers in that approach can be computedf cusp condition and exponential decay. This explains
efficiently. Among the ETFs, Slater type functions the continued effort of theoretical investigation in this
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field, from the early study of Roothaan and Ruedenbergexponential multiplied by a polynomial, which can also
[15,16,17], Coulson L8], Lowdin [19], up to more recent be written as a terminating confluent hypergeometric
work by Silverstone 20], Steinborn ], Jones 21], function [27]

Rinaldi’s groups 22].

If we compare the structures of the Fourier transforms K, 2)=e? = (2n—q)!
of STFs and BTFs it seems safe to conclude that overlap +1/2 qu q! (2n—2q)!!
integrals of BTFs will be more compact and better suited ,
for numerical applications than the corresponding =(@n-DlteF(-m-2n22) (4)
Et)er?]:aar:?ucr)rj SSL';;T%S’ngtfzs?rfovesryrlzslsmSJﬁiSITFhSa\IIZThe angular part of the BTFs is given by regular solid
relatively complicated Fourier transforms and which areharmomcs£9]
only simple in coordinate space7][ The Fourier _ Jdym
transforms of other exponentially decreasing functions §'(r) =ry"(6.9) ®)
such as STES or hydrogen eigenfgnctions are sigr)ificantlyor the irregular solid harmonics
more complicated. In papers by Niukkan&gd]} Weniger
'aind _Stelnborn'/[, 24], and Weniger 25] it was shown thqt EM(r) = r*'*lY|m(6, o) (6)

ourier transforms of all commonly occurring
exponentially decreasing functions can be expressed aspherical harmonic¥,™ (8, 9) can be real or complex
linear combination of Fourier transforms of BTFs. [29:

This paper is structured as follows. Sectprovides Y™ (6, @) = R |m| (COSO) Prm(0) (7)
general properties of BTFs and other necessary ) ) .
mathematical and physical relations. In Sect®rFTM hereR , are normahzed asspmated Legendre functions
has been explained and we describe the Fouriefnd for real spherical harmonics
transforms of BTFs and STFs with their normalization

coefficients. Besides, we obtain two new equations for @, () = S {Ct_)s(|m| @), form=>0
Fourier transforms of normalized BTFs in terms of M(1+ dmo) L Sin(Im| @), form <0
Gegenbauer polynomials and hypergeometric functions. (8)

Finally, in section4, some numerical calculations in a for complex spherical harmonics

table and a graph have been discussed to have a better

understanding of aim of this work. O(@) = 1
V2m

For the integral of the product of three spherical
harmonics over the surface of the unit sphere, so-called
Gaunt coefficient3(];

gme 9)

2 Definitions and Basic Relations

In this section, we first will define general properties for
calculation which are needed later. The unnormalized real (I3mg|lomp|l1my)

BTFs with the integer values af, I, and m quantum .

numbers andr screening parametes][ :/[\42‘3(9,@] Ylg‘z(e,qo)YlTl(e,(p)dQ (10)

-1 .
By (a,r1) = [2n+l (n+|)!} kn_1/2(ar)§"(ar) (1)  Gaunt coefficients are linearize the product of two
spherical harmonics by defined following form:

is given by reduced Bessel functior&g[27] N
) B Y (0.9)] Y (6.0)
k(@ =(2/m"?2'Ky (2) 2

|max

_ ) _ M — My
here,K, (z) are modified Bessel functions of the second :Z_ (2|l my [l — ) ¥, (6,9) (11)

kind [28]. For half-integral values of the reduced Bessel

functions are polynomials ismultiplied by exp(~2) [27). g symboly (@) indicates that the summation proceeds in

If the orderv assumes half-integral values=n—1/2, L .
: steps of 2. The summation limits in E determined b
n < N, the reduced Bessel functions can be represented b%epselection rules satisfied by the Ggﬂont coefficied} %’

an exponential multiplied by a polynomi&T] Normalized BTFs are3?]
n
> oz (2n—q-1)! -1 B™ (a,r) = a¥?Ny BM (a,r 12
kn 1/2(2) =€ q;(q_l)!(Zn_zq)”zq ©) nt (0, T) niBni(a,r) (12)
In the half-integral ordersy =n+1/2,n=0,1, ..., the NI (2n+21+1)! 12 (13)
reduced Bessel functions can be represented as an nl = (1/2)p04 (1/2)1 4
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The unnormalized STFs which are defined by [ Hilbert spacd_? (R3) of square integrable functions onto
itself [36].
Xy (a,r) = (ar)" texp(—ar)Y"(6,4) (14) The practical usefulness of FTM is obvious, and it
) would clearly beyond the scope of this study to mention
The normalized STFs ar8J| all successful scientific applications. Let we just mention
am B m that Fourier transform is as first shown by Prosser and
Xni(a,r) = Nn(a) xp) (a,r) (15) " Blanchard 87 and by Geller Bg| one of the principal

methods of handling molecular multi-center integrals.
el oni1 The main advantage of the representation of two-center
Nn(a) = a™™* [(2a) *""%/ (2n)!] (16) integrals as inverse Fourier integrals according to
and also in Eq.X3), Pochhammer symbol28§] two-center integrals is that a separation of integration
variables can be achieved quite easilyfifr) and its
(@), = r(a+n) :{ Mj-1(@+j-1),forn>0 (17)  Fourier transfornF (p)are irreducible spherical tensors.
n r(a) 1 ,forn=0 With the help of FTM, according to

1/2

There are some relations between STFs and BTFs. In // £ (r1)g (r2) h (r1—ra) d1 dr,
other words, STF molecular integrals can be written as

finite linear combinations of molecular integrals for —(2 3/2/]7* T(o)h 3 24
BTFs, and vice versa. One of the these relation34f | (2m) (P)g(p)h(p)d"p  (24)

S (q.r) = B (a.r 18 Hence, with the help of the FTM, some six-dimensional
Xiiwi (@) = Bry(a.1) (18) integrals in configuration space with nonseparated
STFs and BTFs can be written in terms of each otherintegration  variables can be transformed into

as B5] three-dimensional integrals in momentum space where
the integration variables can be separated quite eadily if
Xm (a,r) g, andh are irreducible spherical tensors.

nel n—l—p 1ol+p | For the evaluation of the Fourier transform of BTFs,
= ) (n—DI27P (1 +p)! o (a,r) (19) Wwe only have to express the well-known Rayleigh

o (20—n—1)(2n—21—2p)11 P! expansion of a plane wave in terms of spherical Bessel
functions and spherical harmoni&g]
—1/2, ifn—li
Pin = {(r(1n—|+)/1)’/2, itn lmodd (20 eiix.y:4ni 'z ) ) (B 90) Y™ (8 )]
I=0m=—I|
i (a,1) n o where y (25)
= [(2n+2|)”]_1pzl%X§+u (ar) (21) ji (xy) = (2_7)'(ry> Ji1/2(xy) (26)

is the spherical Bessel function&]].
. ) Fourier transform of unnormalized BTFs i [
3 Fourier Transform of Normalized BTFs
| e B (a.p) = (2m) 2 [e*BY (@ &’ @7)
In this paper, we shall use the symmetric version of the ’ ’
Fourier transform, i.e., a given functioh(r) and its

Fourier transforni (p) are connected by the relationships _(2n 12 q2n+1-1

(a2 + pz)n+l+1 S"(~ip) (28)

-3/2 —ip. 3
F(p) = (2m)~% /e P (r) dr (22) By taking Egs. 12), (13), (27) and @8) into consideration,
then Fourier transform of normalized BTFs can be denoted

() = (2m 2 [P EEap @)

In connection with multi-center integrals in general
and with the spherical tensor gradient operator in special,
the Fourier transform suffers from a serious limitation — _ 03/2Nn,| (2n)73/2/eflp-r BT (a,r) d3  (30)
which must not be ignored. Classically, the Fourier
transforms are defined only for functions that are

B\ (a.p) = (2m) ¥ [ P1BY (@.r) o (29)

1/2 |
absolutely integrable that belong to function space_ 2n)1/2< (2n+2+1)! ) S $(—ip)
L' (R®), but by means of a suitable limiting procedure it (1/2)an41 (1/2) 1) (a2 + p2)™1+1
can be extended uniquely to give a unitary map from the (32)
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The Fourier transform of normalized STFs are givenFor the solution of integral form in the Eq3§), we will

by [4]] use the following relations separatefi]
Xni (a,p) / e " g 12 (pr) rH2dr
0
2n+|+1an+1/2|!(n _ |)! | < o ) .
= o [——=—=—=|"(-ip) It (k—1)! (2+1)/2~l+1 a
2, ~o\(nH+2)/2 n-l 2 . 2 = 2p il [
(2n)! (a?+p?) Vv as+p @2 JTi(a? + p2) 5 kil+2 (2p) G \/m
(39)
where,CY (x) is the Gegenbauer polynomials as defined
following form [40]. ®
9 [40 / e 9"J, (pr)rHtdr
0
(n/2) (@4+n—s—1)! PV
CY (x) — 1) T ()" _(E) rv+uy) v+ u V—I—u—|—1 _p_
] (33) (40)
an
1—(-1)" These integral representations can be used to solve our
E(n/2) = >~ T a4 (34) integral form in Eq. 88), and then with help of regular

solid harmonics in Eq. ), and with Eq. 89), for
Now, let’s find the Fourier transform of normalized k = q -+ 1, finally, the Fourier transform of normalized
BTFs in terms of Gegenbauer polynomials. First, with BTFs can be written in terms of Gegenbauer polynomials
help of Egs. 1), (3), (12 and (3), normalized BTFs can by
be written by linear combination of spherical harmonics

as @n+20+1)0 \Y?r -1
1/2 B (a.p) = ((1/2)2n+| (1/2)|+1) [2 " (n+|)!} -
gm (ar) = a3/2< (2n+21+1)! ) {2n+|(n+|)!}7l_ n 2n q—1)
nit (0, (1/2) g1 (1/2)1 11 zl g g2 (41)
—ar c 2n q- 1) +l—-1ym -
" 3 - D agu @0 @) 2'*1/2I!q! (8 Neriip)
@)  va@ e\ Vet

If we insert Eq. 85) into the Eq. 27), we can write In the same way, by using integral form in E40], fo_r
v=I1+1/2 and p = q+ 1+ 3/2, then, the Fourier
A 372 [ ip.ram 3 transform of normalized BTFs can be obtained in terms of
ni (0, p) = (2m) /e PTBY (a,r)d  (36)  hypergeometric functions as follow

R 2+ \Y2r -1

1/2 — m = N+ N

B (2")3/2(<1/(§?+2|J/12); ) ey L PP ((1/2>2n+| <1/2>|+1> 2o
2n+l I+1 2n - 1) a3l+2q+5/2 I—(2|+q+2)

Z I(2n—2q)l'  2+1/2  [(1+3/2)

204+9q+2 21+ +3 p? .
2Fl( 2q , 2q +3/2; ——>Sm(—'p)

(42)
. 2n q- 1) [4+0+1/2 [ o—ip.-ra—0r.g+l—I/m
Z—Zn g /e e 9oy Mg g)d¥
(37)
Substituting Eg.Z5) and Eq. 26) into the integral in Eq.
(37) and using the orthogonality of the real spherical )
harmonics, then, Eq3() can be rewritten as 4 Summary and Conclusion

. (2n+21+1) 1/2 1 If Egs. @1) and @2) are taken into consideration, in the
nm|(a,p):< ' 1) [2”*'(n+l)!} p~¥2  two equations, angular part§"(—ip) regular solid
’ (1/2) o041 (1/2); 1 harmonics are the same. But, their radial parts are
n (2n— 1 ) different. Fourier transform of BTFs in E41) has been
Z an ;q)!! a|+q+l/2(_')lY'm(p/p)' (38)  obtained in terms of Gegenbauer polynomials, but in Eq.
= o (42), it has been obtained in terms of hypergeometric
/ e—arJ|+1/2(pr)rq+l+1/2dr functions. Although radial part of Eqs4l) and @2) are
0 different functions, we can see from Tallethat their
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Table 1: Comparison of numerical results for radial part of Consequently, we would like to say that obtained
Fourier transform of normalized BTFs. equations in this paper for Fourier transform of

n | a p Radalparof Fa4D) Radial part ofq 42 normalized BTFs can be used in the future molecular
1 1 1 1 921318x10 ) 9.21318x 10 ) integral calculations and mathematical applications.
2 1 1 1 752253x10° 7.52253x 10~
2 2 1 1 860694x10°!  860694x 101
3 2 1 2 264782x10°3  2.64782x10°3
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6 5 1 2 59318x10°° 5.9318x 10 © elerences
—8 —8
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